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Highlights

The most notable contributions of the current work are:

Å An extensive description of the evolution of ice morphologies under laminar and turbulent flow
conditions accompanied by velocity fields and turbulent kinetic energies obtained through Parti-
cle Image Velocimetry measurements

Å The development of a one-dimensional model based on a macroscopic heat balance that facili-
tates the prediction of ice layer growth based on the channel dimensions, the cooling parameter,
the thermal conductivities, and the Reynolds, Prandtl and Nusselt numbers
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Abstract

Nuclear reactors can provide sustainable and stable renewable energy required to meet the global en-
ergy demand. Enthusiasm concerning nuclear power plants is tempered due to fear of accidents and
proliferation. The Generation IV International Forum (GIF) coordinates the development and design
of the next-generation (Gen IV) nuclear reactors, which show advances in safety, economic viability,
efficiency, and proliferation resistance. The Molten Salt Fast Reactor (MSFR) is one of the promising
candidates under investigation. To comply with safety regulations, the extensive exploration of potential
safety hazards is imperative. The objective of the current research is to contribute to the understand-
ing of solidification risks within an MSFR. To this end, an experimental study concerning the transient
solidification in turbulent and laminar channel flow has been conducted.

Water is pumped through a rectangular PMMA duct (0:05m � 0:05m � 1:45m). The bottom plate is
kept at a temperature below the melting point of the medium, thereby inducing solidification. Velocity
fields have been obtained through Particle Image Velocimetry (PIV) measurements before and during
ice formation. Post-processing of the velocity fields resulted in turbulent kinetic energies, fluctuations,
and intensities. The ice layer thicknesses were measured based on manual identification of the solid-
liquid interface and validated with a one-dimensional model for ice layer growth prediction.

Smooth ice layers formed for laminar flow conditions (474 � Re � 1185) and Re = 6182. Smooth
transition ice formation was observed for Re = 9701 and Re = 13219, where the transition moved
upstream over time. Moreover, a higher degree of turbulence led to a transition at an earlier axial
coordinate. The turbulent kinetic energy increased in the trough of the transition, illustrating the coupling
between the ice topography and the flow. Further increasing the turbulence to Re = 14995 culminated in
the formation of a very thin smooth ice layer. Larger Reynolds numbers were accompanied by higher
turbulent intensities, turbulent kinetic energies, and more heat transfer to the environment. Results
were consistent with expectations based on prior research.

The ice layer thicknesses measured in the middle of the test section show rapid ice formation in the
early stages, with a decaying growth rate as time progresses. Lower Reynolds numbers, lower cold
plate temperatures, and lower inlet temperatures all result in enhanced ice layer thicknesses. A model
based on the macroscopic heat balance validated the observed trends. Non-dimensionalization of the
model illustrated steady-state ice layer thicknesses depend on the dimensions of the duct, the thermal
conductivities of the solid and liquid phase change medium, the cooling parameter, and the Reynolds,
Prandtl, and Nusselt numbers.

Although the turbulent flow had not receded to its fully developed state at the location of the mea-
surement window, the results were highly reproducible. To validate numerical MSFR models, better
defined inlet profiles are preferred. Increasing the development section of the test facility or improving
the turbulence initialization mechanism is therefore advisable for future research.

Further recommendations include the investigation of a wider range of cooling parameters to inves-
tigate more ice formation regimes and following the upstream movement of the transition.
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1
Introduction

The global energy consumption has increased dramatically throughout the last century[30, 31]. The
Intergovernmental Panel on Climate Change (IPCC) states that human influence is the unequivocal
driving force behind global warming[40]. Noticeable effects of global warming are already observed
worldwide in the form of increased frequencies and intensities of heat waves, droughts, rainfall, and
cyclones. Compared to 1850 � 1900, the earthôs surface temperature has risen by 1:1�C. Without
substantial reductions in greenhouse gas emissions, the temperature difference is expected to exceed
1:5�2:0�C. The use and generation of energy is responsible for approximately 75% of the greenhouse
gas emissions[5]. The global energy demand is expected to increase even further: a 47% increase over
the next 30 years[30]. In 2015, 197 countries accepted the Paris Agreement, an international treaty
to attenuate the temperature increase to less than 2�C above pre-industrial levels[40]. The European
Union strives for a net reduction in greenhouse gas emissions of 55% by 2030 compared to 1990 levels
and net carbon neutrality by 2050[25]. To reach the set targets, the energy production methods need
to transform. Currently, renewable energy sources reliant on solar, wind, and hydro power cannot
meet global energy demand. Additionally, the deliverable energy supplies are dependable on weather
conditions, resulting in considerable fluctuations. Advanced large-scale energy storage is, therefore,
required to stabilize the grid. Although researchers worldwide are working towards more efficient and
economically viable technologies, nuclear power plants are still expected to play a fundamental role in
reducing greenhouse gas emissions.

Nuclear energy was responsible for approximately 10% of the global electricity supply in 2018[3]. A
large advantage of nuclear power plants lies in their ability to generate a reliable and stable electricity
supply, making large-scale energy storage or fossil-fired backup power obsolete[16]. The IPCC men-
tions a role for nuclear energy sources in all scenarios where the temperature increase is kept below
2�C by the year 2060[40]. However, the enthusiasm of the public is mitigated due to fear of nuclear
catastrophes, storage of radioactive waste, and nuclear proliferation.

The Generation IV International Forum (GIF), a collaboration between thirteen countries and the
European Union, coordinates research into the most promising, safer next-generation (Gen IV) reac-
tors. Six nuclear reactor technologies have been selected: the Gas-cooled Fast Reactor (GFR), the
Lead-cooled Fast Reactor (LFR), the Molten Salt Reactor (MSR), the SuperCritical-Water-cooled Reac-
tor (SCWR), the Sodium-cooled Fast Reactor (SFR), and the Very-High-Temperature Reactor (VHTR).
These reactors have the potential to show considerable advances in efficiency, economics, safety,
reliability, and proliferation-resistance[8]. This thesis project falls under the SAMOSAFER (Severe Ac-
cident Modeling and Safety Assessment for Fluid-fuel Energy Reactor) project. SAMOSAFER aims
to develop and demonstrate new safety measures to ensure MSRs can comply with expected safety
regulations in 30 yearsô time[67]. The Molten Salt Fast Reactor (MSFR) design is currently based on nu-
merical simulations. Before the commencement of construction, all conceivable safety hazards should
be investigated. This research project aims to contribute to that analysis.

Section 1.1 will introduce the design concept of MSFRs and potential solidification hazards and sec-
tion 1.2 contains a literature review discussing prior research in the field. Lastly, section 1.3 discusses
the research goals and the structure of the current work.

1



1.1. Molten Salt Fast Reactor 2

The first MSRs were developed at Oak Ridge National Laboratory (ORNL) to design nuclear-powered
military aircrafts[13, 14]. In the 1960s, the possibility of using the technology for civil purposes was
explored with the Molten Salt Reactor Experiment (MSRE). Despite promising results[64], the interest
in MSRs faded due to preferences for competing reactor designs until the GIF selected the technology
as one of the promising Gen IV nuclear reactors[43].

The basis of the current MSFR design stems from the earlier developed Molten Salt Breeder Reactor
(MSBR). The MSBR is a graphite-moderated liquid-fueled fission reactor where liquid molten salts play
the part of both fuel and coolant. The liquid fuels are easier to fabricate and improve fuel homogeneity
and heat transfer. Removing the graphite moderator led to the fast spectrum MSR design[6, 54]. The
MSFR is considered safer and requires less fuel processing[29].

The MSFR power plant design under the SAMOSAFER project is schematically depicted in figure
1.1. The current design concept is operated at an average temperature of 725�C, has a thermal power
of 3GW , and 18m3 of fuel salts circulating through the core and the 16 heat exchangers from the primary
fuel circuit[34, 65]. The fuel compositions under investigation are LiF �ThF4 �U233 and LiF �ThF4 �
UenrF4 � (TRU)F3, where Uenr denotes enriched uranium and TRU transuranium elements[36]. The
fuel salts are heated while flowing upwards through the core. At the top, the salts have reached a
temperature of approximately 100�C. Then, the salts move to one of the heat exchangers around
the core. The core structure and heat exchangers are covered by reflectors that can absorb neutron
fluxes. The energy released by nuclear fission is transferred through intermediate energy systems to
the conversion system, where electrical power is generated. The fission products are continuously
removed from the fuel by gas and pyrochemical processing[29].

Figure 1.1: Schematic representation of the MSFR[29].

Ronco and Cammi published a preliminary analysis of potential heat exchanger designs for MSFRs
in 2020[65]. The dimensions of the heat exchangers are constrained due to limited fuel supply and
desired high power densities. [65] suggests channels of dimensions 1 � 10mm. Most metals have a
thin protective layer to protect the material from corrosion[32, 86]. In MSFRs, the layer might consist
of frozen fuel salts[22]. This layer is damaged above critical velocity values. Therefore, the maximum
velocity of the salt in the primary and intermediate loop is limited to v = 5m/s. Combining the channel
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dimensions and the salt velocities results in a Reynolds number in the range 102�105[18]. The transition
Reynolds number, where the flow moves from a laminar regime to a turbulent regime, found in [65] is
of order 103. Hence, the liquid salt flow in the heat exchangers can be laminar or turbulent.

The MSFR design offers improved safety measures as the fuel salts remain liquid under normal op-
erating conditions. The thermal expansion and Doppler effect result in negative reactivity coefficients
and the salt from the primary vessel can be drained to emergency tanks placed underneath the core,
improving reactor stability. The entrance to the emergency tanks is closed under normal operating
conditions with a freeze plug. When the temperatures increase significantly, the freeze plug melts and
salts can enter the tanks[46]. However, the high melting points of the fuel fluorides do induce solidifi-
cation risks.

The disadvantage of the liquid fuel salts lies in their susceptibility to solidification. Freezing of fuel
salts in the ducts is dangerous as it can result in damaged reactor components through volumetric
expansion and flow blockage resulting in no circulation for cooling[85]. Due to their narrow geometries,
the primary and intermediate heat exchangers and the drainage ducts under the core region are high-
risk regions. Although all temperatures within an MSFR are above the melting point of the fuel and
coolant salts under normal operating conditions, initialization or disengagement of the reactor results
in transient conditions that might induce solidification. Moreover, accident scenarios such as sudden
power outages or depressurization of the steam generator can cause serious problems. In the case of
depressurization of the steam generator, the boiling temperature of water will be reduced, resulting in
temperature drops in the intermediate loop. This can induce solidification of the coolant salts, resulting
in blockage. When freezing occurs, the energy conversion system must be shut down to facilitate
remelting of the salts in the channels.
Experimental and numerical studies investigating solidification phenomena in MSFRs are essential
tools for reducing risks and unnecessary shutdowns of the reactors[79].

The objective of this section is to provide an overview concerning the solidification of water under
various flow conditions and geometries based on prior research. The overview contains steady state
and transient studies, numerical and experimental studies, turbulent flow and laminar flow conditions,
and symmetric and asymmetric geometries. Asymmetric is used to describe geometries where one side
is cooled and the other side is not, i.e. only the bottom plate is cooled. In symmetric geometries, both
the top and the bottom plates would be cooled. In asymmetric cooling, there is a distinction between
stable and unstable stratification. In unstable stratification, the higher layers have lower temperatures
than the lower layers. This promotes turbulent exchanges, resulting in more friction and heat transfer.
In stable stratification, the higher layers are warmer than the lower layers, resulting in mitigated friction
and heat transfer[60]. Numerous studies use the cooling parameter �C to characterize the cooling
conditions, where

�C =
TF � TC

T0 � TF
; (1.1)

with TF the freezing temperature of the phase change material, TC the temperature of the cold wall
and T0 the inlet temperature. Section 1.2.1 will discuss solidification results under symmetric cooling
conditions, and section 1.2.2 under asymmetric cooling conditions. Under turbulent conditions, four
regimes of ice formation are distinguished in both the symmetric and asymmetric case: smooth ice
formation, smooth transition ice formation, step transition ice formation, and wavy ice formation. Figure
1.2 shows the ice morphologies for each regime.

B. Weigand and H. Beer conducted a myriad of experimental and numerical studies in the field of
solidification under turbulent flow conditions. In The Morphology of Ice Structure in a Parallel Plate
Channel (1991)[91], a detailed investigation of the ice structure morphology is provided for fully de-
veloped turbulent flow between two cooled parallel plates. For small increases in ice layer thickness
in the flow direction, they concluded that the approximation that the increasing thickness does not af-
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Figure 1.2: Different ice layer morphologies observed under
asymmetric cooling in a parallel plate channel (cold bottom

plate) by Weigand and Beer[88].

Figure 1.3: The �C � Re classification regime for different
ice morphologies in a symmetrically cooled parallel plate

channel[92].

fect flow characteristics is justified. When the increase in ice layer thickness is no longer sufficiently
small, an interaction between the turbulent flow, the ice morphology, and the heat transfer at the solid-
liquid interface occurs[89, 90, 91]. In [91], experiments have been performed for 4000 � Re � 50000,
273K � T0 � 281K (�0:15�C � T0 � 7:85�C), 261K � TC � 270K (�12:15�C � T0 � �3:15�C), and
0 � �C � 16. The ice morphologies are characterized using a �C � Re diagram, figure 1.3, a common
approach in the field[35, 38, 73].

Smooth ice layers were observed for �C < �0:41 + Re
7077 for Re > 6000. Smooth ice layers increase

rapidly in thickness at the inlet and grow monotonically as the distance from the inlet in the flow direction
progresses[91]. In Freezing in Turbulent Flows inside Tubes and Channels (1993)[88], Weigand and
Beer further investigated the smooth ice layer regime. The TC was reduced while maintaining constant
Re and Pr. A nearly constant heat flux from the fluid to the ice layer was observed for a given axial
coordinate. Decreasing the cold wall temperature increases ice layer thickness. Increasing the Re for
a constant TC and Pr resulted in an enhanced heat flux, leading to less ice growth. Increasing the
Pr reduces the thermal boundary layer thickness, leading to a steeper temperature gradient at the ice-
water interface. This steeper temperature gradient leads to a decrease in ice layer thickness. Seki et
al. (1984)[73] also investigated solidification under turbulent flow conditions between two symmetrically
cooled parallel plates. Here, smooth ice layers were observed for Re

�0: 741
c

> 104.

Increasing the cooling parameter such that �C > �0:41+ Re
7077 resulted in smooth transition ice formation.

A wave is formed near the inlet of the test section. After the contraction close to the entrance, the flow
passage expands gradually in the flow direction. The rapid fluid acceleration occurring in the entrance
region due to the ice layer growth results in laminarization of the flow[91]. Moretti and Kays (1965)[56]
defined the acceleration parameter (K)

K = � 4

Re

dh

dx
; (1.2)

where h is the ice layer thickness and x the axial coordinate. If K � 2 � 10�6 � 3 � 10�6, the ice layer
thickness gradient was sufficient for relaminarization of initially turbulent flow. Further downstream, the
acceleration, which is proportional to dh

dx [89], tends to zero, resulting in enhanced heat transfer. Here,
the ice layer thickness starts to decrease again. After reaching a minimum thickness, the ice layer
grows monotonically for increasing axial coordinates[88]. Seki et al. found transition ice formation for

Re
�0: 741

c
< 104[72].



1.2. Literature review 5

For �C > �0:26 + Re
4421 and Re > 6000, step transition ice formation was observed. Under these

conditions, a sharp increase in effective cross-section occurs due to the expanding flow passage. Flow
separation then ensues under the strong laminarization at the entrance region since the difference
in heat transfer between the turbulent and laminarized state is substantial[91]. For increased axial
coordinates, the acceleration of the fluid tends to zero. The ice layers converge and form a parallel
plate channel. The flow then receded to its initially turbulent state.

Wavy ice layers formed for �c > 2:4 + Re
4421 and Re > 6000. The larger cooling parameters lead to

unstable ice layers. In this case, wavy ice layer structures are observed[91].

In Solidification of Flowing Liquid in an Asymmetric Cooled Parallel-Plate Channel (1992)[90], Weigand
and Beer report their results regarding ice formation in an asymmetric parallel plate channel under
turbulent flow conditions. The lower wall was kept at a constant temperature below the freezing
temperature of the phase-change material. Experiments were conducted for 9000 � Re � 50000,
273K � T0 � 281K and 257K � TC � 270K. Figure 1.4 contains the �C � Re diagram .

Figure 1.4: The �C � Re classification regime for different ice morphologies in an asymmetrically cooled parallel plate channel
with a cold bottom plate[87].

Thin smooth ice layers were observed for �c < 0:34 + Re
5657 . Smooth ice layers thus form for higher

�C-values in asymmetrically cooled channels compared to symmetrically cooled channels. This is
explained by the more pronounced acceleration in the symmetrically cooled channel, resulting in lam-
inarization of the flow for lower �C-values. Similar to symmetric parallel plate channels[88, 91, 92],
increasing Re results in a decreased ice-layer thickness and decreasing TC in an increased thickness.

The formation of a wave near the inlet of the test section is also observed under asymmetric cooling
conditions, where larger Re-values and lower cold wall temperatures lead to thicker ice layers. The
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axial coordinate at which the ice layer reaches its maximum height (x0) was found to only be a function
of Re[26][89], and can be expressed by the relation[90]

x0

H
= 2:33 � 105Re�1:07; (1.3)

where H is the distance between the parallel plates. Step transition ice formation was only observed
for Re < 24000.

Wavy ice layers were observed when �c was further increased. For �c < 12, the wavy ice layers were
unstable against finite perturbations, which is in agreement with prior research[35]. Only for Re < 9000,
wavy ice layers developed for �c < 12 due to strong flow acceleration at the inlet caused by the thicker
ice layers. Wavy ice layers were generally found to develop for �c > 2:4 + Re

4421 and Re > 6000.
Increasing �C tends to destabilize the ice layer for a constant Re, and increasing Re for a constant
�C stabilizes the ice layer[87]. The wavelength, i.e., the distance from crest to crest, decreases for
increasing �c. High values of �c could lead to three-dimensional effects in the formation of the ice layer.
It was assumed that no steady state could be achieved for these values.

Bushuk et al. (2019)[19] explored the formation of ice scallops. Turbulent flow adjacent to erodible
surfaces led to a small-scale quasi-periodic ripple pattern at the liquid-solid interface on a scale of 5cm
to 20cm. Scallops were found to increase the turbulent heat transfer of the ice-water interface. For
bulk velocities faster than 0:6m/s, scallops formed within 12 hours. They formed within one hour for
bulk velocities larger than 0:8m/s. Nothing could be concluded about lower velocities since longer time
spans have not been measured.

Seki et al. (1984)[72] investigated solidification in an asymmetrically cooled parallel plate channel using
a cold upper plate. Experiments were performed for 3:2 � 102 � Re � 1:5 � 104. Since the current study
works with a cold bottom plate, the reader is redirected to [72] for information regarding solidification in
channels with cold upper plates under laminar flow conditions.

Couston et al. (2020)[27] explored the transient melting and freezing in a turbulent shear flow un-
derlying an initially flat solid boundary. Topographical features, such as grooves and ridges, emerged
at the solid-liquid interface due to uneven melting of the solid boundary. The amplitude and wavelength
of the features are affected by the type of density stratification[24][75]: unstable stratification leads to
deeper ridges than stable stratification. The topographies emerge due to either the passive response
of the interface to uneven melting patterns by the turbulent flow or the interplay between turbulence, the
topography interface, and the cold wallôs temperature. For unstable stratification, the effect of topogra-
phy is felt throughout the entire depth due to coupling with Rayleigh-B®nard convection rolls, especially
for low Reynolds numbers. The Rayleigh-B®nard rolls promote localized intense up- and downwellings
under the ridges. In the case of stable stratification, the Rayleigh-B®nard rolls are replaced by weaker
vortices.

Kaaks et al.[42] investigated the transient freezing of water in a square duct with a cooled bottom
plate under laminar flow conditions but found no Rayleigh-B®nard convection cells. The thickness of
the ice layer and the flow profile were determined using planar PIV measurements for Re = 474 and
Re = 1118 and for cold plate temperatures TC = �5; �7:5; �10; �15�C at the center and the inlet of the
duct. The ice layer thickened most rapidly at the inlet. As the ice layer thickness increases, the ductôs
effective cross-section decreases. As a result, the growth rate decreases as the ice layer thickness
increases. A thicker ice layer increases thermal resistance and enhances heat transfer at the ice-water
interface. [84] and [69] contain further descriptions of transient solidification under laminar flow condi-
tions, also concluding that ice grows rapidly in the beginning, and the rate of growth decreases over
time. Bus et al.[18] developed a combined fluid dynamic and phase change model imposing laminar
flow conditions, which was validated using experimental studies. Their work concerns solidification
phenomena near the inlet, taking the non-eutectic properties of molten salts into consideration. The
mushy layer characteristic of non-eutectic freezing is accompanied by a higher heat flux compared to
eutectic freezing.
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The objective of this thesis project is to contribute to the analysis of freezing risks in MSFRs. To this
end, an experimental investigation of transient solidification phenomena has been performed. Water
was pumped through a rectangular duct with a bottom plate at a temperature below the melting point
of water, inducing ice formation. Velocity fields were measured at various time instances using Par-
ticle Image Velocimetry (PIV) for different flow conditions. The experimental setup was designed by
Kaaks et al.[42] with numerical benchmarking purposes in mind, ensuring well-defined inlet profiles and
boundary conditions. Water is considered a suitable phase change medium alternative for fuel salts
since water has well-documented physical properties, is widely available, is liquid at room temperature,
and has a Prandtl number of similar magnitude as fuel salts[12, 62].

The current projectôs primary purpose is to investigate solidification phenomena under turbulent
flow conditions. Although some studies discussed in the previous section explore ice formation under
turbulent flow conditions, the interplay between the velocity field and the transient ice formation under
turbulent flow conditions has not been exhaustively researched. Simulating turbulent flow is extremely
challenging due to its inherently chaotic and unpredictable nature. Experimental results are, therefore,
instrumental in verifying turbulent models used to demonstrate the safety of the reactor designs[79].
Furthermore, freezing properties under laminar flow conditions have recently been documented by
Kaaks et al.[42]. The results obtained under laminar flow conditions presented in this thesis mainly
serve as a form of quality control and provide a useful reference frame when analyzing turbulent flow
results.

The following research goals have been identified:

Å Find an approach to initiate a well-defined and reproducible turbulent flow
Å Capture and analyze turbulent velocity fields with PIV
Å Describe the transient solidification of water in laminar and turbulent channel flow

The current chapter provides an introduction to the need for MSFR development, the design concept
of the MSFR, and a description of the research goals. Theoretical background information concerning
fluid dynamics, turbulence, solidification, and PIV is presented in chapter 2. Chapter 3 discusses the
experimental approach, including a description of the setup, the experimental procedure, the PIV pro-
cedure, and the design of a simple one-dimensional model that predicts ice layer growth. Results are
divided into initial flow profiles obtained before the onset of solidification, descriptions of the transient
solidification under various flow conditions, measured ice layer thicknesses, and a reflection on the
performance of the turbulence initialization approach. The ice layer growth prediction model validates
qualitative trends observed in ice layer thicknesses. The results are provided and discussed in chapters
4 - 7. Finally, chapter 8 presents the conclusions and recommendations.



2
Theory

The objective of this chapter is to provide a concise but complete theoretical framework of background
information relevant to the current research project. To this end, section 2.1 discusses the fundamentals
of fluid dynamics. Section 2.2 describes the phenomenology of turbulence, turbulence statistics, and
turbulence initialization methods. In the subsequent section, solidification is introduced. Section 2.4
provides information regarding the PIV measurement technique used to capture the velocity fields.

Flows are often characterized as laminar or turbulent. Where laminar flows are considered regular,
smooth, and ordered, turbulent flows are characterized as disordered, fluctuating, and chaotic[57]. The
Reynolds number (Re) is a dimensionless number used to characterize the flow. The Reynolds number
is defined as the ratio of inertial to viscous forces in the flow:

Re =
uL

�
; (2.1)

where u is the velocity, L the characteristic length scale, and � the kinematic viscosity[41]. In the
current study, the Reynolds number is calculated using the bulk velocity and the hydraulic diameter
of the rectangular duct. Flows with large Re-values have negligible viscous forces compared to the
inertia of the flow. Small Re-values indicate large viscous effects. Low Reynolds numbers correspond
to laminar flow, and high Reynolds numbers to turbulent flow. The transition Reynolds number, where
flow transitions from laminar to turbulent, depends on the geometry[57].

Even though laminar and turbulent flows look vastly different, both adhere to the same equations of
motion. The continuum approach facilitates a description of fluid dynamics on a scale where the be-
havior of individual particles can be neglected (Kn < 0:01, where Kn is the Knudsen number)[63]. On
this scale, the fluid flow follows the laws of classical mechanics: the mass, momentum, and energy
of the fluid are conserved[47]. These governing conservation laws result in a set of partial differential
equations describing the motion of the fluid: the Navier-Stokes equations.

The Navier-Stokes equations, formulated in the 19th century, are a set of nonlinear partial differential
equations that describe the relation between flow variables as a function of time and position. To
completely solve the flow in a defined volume using the Navier-Stokes equations, boundary and initial
conditions must be specified. Essentially, the combination of known initial and boundary conditions
allows computation of the evolution of the flow field over time due to the deterministic nature of the
Navier-Stokes equations[57]. For conserved mass, the change in density (�) of the system is described
by the continuity equation

@�

@t
+ r � (�u) = 0; (2.2)
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�V�D�P�H �W�X�U�E�X�O�H�Q�W �I�O�X�F�W�X�D�W�L�R�Q�V �D�Q�G �P�H�D�Q �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H�V�� �,�Q �W�K�H �Y�L�V�F�R�X�V �V�X�E�O�D�\�H�U ��y+ < 5���� �W�K�H �Y�H�O�R�F�L�W�\
�S�U�R�I�L�O�H �I�R�O�O�R�Z�V �W�K�H �O�D�Z �R�I �W�K�H �Z�D�O�O�� �Z�K�H�U�Hy+ = 5 �L�V �F�R�Q�V�L�G�H�U�H�G �W�K�H �W�K�L�F�N�Q�H�V�V �R�I �W�K�H �Y�L�V�F�R�X�V �V�X�E�O�D�\�H�U��
�)�R�Uy+ > 30�� �W�K�H �Y�H�O�R�F�L�W�\ �D�G�K�H�U�H�V �W�R �W�K�H �O�R�J�D�U�L�W�K�P�L�F �O�D�Z�� �7�K�H �O�D�Z �R�I �W�K�H �Z�D�O�O �L�V

u+ = y+ ������������

�D�Q�G �W�K�H �O�R�J�D�U�L�W�K�P�L�F �O�D�Z �L�V

u+ =
1
�

ln (y+ ) + C; ������������

�Z�K�H�U�H� �G�H�Q�R�W�H�V �W�K�H �9�R�Q �.�j�U�P�D�Q �F�R�Q�V�W�D�Q�W ��� � 0:41�� �D�Q�GC �D �F�R�Q�V�W�D�Q�W �G�H�S�H�Q�G�H�Q�W �R�Q �W�K�H �J�H�R�P�H�W�U�\
�D�Q�G �V�P�R�R�W�K�Q�H�V�V �R�I �W�K�H �Z�D�O�O�>���� ������ �@�� �7�K�HC �L�V �F�R�P�P�R�Q�O�\ �H�O�L�P�L�Q�D�W�H�G �I�U�R�P �H�T�X�D�W�L�R�Q�������� �E�\ �U�H�Z�U�L�W�L�Q�J �W�K�H
�H�T�X�D�W�L�R�Q �D�V

u+ =
1
�

ln
�

y+

y0

�
: ������������

�,�Q �W�K�L�V �F�D�V�H��y0 �L�V �W�K�H �F�R�R�U�G�L�Q�D�W�H �Z�K�H�U�H �W�K�H �L�G�H�D�O�L�]�H�G �Y�H�O�R�F�L�W�\ �D�S�S�U�R�D�F�K�H�V �]�H�U�R �I�R�O�O�R�Z�L�Q�J �W�K�H �O�D�Z �R�I �W�K�H
�Z�D�O�O�>���� �@�� �1�H�L�W�K�H�U �O�D�Z �K�R�O�G�V �L�Q �W�K�H �E�X�I�I�H�U �O�D�\�H�U ��5 < y + < 30���� �7�K�H �Y�H�O�R�F�L�W�\ �I�O�X�F�W�X�D�W�L�R�Q�V �R�I �I�X�O�O�\ �G�H�Y�H�O��
�R�S�H�G �W�X�U�E�X�O�H�Q�W �I�O�R�Z �D�O�V�R �I�R�O�O�R�Z �D �S�D�U�W�L�F�X�O�D�U �V�K�D�S�H�� �)�L�J�X�U�H������ �F�R�Q�W�D�L�Q�V �W�K�H �P�H�D�Q �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H �D�Q�G
�W�K�H �Y�H�O�R�F�L�W�\ �I�O�X�F�W�X�D�W�L�R�Q�V �I�R�U �I�X�O�O�\ �G�H�Y�H�O�R�S�H�G �W�X�U�E�X�O�H�Q�W �I�O�R�Z�� �7�K�H �U�H�V�X�O�W�V �D�U�H �F�R�P�S�D�U�H�G �W�R �I�L�Q�G�L�Q�J�V �I�U�R�P
�Q�X�P�H�U�L�F�D�O �V�W�X�G�L�H�V �E�\ �.�L�P �H�W �D�O���>���� �@ �D�Q�G �$�P�D�W�L �H�W �D�O���>���@ �F�R�Q�F�H�U�Q�L�Q�J �W�X�U�E�X�O�H�Q�W �F�K�D�Q�Q�H�O �I�O�R�Z�� �7�K�H �Y�H�O�R�F�L�W�\
�I�O�X�F�W�X�D�W�L�R�Q�V

p
< u 0

� u0
� > / u� �D�U�H �S�U�H�V�H�Q�W�H�G �D�V �D �I�X�Q�F�W�L�R�Q �R�I2y/ H ���Z�L�W�KH �W�K�H �F�K�D�Q�Q�H�O �K�H�L�J�K�W�� �L�Q �W�K�Hx��

�D�Q�Gy���G�L�U�H�F�W�L�R�Q��

�&�R�Q�Y�H�U�W�L�Q�J �W�K�H �P�H�D�Q �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H�V �L�Q�W�R �Z�D�O�O �X�Q�L�W�V �I�R�U �I�X�O�O�\ �G�H�Y�H�O�R�S�H�G �O�D�P�L�Q�D�U �I�O�R�Z �D�O�V�R �U�H�V�X�O�W�V �L�Q
�W�K�H �V�D�P�H �S�U�R�I�L�O�H�V �I�R�U �D�O�O �J�H�R�P�H�W�U�L�H�V �D�Q�G �Y�H�O�R�F�L�W�L�H�V�� �3�R�L�V�H�X�L�O�O�H �I�O�R�Z�>���� �@��

�������������8�Y�V�F�Y�P�I�R�G�I �M�R�M�X�M�E�P�M�^�E�X�M�S�R
�:�K�H�Q �W�K�H �G�H�Y�H�O�R�S�P�H�Q�W �V�H�F�W�L�R�Q �R�I �D�Q �H�[�S�H�U�L�P�H�Q�W�D�O �V�H�W�X�S �L�V �V�X�I�I�L�F�L�H�Q�W�O�\ �O�R�Q�J�� �W�K�H �I�O�R�Z �Z�L�O�O �H�Y�H�Q�W�X�D�O�O�\ �W�X�U�Q
�W�R �L�W�V �I�X�O�O�\ �G�H�Y�H�O�R�S�H�G �V�W�D�W�H�� �,�Q �V�R�P�H �F�D�V�H�V�� �W�K�H �U�H�T�X�L�U�H�G �O�H�Q�J�W�K �R�I �W�K�L�V �V�H�F�W�L�R�Q �F�D�Q �E�H �U�H�G�X�F�H�G �E�\ �D�G�G�L�Q�J
�D �W�X�U�E�X�O�H�Q�F�H �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �P�H�F�K�D�Q�L�V�P�� �7�X�U�E�X�O�H�Q�F�H �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �J�U�L�G�V �J�H�Q�H�U�D�W�H �Y�R�U�W�L�F�H�V �E�H�K�L�Q�G �W�K�H �J�U�L�G��
�7�K�H �Y�R�U�W�L�F�H�V �L�Q�W�H�U�D�F�W�� �U�H�V�X�O�W�L�Q�J �L�Q �Q�H�D�U�O�\ �K�R�P�R�J�H�Q�H�R�X�V �D�Q�G �L�V�R�W�U�R�S�L�F �W�X�U�E�X�O�H�Q�F�H�>���� �� ���� �@�� �7�K�H �V�F�U�H�H�Q�V
�F�U�H�D�W�H �O�D�\�H�U�V �Z�L�W�K �G�L�I�I�H�U�H�Q�W �P�H�D�Q �Y�H�O�R�F�L�W�L�H�V �D�Q�G �W�X�U�E�X�O�H�Q�F�H �L�Q�W�H�Q�V�L�W�L�H�V�� �$�Q �L�Q�Y�H�V�W�L�J�D�W�L�R�Q �R�I �W�K�H �H�I�I�H�F�W
�R�I �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V �R�Q �J�U�L�G �W�X�U�E�X�O�H�Q�F�H �V�K�R�Z�V �S�H�U�V�L�V�W�H�Q�W �L�Q�I�O�X�H�Q�F�H�V �R�Q �W�K�H �P�D�F�U�R�V�W�U�X�F�W�X�U�H �W�K�U�R�X�J�K�R�X�W
�W�K�H �H�Q�W�L�U�H �O�H�Q�J�W�K �R�I �W�K�H �J�H�R�P�H�W�U�\�� �L�Q�G�L�F�D�W�L�Q�J �W�K�D�W �W�K�H �J�U�L�G �L�Q�I�O�X�H�Q�F�H�V �W�K�H �O�D�U�J�H���V�F�D�O�H �I�O�R�Z �R�U�J�D�Q�L�]�D�W�L�R�Q��



�������� �7�S�P�M�H�M�h�G�E�X�M�S�R ����

���D���0�H�D�Q �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H ���E���9�H�O�R�F�L�W�\ �I�O�X�F�W�X�D�W�L�R�Q�V

�)�L�J�X�U�H ���������7�K�H �H�[�S�H�F�W�H�G �P�H�D�Q �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H �D�Q�G �W�K�H �Y�H�O�R�F�L�W�\ �I�O�X�F�W�X�D�W�L�R�Q�V �I�R�U �I�X�O�O�\ �G�H�Y�H�O�R�S�H�G �W�X�U�E�X�O�H�Q�W �I�O�R�Z�>���@�>���� �@��

�7�K�H�V�H �H�I�I�H�F�W�V �D�U�H �U�H�G�X�F�H�G �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �E�\ �L�P�S�U�R�Y�H�G �W�X�U�E�X�O�H�Q�W �L�V�R�W�U�R�S�\�>���� �@�� �7�K�H �F�K�R�L�F�H �R�I �W�X�U�E�X�O�H�Q�F�H �L�Q�L��
�W�L�D�O�L�]�D�W�L�R�Q �P�H�F�K�D�Q�L�V�P �F�R�X�O�G �W�K�X�V �L�Q�I�O�X�H�Q�F�H �P�H�D�V�X�U�H�P�H�Q�W�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �Z�K�H�Q �W�K�H �I�O�R�Z �K�D�V �Q�R�W �U�H�F�H�G�H�G
�H�Q�W�L�U�H�O�\ �W�R �L�W�V �I�X�O�O�\ �G�H�Y�H�O�R�S�H�G �V�W�D�W�H��

�3�D�V�V�L�Y�H �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �J�U�L�G�V �F�R�Q�W�D�L�Q �Q�R �P�R�E�L�O�H �H�O�H�P�H�Q�W�V�� �7�K�H �J�U�L�G�V �R�I�W�H�Q �F�R�Q�V�L�V�W �R�I �U�R�G�V �Z�L�W�K �Y�D�U�L��
�D�E�O�H �V�H�S�D�U�D�W�L�R�Q�V�>���� �� ���� �@�� �7�K�H �H�G�G�L�H�V �J�H�Q�H�U�D�W�H�G �U�R�X�J�K�O�\ �V�F�D�O�H �Z�L�W�K �W�K�H �V�L�]�H �R�I �W�K�H �U�R�G�V �L�Q �W�K�H �J�U�L�G�>���� �@��
�7�K�H �F�O�D�V�V�L�I�L�F�D�W�L�R�Q �R�I �S�D�V�V�L�Y�H �J�U�L�G�V �L�V �E�D�V�H�G �R�Q �W�K�H �G�H�S�H�Q�G�H�Q�F�H �R�I �W�X�U�E�X�O�H�Q�F�H �R�Q �W�K�H �5�H�\�Q�R�O�G�V �Q�X�P��
�E�H�U�� �P�D�L�Q�O�\ �G�H�W�H�U�P�L�Q�H�G �E�\ �W�K�H �V�K�D�S�H �R�I �W�K�H �E�D�U�V �L�Q �W�K�H �J�U�L�G�� �F�L�U�F�X�O�D�U �U�R�G�V �U�H�V�X�O�W �L�Q �O�D�U�J�H �Y�D�U�L�D�W�L�R�Q�V �I�R�U
�G�L�I�I�H�U�H�Q�W �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�V�� �D�Q�G �V�T�X�D�U�H �E�D�U�V �D�U�H �P�R�U�H �V�H�Q�V�L�W�L�Y�H �W�R �F�K�D�Q�J�H�V �L�Q �W�K�H �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U
�W�K�D�Q �U�H�F�W�D�Q�J�X�O�D�U �E�D�U�V�� �D�V �W�K�H �I�R�U�P�H�U �W�\�S�H �D�O�O�R�Z�V �H�D�V�L�H�U �U�H���D�W�W�D�F�K�P�H�Q�W �R�I �W�K�H �I�O�R�Z�� �6�P�R�R�W�K�L�Q�J �W�K�H �H�G�J�H�V
�G�R�H�V �Q�R�W �V�X�E�V�W�D�Q�W�L�D�O�O�\ �L�Q�I�O�X�H�Q�F�H �W�K�H �J�H�Q�H�U�D�W�H�G �W�X�U�E�X�O�H�Q�F�H�� �$ �G�L�V�W�L�Q�F�W�L�R�Q �L�V �P�D�G�H �E�H�W�Z�H�H�Q �E�L���S�O�D�Q�D�U �D�Q�G
�P�R�Q�R���S�O�D�Q�D�U �J�U�L�G�V�� �7�K�H �I�L�U�V�W �W�\�S�H �F�R�Q�V�L�V�W�V �R�I �W�Z�R �V�H�W�V �R�I �R�Y�H�U�O�D�S�S�L�Q�J �S�D�U�D�O�O�H�O �E�D�U�V�� �Z�K�L�O�H �W�K�H �V�H�F�R�Q�G
�W�\�S�H �F�R�Q�W�D�L�Q�V �R�Q�O�\ �R�Q�H �V�H�W �R�I �K�R�U�L�]�R�Q�W�D�O �R�U �Y�H�U�W�L�F�D�O �S�D�U�D�O�O�H�O �E�D�U�V�� �0�R�Q�R���S�O�D�Q�D�U �J�U�L�G�V �J�H�Q�H�U�D�W�H �O�H�V�V �V�W�D�E�O�H
�D�Q�G �X�Q�L�I�R�U�P �I�O�R�Z �S�U�R�I�L�O�H�V�� �E�X�W �W�K�H �Q�R�Q���X�Q�L�I�R�U�P�L�W�\ �G�H�F�D�\�V �P�R�U�H �U�D�S�L�G�O�\�� �)�R�U �O�D�U�J�H �H�Q�R�X�J�K �G�H�Y�H�O�R�S�P�H�Q�W
�U�H�J�L�R�Q�V�� �E�R�W�K �W�\�S�H�V �J�H�Q�H�U�D�W�H �W�K�H �V�D�P�H �I�X�O�O�\ �G�H�Y�H�O�R�S�H�G �W�X�U�E�X�O�H�Q�W �I�O�R�Z �S�U�R�I�L�O�H�V�>���� �@�� �7�U�L�S �Z�L�U�H�V �F�D�Q �F�R�Q��
�V�W�L�W�X�W�H �D �V�L�P�S�O�L�I�L�H�G �P�R�Q�R���S�O�D�Q�D�U �J�U�L�G �Z�L�W�K �R�Q�O�\ �R�Q�H �E�D�U�>���� �@�� �,�Q �>���� �@�� �W�K�H �U�H�T�X�L�U�H�G �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K �L�V
�U�H�G�X�F�H�G �E�\ �D�S�S�U�R�[�L�P�D�W�H�O�\50�� �I�R�U �E�R�W�K �E�L�� �D�Q�G �P�R�Q�R���S�O�D�Q�D�U �J�U�L�G�V �F�R�P�S�D�U�H�G �W�R �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K�V
�Z�L�W�K�R�X�W �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �J�U�L�G�V��

�6�H�Y�H�U�D�O �I�R�U�P�V �R�I �D�F�W�L�Y�H ���G�\�Q�D�P�L�F�� �W�X�U�E�X�O�H�Q�F�H �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �J�U�L�G�V �K�D�Y�H �D�O�V�R �E�H�H�Q �L�Q�Y�H�V�W�L�J�D�W�H�G�� �V�X�F�K
�D�V �R�V�F�L�O�O�D�W�L�Q�J �J�U�L�G�V�>���� �� ���� �� ���� �@�� �D�U�U�D�\�V �R�I �I�D�Q�V�>���� �@�� �D�Q�G �J�U�L�G�V �Z�L�W�K �U�R�W�D�W�L�Q�J �U�R�G�V�>���� �@�� �*�H�Q�H�U�D�O�O�\�� �D�F�W�L�Y�H
�J�U�L�G�V �U�H�V�X�O�W �L�Q �O�H�V�V �L�V�R�W�U�R�S�L�F �W�X�U�E�X�O�H�Q�F�H �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �W�K�D�Q �S�D�V�V�L�Y�H �J�U�L�G�V�� �0�R�U�H�R�Y�H�U�� �W�K�H �D�F�W�L�Y�H �J�U�L�G�V �R�I�W�H�Q
�O�H�D�G �W�R �S�H�U�L�R�G�L�F �V�S�L�N�H�V �L�Q �W�K�H �W�X�U�E�X�O�H�Q�F�H �L�Q�W�H�Q�V�L�W�L�H�V�>���� �@��

���������7�S�P�M�H�M�h�G�E�X�M�S�R
�%�U�L�H�I �G�L�V�F�X�V�V�L�R�Q�V �R�I �S�K�D�V�H �F�K�D�Q�J�H�V �D�Q�G �K�H�D�W �W�U�D�Q�V�I�H�U �X�Q�G�H�U �O�D�P�L�Q�D�U �D�Q�G �W�X�U�E�X�O�H�Q�W �I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V �D�U�H
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H = E + PV: ������������

�)�R�U �F�R�Q�V�W�D�Q�W �S�U�H�V�V�X�U�H�V�� �R�Q�O�\ �F�K�D�Q�J�H�V �L�Q �L�Q�W�H�U�Q�D�O �H�Q�H�U�J�\ �U�H�V�X�O�W �L�Q �H�Q�W�K�D�O�S�\ �F�K�D�Q�J�H�V�� �L���H��H = cpT�� �,�Q
�W�K�H �F�R�Q�W�H�[�W �R�I �S�K�D�V�H �F�K�D�Q�J�H�V�� �W�K�H �H�Q�W�K�D�O�S�\ �L�V �H�[�S�U�H�V�V�H�G �L�Q �W�H�U�P�V �R�I �V�H�Q�V�L�E�O�H �D�Q�G �O�D�W�H�Q�W �K�H�D�W �D�V

H = cpT + f l L; ������������

�Z�L�W�Kcp �W�K�H �V�S�H�F�L�I�L�F �K�H�D�W��T �W�K�H �W�H�P�S�H�U�D�W�X�U�H��f l �W�K�H �Y�R�O�X�P�H���O�L�T�X�L�G �I�U�D�F�W�L�R�Q�� �D�Q�GL �W�K�H �O�D�W�H�Q�W �K�H�D�W�>���� �@��
�0�H�O�W�L�Q�J �U�H�T�X�L�U�H�V �H�Q�H�U�J�\ �D�Q�G �V�R�O�L�G�L�I�L�F�D�W�L�R�Q �U�H�O�H�D�V�H�V �H�Q�H�U�J�\�� �0�H�O�W�L�Q�J�� �W�K�H�U�H�I�R�U�H�� �F�R�Q�V�W�L�W�X�W�H�V �D �K�H�D�W �V�L�Q�N
�D�Q�G �I�U�H�H�]�L�Q�J �D �K�H�D�W �V�R�X�U�F�H�>���� �@�� �7�K�H �P�D�J�Q�L�W�X�G�H �R�I �W�K�H �K�H�D�W �V�R�X�U�F�H �R�U �V�L�Q�N ��Q�� �I�R�U �S�X�U�H �P�D�W�H�U�L�D�O�V �G�H�S�H�Q�G�V
�R�Q �W�K�H �H�Q�W�K�D�O�S�\ �D�V�>���� �@
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�7�K�H �V�R�O�L�G�X�V ��TS �� �D�Q�G �O�L�T�X�L�G�X�V ��Tl �� �W�H�P�S�H�U�D�W�X�U�H�V �G�H�V�F�U�L�E�H �W�K�H �E�R�X�Q�G�D�U�L�H�V �R�I �W�K�H �V�R�O�L�G �D�Q�G �O�L�T�X�L�G
�U�H�J�L�R�Q�V�� �$ �P�H�G�L�X�P �L�V �V�R�O�L�G �L�I �I�R�U �W�K�H �W�H�P�S�H�U�D�W�X�U�H �R�I �W�K�H �P�H�G�L�X�P ��Tm �� �K�R�O�G�V��Tm < T s �� �7�K�H �P�H�G�L�X�P
�L�V �O�L�T�X�L�G �I�R�UTm > T l �� �,�ITs = Tl �� �W�K�H �S�K�D�V�H �F�K�D�Q�J�H �R�F�F�X�U�V �D�W �D �V�L�Q�J�O�H �W�H�P�S�H�U�D�W�X�U�H�� �7�K�H �P�H�G�L�X�P
�L�V �W�K�H�Q �F�D�O�O�H�G �H�X�W�H�F�W�L�F�� �,�ITs 6= Tl �� �W�K�H �S�K�D�V�H �F�K�D�Q�J�H �R�F�F�X�U�V �L�Q �D �U�D�Q�J�H �R�I �W�H�P�S�H�U�D�W�X�U�H�V�� �D�Q�G �W�K�H
�P�H�G�L�X�P �L�V �F�D�O�O�H�G �Q�R�Q���H�X�W�H�F�W�L�F�>���� �@�� �3�X�U�H �P�D�W�H�U�L�D�O�V �D�U�H �H�X�W�H�F�W�L�F�� �D�V �W�K�H�\ �R�Q�O�\ �F�R�Q�W�D�L�Q �R�Q�H �F�R�P�S�R�Q�H�Q�W
�Z�L�W�K �E�R�Q�G�V �W�K�D�W �E�U�H�D�N �R�U �I�R�U�P �D�W �W�K�H �V�D�P�H �W�H�P�S�H�U�D�W�X�U�H�� �0�L�[�W�X�U�H�V �D�U�H �R�I�W�H�Q �Q�R�Q���H�X�W�H�F�W�L�F �G�X�H �W�R �W�K�H
�G�L�I�I�H�U�H�Q�W �F�R�Q�V�W�L�W�X�H�Q�W�V�>���� �@��
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�Y�H�F�W�L�R�Q�� �7�K�H �L�Q�I�R�U�P�D�W�L�R�Q �S�U�H�V�H�Q�W�H�G �W�K�U�R�X�J�K�R�X�W �W�K�L�V �V�H�F�W�L�R�Q �L�V �E�D�V�H�G �R�Q �W�K�H �E�R�R�N�7�U�D�Q�V�S�R�U�W �S�K�H�Q�R�P�H�Q�D��
�W�K�H �$�U�W �R�I �%�D�O�D�Q�F�L�Q�J�E�\ �9�D�Q �G�H�Q �$�N�N�H�U �D�Q�G �0�X�G�G�H �������������>���@��

�+�H�D�W �F�R�Q�G�X�F�W�L�R�Q �S�H�U�S�H�Q�G�L�F�X�O�D�U �W�R �W�K�H �E�R�W�W�R�P �S�O�D�W�H �L�V �U�H�T�X�L�U�H�G �W�R �W�U�D�Q�V�I�H�U �K�H�D�W �I�U�R�P �W�K�H �O�L�T�X�L�G �W�R
�W�K�H �F�R�O�G �S�O�D�W�H�� �7�K�H �O�D�\�H�U �D�G�M�D�F�H�Q�W �W�R �W�K�H �Z�D�O�O �L�V �P�R�W�L�R�Q�O�H�V�V�� �W�K�H�U�H �L�V �Q�R �I�O�R�Z �L�Q �W�K�H �S�D�U�D�O�O�H�O �R�U �Q�R�U�P�D�O
�G�L�U�H�F�W�L�R�Q�� �+�H�D�W �P�X�V�W �W�K�X�V �I�L�U�V�W �S�H�Q�H�W�U�D�W�H �W�K�U�R�X�J�K �W�K�H �P�R�W�L�R�Q�O�H�V�V �O�D�\�H�U �Y�L�D �F�R�Q�G�X�F�W�L�R�Q �E�H�I�R�U�H �F�R�Q�Y�H�F�W�L�R�Q
�S�D�U�W�L�F�L�S�D�W�H�V�� �/�L�T�X�L�G �S�D�F�N�D�J�H�V �F�O�R�V�H �W�R �W�K�H �F�R�O�G �S�O�D�W�H �K�D�Y�H �O�R�Z�H�U �W�H�P�S�H�U�D�W�X�U�H�V �W�K�D�Q �O�L�T�X�L�G �S�D�F�N�D�J�H�V
�I�X�U�W�K�H�U �D�Z�D�\ �I�U�R�P �W�K�H �S�O�D�W�H��

�1�H�Z�W�R�Q�¶�V �O�D�Z �R�I �F�R�R�O�L�Q�J �L�V �G�H�I�L�Q�H�G �D�V

� q = hA� T; ������������

�Z�K�H�U�H� q �G�H�Q�R�W�H�V �W�K�H �K�H�D�W �I�O�X�[��h �W�K�H �K�H�D�W �W�U�D�Q�V�I�H�U �F�R�H�I�I�L�F�L�H�Q�W�� �D�Q�G� T �W�K�H �W�H�P�S�H�U�D�W�X�U�H �G�L�I�I�H�U�H�Q�F�H�� �7�K�H
�K�H�D�W �W�U�D�Q�V�I�H�U �F�R�H�I�I�L�F�L�H�Q�W �G�H�S�H�Q�G�V �R�Q �W�K�H �W�K�H�U�P�D�O �F�R�Q�G�X�F�W�L�Y�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W �R�I �W�K�H �O�L�T�X�L�G ��� ���� �W�K�H �G�H�Q�V�L�W�\��
�W�K�H �D�Y�H�U�D�J�H �Y�H�O�R�F�L�W�\ ��hui ���� �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �O�H�Q�J�W�K �V�F�D�O�H �R�I �W�K�H �G�X�F�W ��D ���� �W�K�H �G�L�V�W�D�Q�F�H �I�U�R�P �W�K�H �L�Q�O�H�W
��x���� �W�K�H �V�S�H�F�L�I�L�F �K�H�D�W�� �W�K�H �Y�L�V�F�R�V�L�W�L�H�V �R�I �W�K�H �O�L�T�X�L�G �D�Q�G �W�K�H �Z�D�O�O�� �W�K�H �W�H�P�S�H�U�D�W�X�U�H �G�L�I�I�H�U�H�Q�F�H�� �W�K�H �W�K�H�U�P�D�O
�H�[�S�D�Q�V�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�� �D�Q�G �W�K�H �J�U�D�Y�L�W�D�W�L�R�Q�D�O �D�F�F�H�O�H�U�D�W�L�R�Q�� �7�K�H �K�H�D�W �W�U�D�Q�V�I�H�U �F�R�H�I�I�L�F�L�H�Q�W �S�U�R�Y�L�G�H�V �L�Q�I�R�U��
�P�D�W�L�R�Q �U�H�J�D�U�G�L�Q�J �W�K�H �F�R�Q�G�X�F�W�L�R�Q �I�U�R�P �W�K�H �O�L�T�X�L�G �W�R �W�K�H �F�R�O�G �S�O�D�W�H�� �7�K�H �G�L�P�H�Q�V�L�R�Q�V�� �Y�H�O�R�F�L�W�\�� �D�Q�G �G�H�Q�V�L�W�\
�D�I�I�H�F�W �W�K�H �P�D�V�V �I�O�R�Z �U�D�W�H �R�I �O�L�T�X�L�G �W�K�D�W �I�O�R�Z�V �R�Y�H�U �W�K�H �F�R�O�G �S�O�D�W�H�� �7�K�H �V�S�H�F�L�I�L�F �K�H�D�W �L�V �D �P�H�D�V�X�U�H �R�I �K�R�Z
�P�X�F�K �K�H�D�W �F�D�Q �E�H �D�E�V�R�U�E�H�G �R�U �U�H�O�H�D�V�H�G�� �7�K�H �Y�L�V�F�R�V�L�W�L�H�V �L�Q�G�L�F�D�W�H �W�K�H �G�H�J�U�H�H �R�I �I�O�X�L�G �P�R�E�L�O�L�W�\ �D�Q�G �Z�K�H�U�H
�F�R�Q�Y�H�F�W�L�R�Q �V�W�D�U�W�V �W�R �G�R�P�L�Q�D�W�H �R�Y�H�U �F�R�Q�G�X�F�W�L�R�Q�� �7�K�H �W�H�P�S�H�U�D�W�X�U�H �G�L�I�I�H�U�H�Q�F�H �D�F�W�V �D�V �D �G�U�L�Y�L�Q�J �I�R�U�F�H �E�H��
�K�L�Q�G �W�K�H �K�H�D�W �I�O�R�Z�� �7�K�H �W�K�H�U�P�D�O �H�[�S�D�Q�V�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�� �L�Q �F�R�P�E�L�Q�D�W�L�R�Q �Z�L�W�K �W�K�H �W�H�P�S�H�U�D�W�X�U�H �G�L�I�I�H�U�H�Q�F�H��
�F�D�Q �U�H�V�X�O�W �L�Q �G�H�Q�V�L�W�\ �G�L�I�I�H�U�H�Q�F�H�V �U�H�V�S�R�Q�V�L�E�O�H �I�R�U �I�O�R�Z �L�Q�G�X�F�W�L�R�Q�� �7�K�H �J�U�D�Y�L�W�D�W�L�R�Q�D�O �D�F�F�H�O�H�U�D�W�L�R�Q �F�D�Q �S�O�D�\
�D �U�R�O�H �L�Q �W�K�H �F�D�V�H �R�I �I�U�H�H �F�R�Q�Y�H�F�W�L�R�Q�� �$�V �W�K�H �K�H�D�W �W�U�D�Q�V�I�H�U �F�R�H�I�I�L�F�L�H�Q�W �G�H�S�H�Q�G�V �R�Q �W�Z�H�O�Y�H �Y�D�U�L�D�E�O�H�V �Z�L�W�K
�I�R�X�U �E�D�V�L�F �X�Q�L�W�V�� �W�K�H �K�H�D�W �W�U�D�Q�V�I�H�U �F�R�H�I�I�L�F�L�H�Q�W �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �L�Q �H�L�J�K�W �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O �J�U�R�X�S�V�� �I�R�O�O�R�Z��
�L�Q�J �W�K�H �%�X�F�N�L�Q�J�K�D�P���,�, �W�K�H�R�U�H�P�� �+�R�Z�H�Y�H�U�� �I�H�Z�H�U �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O �J�U�R�X�S�V �D�U�H �U�H�T�X�L�U�H�G �W�R �G�H�V�F�U�L�E�H �W�K�H
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�S�L�S�H�V �Z�L�O�O �E�H �G�L�V�F�X�V�V�H�G �V�H�S�D�U�D�W�H�O�\ �I�R�U �O�D�P�L�Q�D�U �D�Q�G �W�X�U�E�X�O�H�Q�W �I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V�� �7�K�H �D�V�V�X�P�S�W�L�R�Q �L�V �P�D�G�H
�W�K�D�W �W�K�H �U�H�O�D�W�L�R�Q�V �I�R�X�Q�G �I�R�U �W�K�H�U�P�D�O�O�\ �G�H�Y�H�O�R�S�H�G �S�L�S�H �I�O�R�Z �F�D�Q �E�H �X�V�H�G �W�R �H�V�W�L�P�D�W�H �K�H�D�W �W�U�D�Q�V�I�H�U �L�Q
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�7�K�H �3�R�L�V�H�X�L�O�O�H �I�O�R�Z �S�U�R�I�L�O�H �R�E�V�H�U�Y�H�G �X�Q�G�H�U �O�D�P�L�Q�D�U �I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V �D�I�I�H�F�W�V �W�K�H �F�R�Q�G�X�F�W�L�Y�H �U�D�G�L�D�O �K�H�D�W
�W�U�D�Q�V�S�R�U�W�� �U�H�V�X�O�W�L�Q�J �L�Q �U�D�G�L�D�O �W�H�P�S�H�U�D�W�X�U�H �S�U�R�I�L�O�H�V�� �)�R�U �V�K�R�U�W �S�H�U�L�R�G�V �R�I �W�L�P�H�� �W�K�H �K�H�D�W �W�U�D�Q�V�I�H�U �I�U�R�P �W�K�H
�O�L�T�X�L�G �S�D�F�N�D�J�H �W�R �W�K�H �Z�D�O�O �R�F�F�X�U�V �Z�K�L�O�H �W�K�H �E�X�O�N �R�I �W�K�H �O�L�T�X�L�G �U�H�P�D�L�Q�V �X�Q�D�I�I�H�F�W�H�G �D�Q�G �X�Q�D�Z�D�U�H�� �U�D�G�L�D�O
�W�H�P�S�H�U�D�W�X�U�H �S�U�R�I�L�O�H�V �F�K�D�Q�J�H �F�R�Q�W�L�Q�X�R�X�V�O�\�� �)�X�U�W�K�H�U �G�R�Z�Q�V�W�U�H�D�P ��Gz > 0:1�� �Z�K�H�U�HGz �L�V �W�K�H �*�U�D�H�W�]
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�V�L�Q�N �F�R�Q�W�D�L�Q�L�Q�J ���� �R�I�I�V�H�W �I�L�Q�V �������� �O�D�Q�F�H�G �R�I�I�V�H�W �I�U�R�P �5�R�E�L�Q�V�R�Q �)�L�Q �0�D�F�K�L�Q�H�V�� �8�6�$�� �Z�L�W�K �I�O�R�Z �O�H�Q�J�W�K�V �R�I
15:00� 0:03cm�� �K�H�L�J�K�W�V �R�I2:35� 0:01cm�� �D�Q�G �W�K�L�F�N�Q�H�V�V�H�V �R�I0:025cm ���W�R�O�H�U�D�Q�F�H �X�Q�N�Q�R�Z�Q���� �7�K�H �U�H�P�D�L�Q��
�G�H�U �R�I �W�K�H �K�H�D�W �V�L�Q�N �F�R�Q�V�L�V�W�V �R�I �3�0�0�$ �I�R�U �W�K�H�U�P�D�O �L�Q�V�X�O�D�W�L�R�Q�� �$�-�X�O�D�E�R �)�/���������U�H�F�L�U�F�X�O�D�W�L�Q�J �F�R�R�O�H�U �L�V
�F�R�Q�Q�H�F�W�H�G �W�R �W�K�H �K�H�D�W �V�L�Q�N�� �7�K�H �F�R�R�O�H�U �K�D�V �D �P�D�[�L�P�X�P �I�O�R�Z �U�D�W�H �R�I� = 23:0L / min �� �D �P�D�[�L�P�X�P �S�R�Z�H�U
�R�X�W�S�X�W �R�I1:7kW �� �D�Q�G �U�H�O�L�H�V �R�Q�-�X�O�D�E�R�¶�V �W�K�H�U�P�D�O �*�F�R�R�O�D�Q�W ���H�W�K�\�O�H�Q�H���J�O�\�F�R�O �D�Q�G �Z�D�W�H�U �P�L�[�W�X�U�H���� �(�L�J�K�W
�W�K�H�U�P�R�F�R�X�S�O�H�V �Z�L�W�K �D�Q �D�F�F�X�U�D�F�\ �R�I� 0:2� C �D�U�H �H�T�X�D�O�O�\ �G�L�V�W�U�L�E�X�W�H�G �R�Y�H�U �W�K�H �O�H�Q�J�W�K �R�I �W�K�H �F�R�O�G �S�O�D�W�H�� �7�K�H
�W�L�S�V �R�I �W�K�H �W�K�H�U�P�R�F�R�X�S�O�H�V �D�U�H �S�O�D�F�H�G �L�Q �W�K�H �F�R�O�G �S�O�D�W�H �D�W �D �K�H�L�J�K�W �R�I1:05� 0:02cm ��y���G�L�U�H�F�W�L�R�Q���� �D�Q�G �D�W
�D �G�H�S�W�K �R�I5:99� 0:03cm ��z���G�L�U�H�F�W�L�R�Q����

�$ �X�Q�L�I�R�U�P �L�Q�O�H�W �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H �L�V �L�P�S�R�V�H�G �D�W �W�K�H �H�Q�W�U�D�Q�F�H �R�I �W�K�H �W�H�V�W �V�H�F�W�L�R�Q �E�\ �W�K�H �R�U�D�Q�J�H �X�S�V�W�U�H�D�P

����



�������� �)�7�4�6�)�7�7�3 �J�E�G�M�P�M�X�] ����

�)�L�J�X�U�H ���������6�F�K�H�P�D�W�L�F �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �W�K�H �(�6�3�5�(�6�6�2 �H�[�S�H�U�L�P�H�Q�W�D�O �I�D�F�L�O�L�W�\�� �7�K�H �W�H�V�W �V�H�F�W�L�R�Q �L�V �P�D�G�H �I�U�R�P �3�0�0�$
���S�R�O�\���P�H�W�K�\�O �P�H�W�K�D�F�U�\�O�D�W�H������ �D�Q�G �W�K�H �G�L�P�H�Q�V�L�R�Q�V �R�I �W�K�H �W�H�V�W �V�H�F�W�L�R�Q �D�U�H��0:05m � 0:05m � 1:45m�� �7�K�H �O�D�P�L�Q�D�U�L�]�D�W�L�R�Q �I�L�O�W�H�U�V �D�U�H

�K�R�Q�H�\ �F�R�P�E �J�U�L�G�V�� �7�K�HQ �G�H�Q�R�W�H�V �K�H�D�W �W�U�D�Q�V�I�H�U �E�H�W�Z�H�H�Q �W�K�H �P�H�G�L�X�P �D�Q�G �W�K�H �K�H�D�W �H�[�F�K�D�Q�J�H�U�V��

�V�H�F�W�L�R�Q �V�K�R�Z�Q �L�Q �I�L�J�X�U�H�������� �7�K�L�V �V�H�F�W�L�R�Q �F�R�Q�V�L�V�W�V �R�I �D �G�L�Y�H�U�J�L�Q�J �Q�R�]�]�O�H�� �D �V�H�W�W�O�L�Q�J �F�K�D�P�E�H�U �F�R�Q�W�D�L�Q�L�Q�J
�O�D�P�L�Q�D�U�L�]�D�W�L�R�Q �I�L�O�W�H�U�V �D�Q�G �W�X�U�E�X�O�H�Q�F�H �U�H�G�X�F�W�L�R�Q �V�F�U�H�H�Q�V�� �D�Q�G �D �F�R�Q�Y�H�U�J�L�Q�J �Q�R�]�]�O�H�� �7�K�H �V�H�W�W�O�L�Q�J �F�K�D�P�E�H�U
�K�D�V �D �F�U�R�V�V���V�H�F�W�L�R�Q �R�I15:00� 0:05cm� 15:00� 0:05cm �D�Q�G �D �O�H�Q�J�W�K �R�I30:00� 0:05cm�� �7�K�H �O�D�P�L�Q�D�U�L�]�D�W�L�R�Q
�I�L�O�W�H�U�V �F�R�Q�V�L�V�W �R�I �K�R�Q�H�\ �F�R�P�E �J�U�L�G�V�� �7�K�H �S�X�U�S�R�V�H �R�I �W�K�H�V�H �I�L�O�W�H�U�V �L�V �W�R �U�H�P�R�Y�H �V�Z�L�U�O �D�Q�G �O�D�W�H�U�D�O �W�X�U�E�X�O�H�Q�F�H��
�7�K�H �J�U�L�G�V �K�D�Y�H �R�S�H�Q�L�Q�J�V �R�I1:5 � 0:1mm�� �7�K�H �V�H�W�W�O�L�Q�J �F�K�D�P�E�H�U �F�R�Q�W�D�L�Q�V �W�K�U�H�H �W�X�U�E�X�O�H�Q�F�H �U�H�G�X�F�W�L�R�Q
�V�F�U�H�H�Q�V �G�R�Z�Q�V�W�U�H�D�P �I�U�R�P �W�K�H �O�D�P�L�Q�D�U�L�]�D�W�L�R�Q �I�L�O�W�H�U�V �W�R �U�H�G�X�F�H �D�[�L�D�O �W�X�U�E�X�O�H�Q�F�H�� �7�K�H �I�L�U�V�W �V�F�U�H�H�Q �L�V �D
�F�R�D�U�V�H �V�F�U�H�H�Q �Z�L�W�K4:0mm �R�S�H�Q�L�Q�J�V�� �D�Q�G �W�K�H �V�H�F�R�Q�G �W�Z�R �V�F�U�H�H�Q�V �K�D�Y�H �V�P�D�O�O�H�U �R�S�H�Q�L�Q�J�V �R�I1:0mm
���W�R�O�H�U�D�Q�F�H�V �X�Q�N�Q�R�Z�Q���� �7�K�H �V�K�D�S�H �R�I �W�K�H �Q�R�]�]�O�H �L�V �G�H�V�F�U�L�E�H�G �L�Q �D�S�S�H�Q�G�L�[�$�� �7�K�H �O�H�Q�J�W�K �E�H�W�Z�H�H�Q �W�K�H
�R�X�W�O�H�W �R�I �W�K�H �F�R�Q�Y�H�U�J�L�Q�J �Q�R�]�]�O�H �D�Q�G �W�K�H �L�Q�O�H�W �R�I �W�K�H �W�H�V�W �V�H�F�W�L�R�Q �L�V13:50cm �D�Q�G �D�O�O�R�Z�V �I�R�U �V�R�P�H �G�H�Y�H�O�R�S��
�P�H�Q�W �R�I �W�K�H �I�O�R�Z �E�H�I�R�U�H �H�Q�W�H�U�L�Q�J �W�K�H �W�H�V�W �V�H�F�W�L�R�Q�� �)�R�U �O�D�P�L�Q�D�U �I�O�R�Z�� �W�K�H �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K ��L dev;lam ��
�R�I �W�K�H �I�O�R�Z �L�Q �S�L�S�H�V �L�V �F�R�P�P�R�Q�O�\ �G�H�W�H�U�P�L�Q�H�G �X�V�L�Q�J�>���� �@

L dev;lam = 0 :0575DRe ����������

�D�Q�G �W�K�H �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K �I�R�U �W�X�U�E�X�O�H�Q�W �I�O�R�Z�V ��L dev;turb �� �X�V�L�Q�J�>���� �@

L dev;turb = 1 :359DRe
1
4 ; ����������

�Z�K�H�U�HD �G�H�Q�R�W�H�V �W�K�H �G�L�D�P�H�W�H�U �R�I �W�K�H �S�L�S�H�� �7�K�L�V �U�H�O�D�W�L�R�Q �U�H�V�X�O�W�V �L�Q �H�[�S�H�F�W�H�G �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K�V �R�I
60cm�� 67cm�� 73cm�� �D�Q�G75cm �I�R�U �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�V6182�� 9701�� 13219�� �D�Q�G14995�� �U�H�V�S�H�F�W�L�Y�H�O�\�� �,�Q
�S�U�D�F�W�L�F�D�O �H�Q�J�L�Q�H�H�U�L�Q�J �T�X�H�V�W�L�R�Q�V�� �W�K�H �H�Q�W�U�D�Q�F�H �H�I�I�H�F�W �E�H�F�R�P�H�V �Q�H�J�O�L�J�L�E�O�H �E�H�\�R�Q�G �D �S�L�S�H �O�H�Q�J�W�K �R�I �W�H�Q
�W�L�P�H�V �W�K�H �G�L�D�P�H�W�H�U�� �7�K�H �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K �I�R�U �W�X�U�E�X�O�H�Q�W �I�O�R�Z�V �L�V �W�K�H�U�H�I�R�U�H �R�I�W�H�Q �H�V�W�L�P�D�W�H�G �D�W�>���� �@

L dev;turb � 10D: ����������

�7�K�H�V�H �U�H�O�D�W�L�R�Q�V �D�U�H �Y�D�O�L�G �I�R�U �S�L�S�H �I�O�R�Z�V�� �E�X�W �Z�L�O�O �E�H �X�V�H�G �L�Q �W�K�H �F�X�U�U�H�Q�W �V�W�X�G�\ �W�R �D�S�S�U�R�[�L�P�D�W�H �G�H�Y�H�O�R�S��
�P�H�Q�W �O�H�Q�J�W�K�V �L�Q �W�K�H �V�T�X�D�U�H �G�X�F�W �E�\ �V�X�E�V�W�L�W�X�W�L�Q�J �W�K�H �S�L�S�H �G�L�D�P�H�W�H�UD �E�\ �W�K�H �K�\�G�U�D�X�O�L�F �G�L�D�P�H�W�H�UDh �� �)�R�U
�W�X�U�E�X�O�H�Q�W �I�O�R�Z�V�� �W�K�H �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K �L�V �H�V�W�L�P�D�W�H�G �D�WL dev;turb � 10 � 0:050m = 0 :50m�� �)�R�U �O�D�P�L�Q�D�U
�I�O�R�Z�V�� �W�K�H �X�V�H�G �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�V �D�U�H �Z�L�W�K�L�Q �W�K�H �U�D�Q�J�H474 � Re � 1185�� �O�H�D�G�L�Q�J �W�R �H�V�W�L�P�D�W�H�G �G�H��
�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K�V3:4m � L dev;lam � 1:36m�� �7�K�H �U�H�T�X�L�U�H�G �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K�V �I�R�U �O�D�P�L�Q�D�U �I�O�R�Z �D�U�H
�Q�R�W �U�H�D�F�K�H�G �Z�L�W�K�L�Q �W�K�H �W�H�V�W �V�H�F�W�L�R�Q�� �+�R�Z�H�Y�H�U�� �W�K�H �O�D�P�L�Q�D�U�L�]�D�W�L�R�Q �I�L�O�W�H�U�V �D�U�H �H�[�S�H�F�W�H�G �W�R �V�X�E�V�W�D�Q�W�L�D�O�O�\
�U�H�G�X�F�H �W�K�H �U�H�T�X�L�U�H�G �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �V�R�O�L�G�L�I�L�F�D�W�L�R�Q �U�H�V�X�O�W�V �L�Q �D �G�H�F�U�H�D�V�L�Q�J �H�I�I�H�F�W�L�Y�H
�K�\�G�U�D�X�O�L�F �G�L�D�P�H�W�H�U�� �U�H�G�X�F�L�Q�J �W�K�H �U�H�T�X�L�U�H�G �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K�� �7�K�L�V �H�I�I�H�F�W �L�V �H�[�S�H�F�W�H�G �W�R �E�H �O�D�U�J�H�U �W�K�D�Q
�W�K�H �H�I�I�H�F�W �R�I �W�K�H �L�Q�F�U�H�D�V�L�Q�J �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �D�I�W�H�U �W�K�H �R�Q�V�H�W �R�I �I�U�H�H�]�L�Q�J�� �3�U�D�F�W�L�F�D�O �O�L�P�L�W�D�W�L�R�Q�V �G�L�G �Q�R�W
�D�O�O�R�Z �I�R�U �D �O�R�Q�J�H�U �G�H�Y�H�O�R�S�P�H�Q�W �V�H�F�W�L�R�Q �L�Q �W�K�H �F�X�U�U�H�Q�W �Y�H�U�V�L�R�Q �R�I �W�K�H �(�6�3�5�(�6�6�2 �I�D�F�L�O�L�W�\�� �E�X�W �W�K�L�V �Z�R�X�O�G



�������� �8�Y�V�F�Y�P�I�R�G�I �M�R�M�X�M�E�P�M�^�E�X�M�S�R ����

�E�H �E�H�Q�H�I�L�F�L�D�O �I�R�U �I�X�W�X�U�H �U�H�V�H�D�U�F�K��

�7�K�H �E�X�I�I�H�O �Y�H�V�V�H�O �V�W�R�U�H�V �D�S�S�U�R�[�L�P�D�W�H�O�\100L �R�I �Z�D�W�H�U�� �7�K�H �Y�H�V�V�H�O �L�V �F�R�Q�Q�H�F�W�H�G �W�R �D �S�X�P�S �Z�L�W�K �D
�P�D�[�L�P�X�P �I�O�R�Z �U�D�W�H �F�D�S�D�E�L�O�L�W�\ �R�I� = 1 :4L / s�� �7�K�H �I�O�R�Z �U�D�W�H �L�V �P�H�D�V�X�U�H�G �Z�L�W�K �D�Q �D�F�F�X�U�D�F�\ �R�I� 0:5�� �E�\
�W�K�H�3�U�R�O�L�Q�H �3�U�R�P�D�J �����: �P�D�J�Q�H�W�L�F �I�O�R�Z �P�H�W�U�H���(�Q�G�U�H�V�V �+�D�X�V�V�H�U�� �*�H�U�P�D�Q�\���� �$ �O�L�T�X�L�G �K�H�D�W �H�[�F�K�D�Q�J�H�U
���%�U�D�]�H�G �S�O�D�W�H �O�L�T�X�L�G �K�H�D�W �H�[�F�K�D�Q�J�H�U�� �6�:�(�3�� �6�Z�H�G�H�Q�� �L�V �S�O�D�F�H�G �D�I�W�H�U �W�K�H �S�X�P�S �D�Q�G �F�R�X�S�O�H�G �W�R �D�-�X�O�D�E�R
�)�/�������� �U�H�F�L�U�F�X�O�D�W�L�Q�J �F�R�R�O�H�U �F�R�Q�W�U�R�O�O�L�Q�J �W�K�H �L�Q�O�H�W �W�H�P�S�H�U�D�W�X�U�H�� �2�S�S�R�V�H�G �W�R �W�K�H �S�U�H�Y�L�R�X�V�O�\ �G�L�V�F�X�V�V�H�G
�F�R�R�O�H�U�� �W�K�L�V �F�R�R�O�H�U �X�V�H�V �Z�D�W�H�U �D�V �F�R�R�O�D�Q�W �L�Q�V�W�H�D�G �R�I�-�X�O�D�E�R�¶�V �W�K�H�U�P�D�O �*�� �6�L�Q�F�H �W�K�H �F�R�R�O�D�Q�W �L�V �Z�D�W�H�U�� �W�K�H
�F�R�R�O�L�Q�J �F�D�S�D�E�L�O�L�W�L�H�V �D�U�H �O�L�P�L�W�H�G �D�V �V�R�O�L�G�L�I�L�F�D�W�L�R�Q �Z�L�W�K�L�Q �W�K�H �K�H�D�W �H�[�F�K�D�Q�J�H�U �V�K�R�X�O�G �E�H �D�Y�R�L�G�H�G �D�W �D�O�O �F�R�V�W��
�7�K�H�U�P�R�F�R�X�S�O�H�V �U�H�J�L�V�W�H�U �W�K�H �W�H�P�S�H�U�D�W�X�U�H �R�I �W�K�H �E�X�I�I�H�O �Y�H�V�V�H�O �D�Q�G �W�K�H �E�X�O�N �L�Q�O�H�W �D�Q�G �R�X�W�O�H�W �W�H�P�S�H�U�D�W�X�U�H�V��

���������8�Y�V�F�Y�P�I�R�G�I �M�R�M�X�M�E�P�M�^�E�X�M�S�R
�7�K�H �R�E�M�H�F�W�L�Y�H �Z�D�V �W�R �J�H�Q�H�U�D�W�H �I�X�O�O�\ �G�H�Y�H�O�R�S�H�G �W�X�U�E�X�O�H�Q�W �I�O�R�Z �S�U�R�I�L�O�H�V �D�W �D�Q �D�[�L�D�O �G�L�V�W�D�Q�F�H �R�Ix = 75cm�� �$�I��
�W�H�U �H�Q�V�X�U�L�Q�J �D �Z�H�O�O���G�H�I�L�Q�H�G �L�Q�O�H�W �S�U�R�I�L�O�H �Z�L�W�K �W�K�H �O�D�P�L�Q�D�U�L�]�D�W�L�R�Q �D�Q�G �W�X�U�E�X�O�H�Q�F�H �U�H�G�X�F�W�L�R�Q �V�F�U�H�H�Q�V�� �V�L�P�S�O�\
�L�Q�F�U�H�D�V�L�Q�J �W�K�H �Y�H�O�R�F�L�W�\ �G�L�G �Q�R�W �U�H�V�X�O�W �L�Q �V�X�I�I�L�F�L�H�Q�W�O�\ �G�H�Y�H�O�R�S�H�G �W�X�U�E�X�O�H�Q�W �I�O�R�Z�� �$ �Z�H�O�O���G�H�I�L�Q�H�G �W�X�U�E�X�O�H�Q�F�H
�L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �P�H�W�K�R�G �L�V �U�H�T�X�L�U�H�G �W�R �H�Q�V�X�U�H �W�K�H �H�[�S�H�U�L�P�H�Q�W�V �D�U�H �U�H�S�U�R�G�X�F�L�E�O�H �D�Q�G �V�X�L�W�D�E�O�H �I�R�U �E�H�Q�F�K�P�D�U�N��
�L�Q�J �S�X�U�S�R�V�H�V��

�$ �V�W�H�S �F�K�D�Q�J�H �Z�D�V �L�Q�V�H�U�W�H�G �D�W �W�K�H �X�S�S�H�U �Z�D�O�O �R�I �W�K�H �G�X�F�W �F�O�R�V�H �W�R �W�K�H �H�Q�W�U�D�Q�F�H�� �7�K�H �V�W�H�S �F�K�D�Q�J�H
�L�V �D �U�H�F�W�D�Q�J�X�O�D�U �P�D�J�Q�H�W �Z�L�W�K �W�K�H �I�R�O�O�R�Z�L�Q�J �G�L�P�H�Q�V�L�R�Q�V��4:0 � 0:1mm �W�K�L�F�N��20 � 0:1mm �Z�L�G�H�� �D�Q�G
40:0 � 0:1mm �O�R�Q�J�� �7�K�H �W�X�U�E�X�O�H�Q�W �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K�V �H�V�W�L�P�D�W�H�G �E�D�V�H�G �R�Q �H�T�X�D�W�L�R�Q������ �Z�H�U�H �V�K�R�U�W�H�U
�W�K�D�Q �W�K�H �G�L�V�W�D�Q�F�H �I�U�R�P �W�K�H �H�Q�G �R�I �W�K�H �P�D�J�Q�H�W �W�R �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �Z�L�Q�G�R�Z�� �7�K�H �V�W�H�S �F�K�D�Q�J�H �G�L�G �Q�R�W
�G�D�P�D�J�H �W�K�H �V�P�R�R�W�K �Z�D�O�O�V �R�I �W�K�H �3�0�0�$ �G�X�F�W �D�Q�G �F�R�X�O�G �H�D�V�L�O�\ �E�H �L�Q�V�H�U�W�H�G �D�Q�G �U�H�P�R�Y�H�G �I�U�R�P �W�K�H �V�H�W�X�S��
�$ �J�U�L�G �Z�L�W�K �P�X�O�W�L�S�O�H �V�P�D�O�O�H�U �E�D�U�V �Z�R�X�O�G �O�L�N�H�O�\ �K�D�Y�H �G�H�F�U�H�D�V�H�G �W�K�H �U�H�T�X�L�U�H�G �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K�� �7�K�H
�S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �V�W�H�S �F�K�D�Q�J�H �Z�D�V �H�[�S�H�F�W�H�G �W�R �G�H�O�L�Y�H�U �V�L�P�L�O�D�U �U�H�V�X�O�W�V �D�V �L�Q�G�X�F�L�Q�J �W�X�U�E�X�O�H�Q�F�H �X�V�L�Q�J
�D �W�U�L�S �Z�L�U�H�� �6�L�Q�F�H �W�K�H �D�O�O�R�Z�H�G �U�H�T�X�L�U�H�G �G�H�Y�H�O�R�S�P�H�Q�W �O�H�Q�J�W�K �Z�D�V �U�H�O�D�W�L�Y�H�O�\ �O�R�Q�J�� �W�K�H �Q�H�H�G �W�R �F�U�H�D�W�H �D
�Z�H�O�O���G�H�I�L�Q�H�G �S�D�V�V�L�Y�H �W�X�U�E�X�O�H�Q�F�H �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �J�U�L�G �Z�D�V �Q�H�J�O�H�F�W�H�G�� �1�H�D�U �W�K�H �H�Q�G �R�I �W�K�H �S�U�R�M�H�F�W �G�X�U�D�W�L�R�Q��
�W�K�H �L�Q�L�W�L�D�O�L�]�H�G �W�X�U�E�X�O�H�Q�F�H �Z�D�V �I�R�X�Q�G �L�Q�V�X�I�I�L�F�L�H�Q�W�O�\ �G�H�Y�H�O�R�S�H�G�� �)�R�U �I�X�W�X�U�H �H�[�S�H�U�L�P�H�Q�W�V�� �Z�R�U�N�L�Q�J �Z�L�W�K �D
�W�X�U�E�X�O�H�Q�F�H �L�Q�L�W�L�D�O�L�]�D�W�L�R�Q �J�U�L�G �L�V �D�G�Y�L�V�H�G��

���������4�E�V�X�M�G�P�I �-�Q�E�K�I �:�I�P�S�G�M�Q�I�X�V�]
�9�H�O�R�F�L�W�\ �I�L�H�O�G�V �Z�H�U�H �D�Y�H�U�D�J�H�G �L�Q �W�K�Hx � y �S�O�D�Q�H �D�W �W�K�H �F�H�Q�W�H�U �R�I �W�K�H �W�H�V�W �V�H�F�W�L�R�Q ��71cm < x < 79cm��
�X�V�L�Q�J �S�O�D�Q�D�U �3�,�9�� �+�R�O�O�R�Z �E�R�U�R�V�L�O�L�F�D�W�H �J�O�D�V�V �V�S�K�H�U�H�V �Z�L�W�K �D �G�H�Q�V�L�W�\ �R�I� p = 1 :1g/ cm3 �D�Q�G �D �G�L�D�P�H�W�H�U
�R�Idp = 10�m �Z�H�U�H �L�Q�V�H�U�W�H�G �L�Q�W�R �W�K�H �I�O�R�Z �D�V �W�U�D�F�H�U �S�D�U�W�L�F�O�H�V�� �)�R�Uhui = 0 :5m/ s �D�Q�GDh = 0 :05m�� �Z�H
�I�L�Q�GStk � 4 � 10� 5 << 1 ���H�T�X�D�W�L�R�Q������������ �7�K�H �Y�H�O�R�F�L�W�\ �O�D�J �Z�D�V �W�K�X�V �Q�H�J�O�L�J�L�E�O�H �I�R�U �D�O�O �P�H�D�V�X�U�H�G �I�O�R�Z
�F�R�Q�G�L�W�L�R�Q�V��

�7�K�H �O�L�J�K�W �V�R�X�U�F�H �I�R�U �W�K�H �3�,�9 �P�H�D�V�X�U�H�P�H�Q�W�V �Z�D�V �D ���: �V�K�X�W�W�H�U�H�G �F�R�Q�W�L�Q�X�R�X�V �Z�D�Y�H �O�D�V�H�U �Z�L�W�K �D �Z�D�Y�H��
�O�H�Q�J�W�K �R�I� = 532nm ���/�D�9�L�V�L�R�Q�� �*�H�U�P�D�Q�\���� �$ �O�D�V�H�U �J�X�L�G�L�Q�J �D�U�P ���/�D�9�L�V�L�R�Q�� �*�H�U�P�D�Q�\�� �H�Q�V�X�U�H�G �W�K�H �O�D�V�H�U
�V�K�H�H�W �Z�D�V �O�R�F�D�W�H�G �D�E�R�Y�H �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �Z�L�Q�G�R�Z �D�W �W�K�H �F�H�Q�W�H�U �R�I �W�K�H �W�H�V�W �V�H�F�W�L�R�Q�� �7�K�H �&�R�P�S�O�H�P�H�Q��
�W�D�U�\ �0�H�W�D�O���2�[�L�G�H �6�H�P�L�F�R�Q�G�X�F�W�R�U ���&�0�2�6�� �0�;���0 �,�P�D�J�H�U ���/�D�9�L�V�L�R�Q�� �*�H�U�P�D�Q�\���� �D �F�D�P�H�U�D �Z�L�W�K4MP �R�I
�U�H�V�R�O�X�W�L�R�Q ��5:5�m � 5:5�m �S�L�[�H�O�V�� �D�Q�G �D�QAF � S 50mm F /1 :4 �O�H�Q�V ���1�L�N�R�Q���� �Z�D�V �X�V�H�G �W�R �F�D�S�W�X�U�H �W�K�H
�S�D�U�W�L�F�O�H�V �D�Q�G �W�K�H �L�F�H �O�D�\�H�U �W�K�U�R�X�J�K �W�K�H �V�L�G�H �Z�D�O�O�� �7�K�H �F�D�P�H�U�D �Z�D�V �S�O�D�F�H�G �D�W �D�S�S�U�R�[�L�P�D�W�H�O�\ �D �G�L�V�W�D�Q�F�H
�R�I40cm �D�Z�D�\ �I�U�R�P �W�K�H �F�H�Q�W�H�U �R�I �W�K�H �F�K�D�Q�Q�H�O�� �7�K�L�V �R�S�W�L�P�L�]�H�G �W�K�H �R�Y�H�U�O�D�S �E�H�W�Z�H�H�Q �W�K�H �D�U�H�D �R�I �L�Q�W�H�U�H�V�W
�D�Q�G �W�K�H �I�L�H�O�G �R�I �Y�L�H�Z�� �7�K�H �F�D�S�W�X�U�H�G �L�P�D�J�H�V �Z�H�U�H �R�E�W�D�L�Q�H�G �X�V�L�Q�J �D �I�R�F�X�V �O�H�Q�J�W�K �R�I �D�S�S�U�R�[�L�P�D�W�H�O�\50mm��
�)�R�U �D �G�L�V�W�D�Q�F�H �I�U�R�P �W�K�H �R�E�M�H�F�W �W�R �W�K�H �H�I�I�H�F�W�L�Y�H �F�H�Q�W�H�U �R�I �W�K�H �O�H�Q�V �R�Iz0 � 40cm�� �W�K�H �G�L�V�W�D�Q�F�H �I�U�R�P �W�K�H
�L�P�D�J�H �S�O�D�Q�H �W�R �W�K�H �F�H�Q�W�H�U �R�I �W�K�H �O�H�Q�V ��Z0�� �F�D�Q �E�H �H�V�W�L�P�D�W�H�G �W�K�U�R�X�J�K �*�D�X�V�V �O�H�Q�V �O�D�Z��

1
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1
z0

=
1
f

; ����������

�Z�K�H�U�Hf �G�H�Q�R�W�H�V �W�K�H �F�D�P�H�U�D �I�R�F�D�O �O�H�Q�J�W�K�� �7�K�H �P�D�J�Q�L�I�L�F�D�W�L�R�Q �I�D�F�W�R�U ��M 0�� �F�D�Q �V�X�E�V�H�T�X�H�Q�W�O�\ �E�H �F�D�O�F�X�O�D�W�H�G
�D�V

M 0 =
Z0

z0
; ����������



�������� �)�\�T�I�V�M�Q�I�R�X�E�P �T�V�S�G�I�H�Y�V�I ����

�U�H�V�X�O�W�L�Q�J �L�QM 0 � 0:14�� �7�K�H �D�S�H�U�W�X�U�H �R�I �W�K�H �O�H�Q�V ��f �� �� �Z�D�V4:0 � 5:6�� �7�K�H �G�H�S�W�K �R�I �Y�L�H�Z ��� z �� �L�V �F�D�O�F�X�O�D�W�H�G
�D�V

� z = 4
�

1 +
1

M 0

� 2

f ��2�; ����������

�U�H�V�X�O�W�L�Q�J �L�Q2:0 � � z � 4:4mm�� �7�K�H �W�K�L�F�N�Q�H�V�V �R�I �W�K�H �O�D�V�H�U �V�K�H�H�W �L�V �D�S�S�U�R�[�L�P�D�W�H�O�\1mm�� �$�V� z > 1mm��
�D�O�O �W�U�D�F�H�U �S�D�U�W�L�F�O�H�V �L�Q �W�K�H �O�D�V�H�U �V�K�H�H�W �D�U�H �L�Q �I�R�F�X�V��

�7�K�H �W�L�P�H �E�H�W�Z�H�H�Q �W�Z�R �L�P�D�J�H�V �F�R�Q�V�W�L�W�X�W�L�Q�J �D �V�L�Q�J�O�H �I�U�D�P�H �S�D�L�U ��dt�� �G�H�S�H�Q�G�H�G �R�Q �W�K�H �5�H�\�Q�R�O�G�V �Q�X�P��
�E�H�U�� �)�R�U474 � Re � 14995��3000�s � dt � 400�s �� �$ �U�X�O�H �R�I �W�K�X�P�E �L�V �W�K�D�W �W�K�Hdt �V�K�R�X�O�G �E�H �F�K�R�V�H�Q
�W�R �H�Q�V�X�U�H �D �W�U�D�F�H�U �S�D�U�W�L�F�O�H �G�L�V�S�O�D�F�H�P�H�Q�W �R�I4 � 8 �S�L�[�H�O�V�>���� �@�� �7�K�H �R�I�I�V�H�W �R�I �W�K�H �O�D�V�H�U �S�X�O�V�H ��T1A�� �Z�D�V
�G�H�W�H�U�P�L�Q�H�G �X�V�L�Q�JT1A = � dt/2 �� �D�Q �H�[�S�H�U�L�P�H�Q�W�D�O�O�\ �G�H�W�H�U�P�L�Q�H�G �U�H�O�D�W�L�R�Q �W�K�D�W �Z�R�U�N�H�G �Z�H�O�O�� �+�L�J�K�H�U �O�D�V�H�U
�L�O�O�X�P�L�Q�D�W�L�R�Q �W�L�P�H�V �S�U�R�Y�L�G�H�G �L�P�D�J�H�V �Z�L�W�K �H�D�V�L�H�U �L�G�H�Q�W�L�I�L�D�E�O�H �S�D�U�W�L�F�O�H�V �D�Q�G �L�F�H �O�D�\�H�U �W�R�S�R�J�U�D�S�K�L�H�V�� �+�R�Z��
�H�Y�H�U�� �W�K�H �L�O�O�X�P�L�Q�D�W�L�R�Q �W�L�P�H �R�I �W�K�H �O�D�V�H�U �L�V �O�L�P�L�W�H�G �E�\ �W�K�HT1A���Y�D�O�X�H�� �7�K�H �O�D�V�H�U �L�O�O�X�P�L�Q�D�W�L�R�Q �W�L�P�H�V �Y�D�U�L�H�G
�E�H�W�Z�H�H�Q600�s �D�Q�G190�s �� �8�Q�O�H�V�V �V�S�H�F�L�I�L�H�G �R�W�K�H�U�Z�L�V�H�� �H�D�F�K �P�H�D�V�X�U�H�P�H�Q�W �F�R�Q�V�L�V�W�V �R�I30 �I�U�D�P�H �S�D�L�U�V
��NF = 30�� �W�D�N�H�Q �D�W �D �I�U�H�T�X�H�Q�F�\ �R�I2Hz�� �7�K�H �I�U�H�T�X�H�Q�F�\ �Z�D�V �V�H�W �V�X�I�I�L�F�L�H�Q�W�O�\ �O�R�Z �W�R �H�Q�V�X�U�H �W�K�H �W�L�P�H
�E�H�W�Z�H�H�Q �I�U�D�P�H �S�D�L�U�V �L�V �O�R�Q�J�H�U �W�K�D�Q �W�Z�L�F�H �W�K�H �W�X�U�E�X�O�H�Q�W �L�Q�W�H�J�U�D�O �W�L�P�H �V�F�D�O�H�>���@�� �,�Q �V�R�P�H �F�D�V�H�V�� �P�H�D��
�V�X�U�H�P�H�Q�W�V �Z�H�U�H �F�R�Q�G�X�F�W�H�G �I�R�UNF = 200 �D�W �D �I�U�H�T�X�H�Q�F�\ �R�I5Hz �W�R �H�Y�D�O�X�D�W�H �W�K�H �H�U�U�R�U�V �L�Q �W�K�H �R�E�W�D�L�Q�H�G
�Y�H�O�R�F�L�W�\ �I�L�H�O�G�V�� �7�K�H �I�U�H�T�X�H�Q�F�\ �Z�D�V �W�K�H�Q �L�Q�F�U�H�D�V�H�G �W�R �D�Y�R�L�G �F�R�Q�G�H�Q�V�D�W�L�R�Q �E�X�L�O�G�X�S �D�W �W�K�H �V�L�G�H �Z�D�O�O�� �7�K�H
�V�L�]�H �R�I �W�K�H �P�X�O�W�L���S�D�V�V �L�Q�W�H�U�U�R�J�D�W�L�R�Q �Z�L�Q�G�R�Z�V �Z�D�V �V�H�W �H�T�X�D�O �I�R�U �D�O�O �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�V �W�R �I�D�F�L�O�L�W�D�W�H �F�R�P��
�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q �I�O�R�Z �I�L�H�O�G�V �R�E�W�D�L�Q�H�G �I�R�U �G�L�I�I�H�U�H�Q�W �I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V�� �$ �V�L�P�L�O�D�U �D�S�S�U�R�D�F�K �K�D�V �E�H�H�Q �X�V�H�G �E�\
�%�X�V�K�X�N �H�W �D�O���>���� �@�� �$ �F�R�P�P�R�Q �D�S�S�U�R�D�F�K �W�R �P�H�D�V�X�U�H �Y�D�O�L�G �I�O�R�Z �I�L�H�O�G�V �L�V �W�R �H�Q�V�X�U�H �O�H�V�V �W�K�D�Q25�� �R�I �W�K�H
�W�U�D�F�H�U �S�D�U�W�L�F�O�H�V �P�R�Y�H �R�X�W �R�I �W�K�H �L�Q�W�H�U�U�R�J�D�W�L�R�Q �Z�L�Q�G�R�Z �L�Qdt �V�H�F�R�Q�G�V�>���� �@�� �7�K�L�V �F�D�Q �E�H �D�F�K�L�H�Y�H�G �E�\ �I�L�Q�G�L�Q�J
�W�K�H �F�R�U�U�H�F�W �E�D�O�D�Q�F�H �E�H�W�Z�H�H�Qdt�� �W�K�H �Y�H�O�R�F�L�W�L�H�V�� �D�Q�G �W�K�H �L�Q�W�H�U�U�R�J�D�W�L�R�Q �Z�L�Q�G�R�Z �V�L�]�H�� �7�D�E�O�H������ �S�U�R�Y�L�G�H�V
�W�K�H �V�H�W�W�L�Q�J�V �X�V�H�G �W�R �P�H�D�V�X�U�H �W�K�H �Y�H�O�R�F�L�W�\ �I�L�H�O�G�V�� �7�K�H �F�D�P�H�U�D �D�Q�G �O�D�V�H�U �W�L�P�L�Q�J �Z�H�U�H �F�R�R�U�G�L�Q�D�W�H�G �E�\ �D
�S�U�R�J�U�D�P�P�D�E�O�H �W�L�P�L�Q�J �X�Q�L�W ���/�D�9�L�V�L�R�Q�� �*�H�U�P�D�Q�\�� �F�R�Q�W�U�R�O�O�H�G �Z�L�W�K�'�D�Y�L�V �Y�� �V�R�I�W�Z�D�U�H��

�7�D�E�O�H ���������3�D�U�W�L�F�O�H �,�P�D�J�H �9�H�O�R�F�L�P�H�W�U�\ �V�H�W�W�L�Q�J�V �X�V�H�G �W�R �P�H�D�V�X�U�H �D�Q�G �S�U�R�F�H�V�V �Y�H�O�R�F�L�W�\ �I�L�H�O�G�V��

Re = 593 Re = 6182 Re = 9701 Re = 13219 Re = 14995
�G�W �>�s �@ �������� ������ ������ ������ ������
�7���$ �>�s �@ ���������� �������� �������� �������� ��������
�,�O�O�X�P�L�Q�D�W�L�R�Q �>�s �@ ������ ������ ������ ������ ������
�)�U�H�T�X�H�Q�F�\ �>Hz �@ ��
NF �>���@ ����
�0�X�O�W�L���S�D�V�V �Z�L�Q�G�R�Z �>�S�L�[�H�O�V�@ �����[���� �E�\ �����[����

���������)�\�T�I�V�M�Q�I�R�X�E�P �T�V�S�G�I�H�Y�V�I
�9�H�O�R�F�L�W�\ �I�L�H�O�G�V �Z�H�U�H �P�H�D�V�X�U�H�G �I�R�U �O�D�P�L�Q�D�U �5�H�\�Q�R�O�G�V �Q�X�P�E�H�URe = 593 �D�Q�G �I�R�U �W�X�U�E�X�O�H�Q�W �5�H�\�Q�R�O�G�V
�Q�X�P�E�H�U�VRe = 6182�� Re = 9701�� Re = 13219�� �D�Q�GRe = 14995 �I�R�U �D �V�H�W �F�R�O�G �S�O�D�W�H �W�H�P�S�H�U�D�W�X�U�H
TC;set = � 10:0� C �D�Q�G �D �V�H�W �L�Q�O�H�W �W�H�P�S�H�U�D�W�X�U�H �R�IT0;set = 3 :0� C�� �0�H�D�V�X�U�H�P�H�Q�W�V �Z�H�U�H �F�R�Q�G�X�F�W�H�G �D�W �W�K�H
�F�H�Q�W�H�U �R�I �W�K�H �W�H�V�W �V�H�F�W�L�R�Q �D�W �D�Q �D�[�L�D�O �F�R�R�U�G�L�Q�D�W�H �R�Ix = 75cm��
�:�D�W�H�U �U�H�F�L�U�F�X�O�D�W�H�G �W�K�U�R�X�J�K �W�K�H �(�6�3�5�(�6�6�2 �I�D�F�L�O�L�W�\ �D�W �W�K�H �K�L�J�K�H�V�W �D�W�W�D�L�Q�D�E�O�H �I�O�R�Z �U�D�W�H ��� = 1 :4L / s���� �7�K�H
�F�R�O�G �S�O�D�W�H �D�Q�G �L�Q�O�H�W �V�H�W �W�H�P�S�H�U�D�W�X�U�H�V �Z�H�U�H �O�R�Z�H�U�H�G �W�RTC;set = � 3:0� C �D�Q�GT0;set = 3 :0� C�� �7�K�H �I�O�R�Z �U�D�W�H
�Z�D�V �U�H�G�X�F�H�G �W�R �W�K�H �Y�D�O�X�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �G�H�V�L�U�H�G �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �Z�K�H�Q �W�K�H �V�H�W �W�H�P�S�H�U�D�W�X�U�H�V
�Z�H�U�H �U�H�D�F�K�H�G�� �:�K�H�Q �D�L�U �E�X�E�E�O�H�V �Z�H�U�H �S�U�H�V�H�Q�W�� �W�K�H �I�O�R�Z �U�D�W�H �Z�D�V �L�Q�F�U�H�D�V�H�G �D�Q�G �G�H�F�U�H�D�V�H�G �U�H�S�H�W�L�W�L�Y�H�O�\
�X�Q�W�L�O �Q�R �D�L�U �E�X�E�E�O�H�V �U�H�P�D�L�Q�H�G�� �$ �Y�H�O�R�F�L�W�\ �I�L�H�O�G �P�H�D�V�X�U�H�P�H�Q�W �Z�D�V �W�K�H�Q �S�H�U�I�R�U�P�H�G�� �7�K�H�U�H�D�I�W�H�U�� �W�K�H �F�R�O�G
�S�O�D�W�H �V�H�W �W�H�P�S�H�U�D�W�X�U�H �Z�D�V �O�R�Z�H�U�H�G �W�RTC;set = � 10:0� C�� �$�V �W�K�H �F�R�O�G �S�O�D�W�H �L�V �G�L�U�H�F�W�O�\ �L�Q �F�R�Q�W�D�F�W �Z�L�W�K
�W�K�H �I�O�R�Z�� �U�H�G�X�F�L�Q�J �W�K�H �I�O�R�Z �U�D�W�H �U�H�V�X�O�W�V �L�Q �D �I�X�U�W�K�H�U �G�H�F�U�H�D�V�H �L�Q �W�K�H �F�R�O�G �S�O�D�W�H �W�H�P�S�H�U�D�W�X�U�H �G�X�H �W�R �K�H�D�W
�H�[�F�K�D�Q�J�H �E�H�W�Z�H�H�Q �W�K�H �I�O�R�Z �D�Q�G �W�K�H �F�R�O�G �S�O�D�W�H�� �)�R�U �F�R�O�G �S�O�D�W�H �W�H�P�S�H�U�D�W�X�U�H�VTC < � 2:0� C�� �D �V�X�G�G�H�Q
�S�H�D�N �L�Q �W�K�H �F�R�O�G �S�O�D�W�H �W�H�P�S�H�U�D�W�X�U�H �P�D�U�N�H�G �W�K�H �R�Q�V�H�W �R�I �V�R�O�L�G�L�I�L�F�D�W�L�R�Q�� �G�H�I�L�Q�H�G �D�Vt = 0min �� �$�I�W�H�U �W�K�H
�P�H�D�V�X�U�H�P�H�Q�W �Z�D�V �L�Q�L�W�L�D�O�L�]�H�G�� �Y�H�O�R�F�L�W�\ �I�L�H�O�G �P�H�D�V�X�U�H�P�H�Q�W�V �Z�H�U�H �S�H�U�I�R�U�P�H�G �H�Y�H�U�\ �� �P�L�Q�X�W�H�V �G�X�U�L�Q�J �W�K�H
�I�L�U�V�W �K�R�X�U�� �H�Y�H�U�\ ���� �P�L�Q�X�W�H�V �G�X�U�L�Q�J �W�K�H �V�H�F�R�Q�G �K�R�X�U�� �D�Q�G �H�Y�H�U�\ ���� �P�L�Q�X�W�H�V �G�X�U�L�Q�J �W�K�H �W�K�L�U�G �D�Q�G �I�R�X�U�W�K
�K�R�X�U�V�� �7�K�H �G�H�F�L�V�L�R�Q �W�R �G�H�F�U�H�D�V�H �W�K�H �W�H�P�S�R�U�D�O �U�H�V�R�O�X�W�L�R�Q �D�V �W�L�P�H �S�U�R�J�U�H�V�V�H�V �Z�D�V �P�D�G�H �E�D�V�H�G �R�Q �W�K�H
�G�H�F�U�H�D�V�L�Q�J �J�U�R�Z�W�K �U�D�W�H �R�I �W�K�H �L�F�H �O�D�\�H�U��
�$�O�W�K�R�X�J�K �W�K�L�V �P�H�W�K�R�G �U�H�V�X�O�W�H�G �L�Q �D �G�H�F�U�H�D�V�L�Q�J �F�R�O�G �S�O�D�W�H �W�H�P�S�H�U�D�W�X�U�H �G�X�U�L�Q�J �W�K�H �P�H�D�V�X�U�H�P�H�Q�W�� �W�K�H



�������� �1�I�E�W�Y�V�I�Q�I�R�X �E�R�E�P�]�W�M�W ����

�R�E�W�D�L�Q�H�G �U�H�V�X�O�W�V �Z�H�U�H �U�H�S�U�R�G�X�F�L�E�O�H�� �D�Q�G �F�R�Q�V�L�V�W�H�Q�W �Z�L�W�K �I�L�Q�G�L�Q�J�V �I�U�R�P �.�D�D�N�V �H�W �D�O���>���� �@��

�$�G�G�L�W�L�R�Q�D�O�O�\�� �P�H�D�V�X�U�H�P�H�Q�W�V �Z�H�U�H �S�H�U�I�R�U�P�H�G �I�R�U �G�L�I�I�H�U�H�Q�W �F�R�O�G �S�O�D�W�H �D�Q�G �L�Q�O�H�W �V�H�W �W�H�P�S�H�U�D�W�X�U�H�V �W�R
�L�Q�Y�H�V�W�L�J�D�W�H �W�K�H �L�Q�I�O�X�H�Q�F�H �R�Q �W�K�H �L�F�H �O�D�\�H�U �W�K�L�F�N�Q�H�V�V �I�R�U �O�D�P�L�Q�D�U �I�O�R�Z��Re = 474��Re = 530�� �D�Q�GRe =
1185�� �0�H�D�V�X�U�H�P�H�Q�W�V �Z�H�U�H �F�R�Q�G�X�F�W�H�G �I�R�U �W�K�H �V�D�P�H �I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V ��Re = 474�� TC;set = � 10:0� C��
T0;set = 5 :0� C�� �D�V �X�V�H�G �E�\ �.�D�D�N�V �H�W �D�O���>���� �@ �D�V �D �I�R�U�P �R�I �T�X�D�O�L�W�\ �F�R�Q�W�U�R�O��

���������1�I�E�W�Y�V�I�Q�I�R�X �E�R�E�P�]�W�M�W
�&�D�P�H�U�D �L�P�D�J�H �F�R�R�U�G�L�Q�D�W�H�V �Z�H�U�H �W�U�D�Q�V�O�D�W�H�G �L�Q�W�R �S�K�\�V�L�F�D�O �F�R�R�U�G�L�Q�D�W�H�V �E�D�V�H�G �R�Q �W�K�H �K�H�L�J�K�W �R�I �W�K�H �F�K�D�Q�Q�H�O��
�$ �U�R�W�D�W�L�R�Q �F�R�U�U�H�F�W�L�R�Q �E�D�V�H�G �R�Q �W�K�H �F�R�O�G �S�O�D�W�H �R�I� 0:53� �Z�D�V �D�S�S�O�L�H�G �W�R �W�K�H �L�P�D�J�H�V�� �7�K�H �S�U�R�S�H�U�W�L�H�V �R�I
�Z�D�W�H�U �O�L�V�W�H�G �L�Q �W�D�E�O�H������ �K�D�Y�H �E�H�H�Q �X�V�H�G �L�Q �W�K�H �S�R�V�W���S�U�R�F�H�V�V�L�Q�J �R�I �W�K�H �G�D�W�D��

�7�D�E�O�H ���������3�U�R�S�H�U�W�L�H�V �R�I �Z�D�W�H�U �D�WT = 0 � C�>���� �@��

�6�R�O�L�G �/�L�T�X�L�G
�0�H�O�W�L�Q�J �W�H�P�S�H�U�D�W�X�U�H �>K �@ 273
�/�D�W�H�Q�W �K�H�D�W �>J / kg�@ 333� 103

�'�H�Q�V�L�W�\ �>kg/ m3�@ 916:7 999:8
�6�S�H�F�L�I�L�F �K�H�D�W �F�D�S�D�F�L�W�\ �>J / kgK �@ 2100 4217
�'�\�Q�D�P�L�F �Y�L�V�F�R�V�L�W�\ �>Pas�@ 1:79� 10� 3

�7�K�H�U�P�D�O �F�R�Q�G�X�F�W�L�Y�L�W�\ �>W / mK �@ 2:16 0:565
�3�U�D�Q�G�W�O �Q�X�P�E�H�U 13:4

�������������*�P�S�[ �T�V�S�h�P�I�W
�7�K�H �S�U�R�F�H�V�V�H�G �D�Y�H�U�D�J�H �D�Q�G �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �Y�H�O�R�F�L�W�\ �I�L�H�O�G�V �Z�H�U�H �H�[�S�R�U�W�H�G �L�Q �$�6�&�,�, �I�R�U�P�D�W �I�U�R�P �W�K�H �'�D�Y�L�V
�Y�� �V�R�I�W�Z�D�U�H�� �$ �F�R�Q�W�R�X�U �S�O�R�W�W�L�Q�J �I�X�Q�F�W�L�R�Q �L�Q �3�\�W�K�R�Q �Z�D�V �X�V�H�G �W�R �V�K�R�Z �W�K�H �Y�H�O�R�F�L�W�\ �I�L�H�O�G�V�� �Z�K�H�U�H �D�U�U�R�Z�V
�I�R�O�O�R�Z�L�Q�J �W�K�H �I�O�R�Z �G�L�U�H�F�W�L�R�Q �Z�H�U�H �S�O�R�W�W�H�G �E�D�V�H�G �R�Q �W�K�H �Y�H�O�R�F�L�W�\ �J�U�D�G�L�H�Q�W�V�� �7�K�H �S�U�H�V�H�Q�W�H�G �D�Y�H�U�D�J�H �Y�H��
�O�R�F�L�W�\ �I�L�H�O�G�V �F�R�Q�W�D�L�Q25 � 25 �D�U�U�R�Z�V�� �7�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �P�L�Q�X�V �W�K�H �D�Y�H�U�D�J�H �I�L�H�O�G�V �Z�H�U�H �F�D�O�F�X�O�D�W�H�G �E�\
�V�X�E�W�U�D�F�W�L�Q�J �W�K�H �D�Y�H�U�D�J�H �Y�H�O�R�F�L�W�\ �I�U�R�P �W�K�H �L�Q�V�W�D�Q�W�D�Q�H�R�X�V �Y�H�O�R�F�L�W�\ �I�R�U �H�D�F�K �L�Q�W�H�U�U�R�J�D�W�L�R�Q �Z�L�Q�G�R�Z�� �,�Q �W�K�H�V�H
�F�D�V�H�V��50� 50 �D�U�U�R�Z�V �Z�H�U�H �S�O�R�W�W�H�G �W�R �U�H�V�R�O�Y�H �P�R�U�H �H�G�G�L�H�V��

�7�K�H �Y�H�O�R�F�L�W�L�H�V �Z�H�U�H �D�G�G�L�W�L�R�Q�D�O�O�\ �D�Y�H�U�D�J�H�G �R�Y�H�U �W�K�H �D�[�L�D�O �F�R�R�U�G�L�Q�D�W�H�V �L�Q �W�K�H �U�D�Q�J�H71cm < x < 19cm
�W�R �I�D�F�L�O�L�W�D�W�H �H�D�V�L�H�U �D�Q�D�O�\�V�L�V �D�Q�G �F�R�P�S�D�U�L�V�R�Q �R�I �W�K�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H�V�� �7�K�H �F�R�R�U�G�L�Q�D�W�H�V �Z�H�U�H �W�U�D�Q�V�O�D�W�H�G �L�Q�W�R
�Z�D�O�O �X�Q�L�W�V �W�R �S�U�R�Y�L�G�H �L�Q�V�L�J�K�W �L�Q�W�R �Z�K�H�W�K�H�U �W�K�H �I�O�R�Z �Z�D�V �I�X�O�O�\ �G�H�Y�H�O�R�S�H�G �D�Wx � 75cm�� �7�R �G�H�W�H�U�P�L�Q�H �W�K�H
�W�X�U�E�X�O�H�Q�W �N�L�Q�H�W�L�F �H�Q�H�U�J�L�H�V�� �W�X�U�E�X�O�H�Q�W �L�Q�W�H�Q�V�L�W�L�H�V�� �D�Q�G �H�U�U�R�U�V�� �W�K�H �I�O�X�F�W�X�D�W�L�R�Q�V �I�U�R�P �W�K�H �D�Y�H�U�D�J�H �Y�H�O�R�F�L�W�\
�Z�H�U�H �F�D�O�F�X�O�D�W�H�G �I�R�U �H�D�F�K �L�Q�W�H�U�U�R�J�D�W�L�R�Q �Z�L�Q�G�R�Z �R�I �H�D�F�K �I�U�D�P�H �S�D�L�U �Z�L�W�K�L�Q �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �H�Q�V�H�P�E�O�H
�X�V�L�Q�J �W�K�H �H�T�X�D�W�L�R�Q�V �S�U�H�V�H�Q�W�H�G �L�Q �V�H�F�W�L�R�Q�������� �7�K�H �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W�V �D�Q�G �W�K�H�L�U �I�O�X�F�W�X�D�W�L�R�Q�V �L�Q �W�K�H
z���G�L�U�H�F�W�L�R�Q �Z�H�U�H �D�V�V�X�P�H�G �Q�H�J�O�L�J�L�E�O�H��

�)�V�V�S�V �G�E�P�G�Y�P�E�X�M�S�R�W
�7�K�H �W�X�U�E�X�O�H�Q�W �I�O�R�Z �I�L�H�O�G�V �Z�H�U�H �F�R�Q�V�L�G�H�U�H�G �V�W�D�W�L�R�Q�D�U�\ �Z�L�W�K�L�Q �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �H�Q�V�H�P�E�O�H �D�V �W�K�H �W�L�P�H
�V�F�D�O�H �R�I �W�K�H �L�F�H �O�D�\�H�U �J�U�R�Z�W�K �Z�D�V �V�X�E�V�W�D�Q�W�L�D�O�O�\ �O�D�U�J�H�U �W�K�D�QNF � dt�� �7�K�H �P�H�D�Q �I�O�R�Z �L�V �D�V�V�X�P�H�G �W�R �R�Q�O�\
�F�R�Q�W�D�L�Q �D �Q�R�Q���]�H�U�R �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W �L�Q �W�K�H �I�O�R�Z �G�L�U�H�F�W�L�R�Q�� �7�K�H �P�H�W�K�R�G �X�V�H�G �W�R �G�H�W�H�U�P�L�Q�H �W�K�H �P�H�D�Q
�I�O�R�Z �H�U�U�R�U�V �L�V �D �V�O�L�J�K�W�O�\ �V�L�P�S�O�L�I�L�H�G �Y�H�U�V�L�R�Q �R�I �W�K�H �D�S�S�U�R�D�F�K �V�X�J�J�H�V�W�H�G �E�\ �$�G�U�L�D�Q �D�Q�G �:�H�V�W�H�U�Z�H�H�O�>���@��

�)�R�U �V�W�D�W�L�R�Q�D�U�\ �W�X�U�E�X�O�H�Q�W �I�O�R�Z�V�� �W�K�H �P�H�D�Q �I�O�R�Z �I�L�H�O�G �L�V �G�H�W�H�U�P�L�Q�H�G �E�\ �D�Y�H�U�D�J�L�Q�J �W�K�H �3�,�9 �U�H�V�X�O�W�V �L�Q �H�D�F�K
�L�Q�W�H�U�U�R�J�D�W�L�R�Q �Z�L�Q�G�R�Z �R�Y�H�U �D�Q �H�Q�V�H�P�E�O�H �R�INF �I�U�D�P�H �S�D�L�U�V�� �,�I �W�K�H �W�L�P�H �E�H�W�Z�H�H�Q �I�U�D�P�H �S�D�L�U�V �L�V �O�D�U�J�H�U
�W�K�D�Q �W�Z�L�F�H �W�K�H �W�X�U�E�X�O�H�Q�W �L�Q�W�H�J�U�D�O �W�L�P�H �V�F�D�O�H�� �W�K�H �3�,�9 �L�P�D�J�H�V �K�D�Y�H �V�W�D�W�L�V�W�L�F�D�O�O�\ �L�Q�G�H�S�H�Q�G�H�Q�W �P�H�D�V�X�U�H�P�H�Q�W
�Q�R�L�V�H�V�>���@�� �5�D�Q�G�R�P �P�H�D�V�X�U�H�P�H�Q�W �H�U�U�R�U�V� i �D�Q�G� j �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �D�Q�\ �P�H�D�V�X�U�H�P�H�Q�W �S�D�L�U(i; j ) �F�D�Q
�W�K�H�Q �E�H �F�R�Q�V�L�G�H�U�H�G �X�Q�F�R�U�U�H�O�D�W�H�G��� i � j = � 2

� � ij �� �Z�K�H�U�H� � �L�V �W�K�H �U�D�Q�G�R�P �H�U�U�R�U �D�P�S�O�L�W�X�G�H �D�Q�G� ij �W�K�H
�.�U�R�Q�H�F�N�H�U� ���I�X�Q�F�W�L�R�Q�� �$ �V�L�P�S�O�L�I�L�H�G �P�R�G�H�O �X�V�H�G �W�R �O�L�Q�N �W�K�H �W�U�X�H �Y�H�O�R�F�L�W�\ �G�D�W�D ��u �� �W�R �W�K�H �P�H�D�V�X�U�H�G �G�D�W�D
��~u �� �L�V

~u = u + b + � ; ����������

�Z�K�H�U�Hb �G�H�Q�R�W�H�V �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �E�L�D�V �D�Q�G� �W�K�H �U�D�Q�G�R�P �P�H�D�V�X�U�H�P�H�Q�W �Q�R�L�V�H�� �7�K�H �P�H�D�V�X�U�H�P�H�Q�W
�E�L�D�V �L�V �J�H�Q�H�U�D�O�O�\ �F�R�Q�V�L�G�H�U�H�G �D �I�X�Q�F�W�L�R�Q �R�I �W�K�H �W�U�X�H �G�D�W�D�� �E�X�W �Z�D�V �D�V�V�X�P�H�G �]�H�U�R�� �0�H�D�V�X�U�H�P�H�Q�W �E�L�D�V�H�V



�������� �1�I�E�W�Y�V�I�Q�I�R�X �E�R�E�P�]�W�M�W ����

�F�D�Q �V�W�H�P�� �I�R�U �L�Q�V�W�D�Q�F�H�� �I�U�R�P �W�K�H �I�L�Q�L�W�H �G�L�P�H�Q�V�L�R�Q�V �R�I �W�K�H �L�Q�W�H�U�U�R�J�D�W�L�R�Q �G�R�P�D�L�Q �R�U �S�H�D�N���O�R�F�N�L�Q�J�>���� �@�� �7�K�H
�P�H�D�Q �V�T�X�D�U�H�G �D�P�S�O�L�W�X�G�H �R�I �W�K�H �U�D�Q�G�R�P �P�H�D�V�X�U�H�P�H�Q�W �Q�R�L�V�H �L�V

� 2
� =

�
� � x

M 0dt

� 2

; ����������

�Z�K�H�U�H �W�K�H �U�R�R�W �P�H�D�Q �V�T�X�D�U�H �G�L�V�S�O�D�F�H�P�H�Q�W �H�U�U�R�U�V ��� � x �� �D�U�H �W�\�S�L�F�D�O�O�\0:1��0:2 �S�L�[�H�O �X�Q�L�W�V�� �7�K�H �W�U�X�H �G�D�W�D �F�D�Q
�E�H �V�S�O�L�W �L�Q�W�R �W�K�H �H�Q�V�H�P�E�O�H �P�H�D�Q �D�Q�G �I�O�X�F�W�X�D�W�L�Q�J �W�H�U�P�V �I�R�O�O�R�Z�L�Q�J �W�K�H �U�X�O�H�V �R�I �5�H�\�Q�R�O�G�V �G�H�F�R�P�S�R�V�L�W�L�R�Q��
�7�K�H �D�Y�H�U�D�J�H �R�I �P�H�D�V�X�U�H�G �Y�H�O�R�F�L�W�L�H�V �R�Y�H�UNF �I�U�D�P�H�V �L�V

~u =
1

NF

N FX

n =1

~u n : ����������

�7�K�H �Y�D�U�L�D�Q�F�H �R�I �W�K�H �P�H�D�Q �L�V �W�K�H�Q �J�L�Y�H�Q �E�\

var( ~u) �
� 2

u

NF

+ N FX

k= � N F

�
1 �

jkj
NF

�
%[k] +

� 2
�

NF
; ������������

�Z�L�W�K%= ~u0
i ~u0

i + k / � 2
u �� �7�K�H%�V�\�P�E�R�O �G�H�Q�R�W�H�V �W�K�H �F�R�U�U�H�O�D�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �R�I �W�X�U�E�X�O�H�Q�W �Y�H�O�R�F�L�W�\ �I�O�X�F�W�X�D�W�L�R�Q�V �L�Q

�3�,�9 �I�U�D�P�H �S�D�L�U�Vi �D�Q�Gi + k�� �7�K�H �H�T�X�D�W�L�R�Q �I�R�U%�F�D�Q �E�H �U�H�G�X�F�H�G �W�R%[k] = � 0k �I�R�U �V�W�D�W�L�V�W�L�F�D�O�O�\ �X�Q�F�R�U�U�H�O�D�W�H�G
�V�X�E�V�H�T�X�H�Q�W �P�H�D�V�X�U�H�P�H�Q�W�V�� �O�H�D�G�L�Q�J �W�R

var( ~u) �
� 2

u + � 2
�

NF
: ������������

�7�K�H �V�D�P�S�O�L�Q�J �H�U�U�R�U �L�V �W�K�X�V �S�U�R�S�R�U�W�L�R�Q�D�O �W�RN
� 1

2
F �� �:�K�H�Q �W�K�H �W�X�U�E�X�O�H�Q�F�H �R�I �W�K�H �I�O�R�Z �L�V �O�D�U�J�H�U �W�K�D�Q �W�K�H

�P�H�D�V�X�U�H�G �3�,�9 �I�O�X�F�W�X�D�W�L�R�Q�V ��� 2
u >> � 2

� ����

var( ~u)
1
2

u
�

� u / u

N
1
2

F

= � ������������

�S�U�R�Y�L�G�H�V �W�K�H �U�H�O�D�W�L�Y�H �H�U�U�R�U �R�I �W�K�H �D�Y�H�U�D�J�H�G �Y�H�O�R�F�L�W�\�� �Z�K�H�U�H� u �G�H�Q�R�W�H�V �W�K�H �U�R�R�W �P�H�D�Q �V�T�X�D�U�H �Y�H�O�R�F�L�W�\
�H�U�U�R�U�� �7�K�H �Q�X�P�H�U�D�W�R�U �L�Q �H�T�X�D�W�L�R�Q�������� �L�V �W�K�H �W�X�U�E�X�O�H�Q�F�H �L�Q�W�H�Q�V�L�W�\��

�)�R�U �D �W�X�U�E�X�O�H�Q�W �L�Q�W�H�Q�V�L�W�\ �R�I10���� ������ �I�U�D�P�H �S�D�L�U�V �P�H�D�V�X�U�H�G �R�Y�H�U �P�R�U�H �W�K�D�QNF �L�Q�W�H�J�U�D�O �W�L�P�H �V�F�D�O�H�V
�O�H�D�G �W�R �U�H�O�D�W�L�Y�H �P�H�D�Q �I�O�R�Z �H�U�U�R�U�V< 1���� �)�R�UNF = 30�� �P�H�D�Q �I�O�R�Z �H�U�U�R�U�V �D�U�H �H�V�W�L�P�D�W�H�G< 2���� �)�R�U �I�O�R�Z�V
�Z�L�W�K� u << � � �R�U �V�W�D�W�L�R�Q�D�U�\ �O�D�P�L�Q�D�U �I�O�R�Z�V�� �W�K�H �U�D�W�H �R�I �F�R�Q�Y�H�U�J�H�Q�F�H �L�V �G�H�W�H�U�P�L�Q�H�G �E�\� � �� �,�Q �W�K�H�V�H �F�D�V�H�V��
�L�W �L�V �R�I�W�H�Q �D�V�V�X�P�H�G �W�K�D�W� � x � 0:1 �S�L�[�H�O�>���@�� �)�R�U �D �P�H�D�Q �G�L�V�S�O�D�F�H�P�H�Q�W �R�I8 �S�L�[�H�O�V�� �W�K�H �Q�X�P�H�U�D�W�R�U �L�Q
�H�T�X�D�W�L�R�Q�������� �W�K�H�Q �H�T�X�D�O�V� u / u = 0 :1/8 = 0 :0125�� �)�R�U �O�D�P�L�Q�D�U �I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V��NF = 30 �D�Q�GNF = 200
�U�H�V�X�O�W �L�Q �U�H�O�D�W�L�Y�H �P�H�D�Q �I�O�R�Z �H�U�U�R�U�V �R�I< 0:2�� �D�Q�G< 0:1���� �U�H�V�S�H�F�W�L�Y�H�O�\��

�3�R�V�W���S�U�R�F�H�V�V�L�Q�J ������ �I�U�D�P�H �S�D�L�U�V �Z�D�V �F�R�P�S�X�W�D�W�L�R�Q�D�O�O�\ �P�R�U�H �F�K�D�O�O�H�Q�J�L�Q�J �W�K�D�Q ���� �I�U�D�P�H �S�D�L�U�V�� �,�Q �W�K�H
�F�X�U�U�H�Q�W �V�W�X�G�\�� �W�K�H �H�V�W�L�P�D�W�H�G �H�U�U�R�U�V �I�R�UNF = 30 �Z�H�U�H �F�R�Q�V�L�G�H�U�H�G �V�X�I�I�L�F�L�H�Q�W�O�\ �V�P�D�O�O�� �%�H�I�R�U�H �W�K�H �R�Q�V�H�W
�R�I �V�R�O�L�G�L�I�L�F�D�W�L�R�Q�� �P�H�D�V�X�U�H�P�H�Q�W�V �Z�L�W�KNF = 200 �Z�H�U�H �S�H�U�I�R�U�P�H�G �W�R �F�R�P�S�D�U�H �W�K�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H�V�� �*�R�R�G
�D�J�U�H�H�P�H�Q�W �Z�D�V �I�R�X�Q�G �Z�L�W�K �S�U�R�I�L�O�H�V �I�R�U ���� �I�U�D�P�H �S�D�L�U�V �I�R�U �W�K�H �V�D�P�H �I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V��

�������������-�G�I �P�E�]�I�V �X�L�M�G�O�R�I�W�W �Q�I�E�W�Y�V�I�Q�I�R�X�W
�,�F�H �O�D�\�H�U �W�K�L�F�N�Q�H�V�V�H�V �Z�H�U�H �P�H�D�V�X�U�H�G �E�\ �P�D�Q�X�D�O�O�\ �G�H�W�H�U�P�L�Q�L�Q�J �W�K�H �L�F�H �O�D�\�H�U �K�H�L�J�K�W �R�I �W�K�H �V�R�O�L�G���O�L�T�X�L�G
�L�Q�W�H�U�I�D�F�H �R�Q �W�K�H �3�,�9 �L�P�D�J�H�V �D�Wx = 75cm�� �,�F�H �O�D�\�H�U �W�K�L�F�N�Q�H�V�V�H�V �Z�H�U�H �G�H�W�H�U�P�L�Q�H�G �D�W �R�Q�O�\ �R�Q�H �F�R�R�U�G�L�Q�D�W�H
�E�H�F�D�X�V�H �L�Q�I�R�U�P�D�W�L�R�Q �D�E�R�X�W �W�K�H �W�U�D�Q�V�L�W�L�R�Q �Z�R�X�O�G �E�H �O�R�V�W �Z�K�H�Q �D�Y�H�U�D�J�L�Q�J �R�Y�H�U �P�X�O�W�L�S�O�Hx���F�R�R�U�G�L�Q�D�W�H�V�� �D�Q�G
�U�H�V�X�O�W�V �Z�H�U�H �D�O�U�H�D�G�\ �K�L�J�K�O�\ �U�H�S�U�R�G�X�F�L�E�O�H�� �6�H�Y�H�U�D�O �I�D�F�W�R�U�V �S�O�D�\�H�G �D �U�R�O�H �L�Q �W�K�H �X�Q�F�H�U�W�D�L�Q�W�\ �R�I �W�K�H �R�E�W�D�L�Q�H�G
�L�F�H �O�D�\�H�U �W�K�L�F�N�Q�H�V�V�H�V��

�8�M�Q�M�R�K
�7�K�H �R�Q�V�H�W �R�I �I�U�H�H�]�L�Q�J �L�V �D�F�F�R�P�S�D�Q�L�H�G �E�\ �D �G�L�V�W�L�Q�J�X�L�V�K�D�E�O�H �W�H�P�S�H�U�D�W�X�U�H �V�S�L�N�H �R�I �W�K�H �F�R�O�G �S�O�D�W�H�� �7�K�H
�H�V�W�L�P�D�W�H�G �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �L�Q �G�H�W�H�U�P�L�Q�L�Q�Jt = 0min �L�V� 5s�� �6�X�E�V�H�T�X�H�Q�W�O�\�� �L�P�D�J�H�V �Z�H�U�H �P�D�Q�X�D�O�O�\
�L�Q�L�W�L�D�W�H�G �H�Y�H�U�\ �� �P�L�Q�X�W�H�V �G�X�U�L�Q�J �W�K�H �I�L�U�V�W �K�R�X�U�� �H�Y�H�U�\ ���� �P�L�Q�X�W�H�V �G�X�U�L�Q�J �W�K�H �V�H�F�R�Q�G �K�R�X�U�� �D�Q�G �H�Y�H�U�\ ����
�P�L�Q�X�W�H�V �G�X�U�L�Q�J �W�K�H �W�K�L�U�G �D�Q�G �I�R�X�U�W�K �K�R�X�U�V�� �7�K�H �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �L�Q �W�L�P�H �Z�D�V �W�K�H�Q� 3s�� �7�K�H �H�U�U�R�U�V �L�Q
�W�L�P�H �D�U�H �V�P�D�O�O �F�R�P�S�D�U�H�G �W�R �W�K�H �W�L�P�H �V�F�D�O�H �R�I �L�F�H �O�D�\�H�U �J�U�R�Z�W�K�� �(�U�U�R�U�V �F�R�X�O�G �E�H �U�H�G�X�F�H�G �E�\ �H�O�L�P�L�Q�D�W�L�Q�J
�W�K�H �Q�H�H�G �W�R �P�D�Q�X�D�O�O�\ �V�W�D�U�W �W�K�H �P�H�D�V�X�U�H�P�H�Q�W �W�K�U�R�X�J�K �D�X�W�R�P�D�W�L�R�Q��
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�'�E�P�M�F�V�E�X�M�S�R
�$�Q �H�U�U�R�U �R�I0:5�� �L�Q �W�K�Hx���G�L�U�H�F�W�L�R�Q �D�Q�G0:25�� y���G�L�U�H�F�W�L�R�Q �Z�D�V �H�V�W�L�P�D�W�H�G �E�\ �.�D�D�N�V �H�W �D�O�>���� �@ �X�V�L�Q�J �W�K�H
�V�D�P�H �F�D�O�L�E�U�D�W�L�R�Q �P�H�W�K�R�G�� �'�X�H �W�R �W�K�H �X�S�S�H�U �D�Q�G �O�R�Z�H�U �Z�D�O�O�V �R�I �W�K�H �F�K�D�Q�Q�H�O�� �L�G�H�Q�W�L�I�\�L�Q�Jy = 0 �Z�D�V �H�D�V�L�H�U
�W�K�D�Q �L�G�H�Q�W�L�I�\�L�Q�J �D �U�H�I�H�U�H�Q�F�H �S�R�L�Q�W �I�R�Ux��

�1�E�R�Y�E�P �H�I�X�I�V�Q�M�R�E�X�M�S�R �S�J �X�L�I �W�S�P�M�H���P�M�U�Y�M�H �M�R�X�I�V�J�E�G�I
�7�K�U�H�H �L�W�H�U�D�W�L�R�Q�V �R�I �P�D�Q�X�D�O�O�\ �G�H�W�H�U�P�L�Q�L�Q�J �W�K�H �L�F�H �O�D�\�H�U �W�K�L�F�N�Q�H�V�V �D�Wx = 75cm �I�R�U �W�K�H �V�D�P�H �G�D�W�D �V�H�W
�U�H�V�X�O�W�H�G �L�Q �D �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �R�I� 0:03mm �I�R�U �O�D�P�L�Q�D�U �I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V �D�Q�G� 0:05mm �I�R�U �W�X�U�E�X�O�H�Q�W
�I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V�� �7�K�H �G�H�Y�L�D�W�L�R�Q �Z�D�V �K�L�J�K�H�U �I�R�U �W�X�U�E�X�O�H�Q�W �I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V �G�X�H �W�R �W�K�H �G�H�F�U�H�D�V�H�G �L�O�O�X�P�L�Q�D�W�L�R�Q
�W�L�P�H�� �U�H�V�X�O�W�L�Q�J �L�Q �O�H�V�V �H�D�V�L�O�\ �L�G�H�Q�W�L�I�L�D�E�O�H �V�R�O�L�G���O�L�T�X�L�G �L�Q�W�H�U�I�D�F�H�V��

�3�Z�I�V�E�P�P �I�V�V�S�V
�7�R �L�Q�Y�H�V�W�L�J�D�W�H �W�K�H �X�Q�F�H�U�W�D�L�Q�W�\ �L�Q �L�F�H �I�R�U�P�D�W�L�R�Q �D�Q�G �W�K�H �F�R�P�E�L�Q�H�G �H�I�I�H�F�W �R�I �W�K�H �H�U�U�R�U�V�� �W�K�H �P�H�D�V�X�U�H�P�H�Q�W�V
�Z�H�U�H �U�H�S�H�D�W�H�G �W�K�U�H�H �W�L�P�H�V�� �)�R�URe = 474�� �D �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �R�I� 0:2mm �Z�D�V �R�E�V�H�U�Y�H�G�� �7�K�L�V �H�U�U�R�U �L�V
�S�U�H�V�X�P�H�G �U�H�S�U�H�V�H�Q�W�D�W�L�Y�H �R�I �D�O�O �O�D�P�L�Q�D�U �I�O�R�Z �P�H�D�V�X�U�H�P�H�Q�W�V�� �7�K�H �P�H�D�V�X�U�H�P�H�Q�W�V �K�D�Y�H �E�H�H�Q �F�R�Q�G�X�F�W�H�G
�W�Z�L�F�H �I�R�U �D�O�O �W�X�U�E�X�O�H�Q�W �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�V�� �D�Q�G �W�K�U�L�F�H �I�R�URe = 13219�� �)�R�URe = 6182 �D�Q�GRe = 9701��
�W�K�H �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �Z�D�V� 0:2mm�� �)�R�URe = 13219�� �W�K�H �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �L�Q�F�U�H�D�V�H�G �R�Y�H�U �W�L�P�H �D�Q�G
�Z�D�V �Z�L�W�K�L�Q �W�K�H �U�D�Q�J�H0:2mm � 1:0mm�� �)�R�URe = 14995�� �W�K�H �V�W�D�Q�G�D�U�G �G�H�Y�L�D�W�L�R�Q �Z�D�V �Z�L�W�K�L�Q �W�K�H �U�D�Q�J�H
0:2mm � 0:6mm��
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�$ �R�Q�H���G�L�P�H�Q�V�L�R�Q�D�O �P�R�G�H�O �I�R�U �L�F�H �O�D�\�H�U �J�U�R�Z�W�K �S�U�H�G�L�F�W�L�R�Q �K�D�V �E�H�H�Q �I�R�U�P�X�O�D�W�H�G �W�R �Y�D�O�L�G�D�W�H �R�E�V�H�U�Y�H�G
�W�U�H�Q�G�V �D�Q�G �S�U�R�Y�L�G�H �L�Q�V�L�J�K�W �L�Q�W�R �W�K�H �S�K�\�V�L�F�D�O �P�H�F�K�D�Q�L�F�V �L�Q�Y�R�O�Y�H�G��

�7�K�H �P�R�G�H�O �U�H�O�L�H�V �X�S�R�Q �D �P�D�F�U�R�V�F�R�S�L�F �K�H�D�W �E�D�O�D�Q�F�H�� �7�K�H �F�R�Q�W�U�R�O �Y�R�O�X�P�H �L�V �G�H�I�L�Q�H�G �D�V �W�K�H �O�L�T�X�L�G
�S�K�D�V�H �L�Q �W�K�H �G�X�F�W�� �7�K�H �G�X�F�W �L�V �R�I �O�H�Q�J�W�KL �� �K�H�L�J�K�WH �� �Z�L�G�W�KW �� �$ �V�F�K�H�P�D�W�L�F �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �W�K�H
�G�X�F�W �L�V �S�U�H�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H�������� �7�K�H �L�F�H �O�D�\�H�U ���L�Q�G�L�F�D�W�H�G �L�Q �J�U�H�\�� �I�R�U�P�V �R�Q �W�R�S �R�I �W�K�H �F�R�O�G �S�O�D�W�H �N�H�S�W �D�W
�W�H�P�S�H�U�D�W�X�U�HTC �� �Z�L�W�KTC < T F �Z�K�H�U�HTF �G�H�Q�R�W�H�V �W�K�H �I�U�H�H�]�L�Q�J �W�H�P�S�H�U�D�W�X�U�H �R�I �W�K�H �P�H�G�L�X�P�� �7�K�H �L�F�H
�O�D�\�H�U �K�D�V �K�H�L�J�K�Wd(t)�� �/�D�W�H�Q�W �K�H�D�W ��L �� �U�H�O�H�D�V�H�G �G�X�U�L�Q�J �L�F�H �I�R�U�P�D�W�L�R�Q �H�Q�W�H�U�V �W�K�H �F�R�Q�W�U�R�O �Y�R�O�X�P�H�� �$ �K�H�D�W
�I�O�X�[ �I�U�R�P �W�K�H �Z�D�U�P�H�U �O�L�T�X�L�G �S�K�D�V�H �L�V �G�L�U�H�F�W�H�G �W�R�Z�D�U�G�V �W�K�H �L�F�H �O�D�\�H�U ��� q���� �7�K�H �V�X�E�V�F�U�L�S�W�Vs �D�Q�Gl �G�H�Q�R�W�H
�S�U�R�S�H�U�W�L�H�V �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �V�R�O�L�G �L�F�H �O�D�\�H�U �D�Q�G �W�K�H �O�L�T�X�L�G �O�D�\�H�U�� �7�K�H �I�R�O�O�R�Z�L�Q�J �D�V�V�X�P�S�W�L�R�Q�V �K�D�Y�H
�E�H�H�Q �P�D�G�H��

�‡�7�K�H �L�F�H �O�D�\�H�U �W�K�L�F�N�Q�H�V�Vd(t) �L�V �V�R�O�H�O�\ �D �I�X�Q�F�W�L�R�Q �R�I �W�L�P�H�� �D�Q�G �W�K�X�V �S�U�H�V�X�P�H�G �F�R�Q�V�W�D�Q�W �L�Q �W�K�H �D�[�L�D�O
�G�L�U�H�F�W�L�R�Q��dd( t )

dx = 0 ��
�‡�7�K�H �I�R�U�P�H�G �L�F�H �O�D�\�H�U �L�V �W�K�L�Q�� �7�K�H�U�H�I�R�U�H�� �W�K�H �L�Q�Z�D�U�G�V �P�D�V�V �I�O�R�Z �U�D�W�H �L�V �V�H�W �H�T�X�D�O �W�R �W�K�H �R�X�W�Z�D�U�G�V

�P�D�V�V �I�O�R�Z �U�D�W�H��� m;in = � m � � m;out �� �$�G�G�L�W�L�R�Q�D�O�O�\�� �W�K�H �H�I�I�H�F�W�L�Y�H �K�H�L�J�K�W �L�V �D�S�S�U�R�[�L�P�D�W�H�O�\ �H�T�X�D�O �W�R
�W�K�H �F�K�D�Q�Q�H�O �K�H�L�J�K�W��Hef f = H � d � H ��

�‡�7�K�H �G�H�Q�V�L�W�L�H�V �D�Q�G �V�S�H�F�L�I�L�F �K�H�D�W�V �R�I �Z�D�W�H�U �D�U�H �D�V�V�X�P�H�G �H�T�X�D�O �L�Q �W�K�H �V�R�O�L�G �D�Q�G �O�L�T�X�L�G �S�K�D�V�H��� l � � s

�D�Q�Gcp;l � cp;s ��
�‡�7�K�H �X�S�S�H�U �D�Q�G �V�L�G�H �Z�D�O�O�V �R�I �W�K�H �G�X�F�W �D�U�H �S�H�U�I�H�F�W�O�\ �L�Q�V�X�O�D�W�H�G��
�‡�7�K�H �K�H�D�W �I�O�X�[ �I�U�R�P �W�K�H �O�L�T�X�L�G �W�R �W�K�H �V�R�O�L�G �S�K�D�V�H �L�V �D�S�S�U�R�[�L�P�D�W�H�O�\ �H�T�X�D�O �W�R �W�K�H �K�H�D�W �I�O�X�[ �W�K�U�R�X�J�K �W�K�H

�L�F�H �O�D�\�H�U��
�‡�$�O�O �W�K�H �H�Q�H�U�J�\ �U�H�O�H�D�V�H�G �L�Q �W�K�H �I�R�U�P �R�I �O�D�W�H�Q�W �K�H�D�W �G�X�U�L�Q�J �V�R�O�L�G�L�I�L�F�D�W�L�R�Q �L�V �U�H�O�H�D�V�H�G �L�Q�W�R �W�K�H �F�R�Q�W�U�R�O

�Y�R�O�X�P�H��
�‡�7�K�H �W�H�P�S�H�U�D�W�X�U�H �R�I �W�K�H �V�R�O�L�G���O�L�T�X�L�G �L�Q�W�H�U�I�D�F�H �H�T�X�D�O�VTF ��

�:�D�W�H�U �H�Q�W�H�U�V �W�K�H �G�X�F�W �Z�L�W�K �H�Q�H�U�J�\� m;in cpTin �D�Q�G �H�[�L�W�V �W�K�H �G�X�F�W �Z�L�W�K� m;out cpTout �� �7�K�H �W�R�W�D�O �P�D�F�U�R��
�V�F�R�S�L�F �K�H�D�W �E�D�O�D�Q�F�H �L�V �W�K�H�Q

� m cp(Tin � Tout ) + L � � q = 0 : ������������

�7�K�H �K�H�D�W �I�O�X�[ �F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �1�H�Z�W�R�Q�¶�V �O�D�Z �R�I �F�R�R�O�L�Q�J ���H�T�X�D�W�L�R�Q���������� �D�V

� q = hl A(Tb � TF ); ������������
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�)�L�J�X�U�H ���������6�F�K�H�P�D�W�L�F �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �D �U�H�F�W�D�Q�J�X�O�D�U �G�X�F�W �Z�L�W�K �D �F�R�O�G �E�R�W�W�R�P �S�O�D�W�H ��TC ���� �$�Q �L�F�H �O�D�\�H�U �R�I �W�K�L�F�N�Q�H�V�Vd �K�D�V
�I�R�U�P�H�G �R�Q �W�R�S �R�I �W�K�H �E�R�W�W�R�P �S�O�D�W�H��

�Z�L�W�KTb �W�K�H �E�X�O�N �W�H�P�S�H�U�D�W�X�U�H��hl �W�K�H �K�H�D�W �W�U�D�Q�V�I�H�U �F�R�H�I�I�L�F�L�H�Q�W �R�I �W�K�H �O�L�T�X�L�G �Z�D�W�H�U�� �D�Q�GA �W�K�H �D�U�H�D �R�I �W�K�H
�L�Q�W�H�U�I�D�F�H ��A = W � L ���� �7�K�H �O�D�W�H�Q�W �K�H�D�W �U�H�O�H�D�V�H�G �L�Q�W�R �W�K�H �V�\�V�W�H�P �L�V

L = AE
dd(t)

dt
; ������������

�Z�L�W�KE �W�K�H �S�U�R�G�X�F�W �R�I �W�K�H �G�H�Q�V�L�W�\ �D�Q�G �W�K�H �V�S�H�F�L�I�L�F �O�D�W�H�Q�W �K�H�D�W�� �(�T�X�D�W�L�R�Q�������� �F�D�Q �E�H �U�H�D�U�U�D�Q�J�H�G �L�Q�W�R

AE
dd(t)

dt
+ � m cp(Tin � Tout ) � hl A(Tb � TF ) = 0 : ������������

�7�K�H �K�H�D�W �W�U�D�Q�V�I�H�U �F�R�H�I�I�L�F�L�H�Q�W �F�D�Q �E�H �G�H�W�H�U�P�L�Q�H�G �W�K�U�R�X�J�K �W�K�H �1�X�V�V�H�O�W �Q�X�P�E�H�U�� �E�X�W �W�K�H �E�X�O�N �D�Q�G �R�X�W�O�H�W
�W�H�P�S�H�U�D�W�X�U�H�V �D�U�H �X�Q�N�Q�R�Z�Q�� �7�K�H �K�H�D�W �I�O�X�[ �I�U�R�P �W�K�H �O�L�T�X�L�G �W�R �W�K�H �V�R�O�L�G �S�K�D�V�H �L�V �D�V�V�X�P�H�G �H�T�X�D�O �W�R �W�K�H
�K�H�D�W �I�O�X�[ �W�K�U�R�X�J�K �W�K�H �F�R�O�G �S�O�D�W�H�� �7�K�H �O�D�W�W�H�U �L�V �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J

� q;ice =
� sA
d(t)

(TF � TC ): ������������

�6�H�W�W�L�Q�J� q = � q;ice �U�H�V�X�O�W�V �L�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �H�[�S�U�H�V�V�L�R�Q �I�R�U �W�K�H �E�X�O�N �W�H�P�S�H�U�D�W�X�U�H��

Tb =
� s(TF � TC )

hl d(t)
+ TF : ������������

�7�K�H �R�X�W�O�H�W �W�H�P�S�H�U�D�W�X�U�H �L�V �W�K�H�Q �D�S�S�U�R�[�L�P�D�W�H�G �X�V�L�Q�J

Tout = 2Tb � Tin ; ������������

�E�D�V�H�G �R�Q �W�K�H �D�V�V�X�P�S�W�L�R�Q �W�K�D�W �W�K�H �E�X�O�N �W�H�P�S�H�U�D�W�X�U�H �L�V �W�K�H �D�Y�H�U�D�J�H �R�I �W�K�H �L�Q�O�H�W �D�Q�G �R�X�W�O�H�W �W�H�P�S�H�U�D�W�X�U�H�V��
�6�X�E�V�W�L�W�X�W�L�Q�J �W�K�H �H�T�X�D�W�L�R�Q�V�������� �D�Q�G�������� �L�Q�W�R �H�T�X�D�W�L�R�Q�������� �G�H�O�L�Y�H�U�V

EA
dd(t)

dt
=

� s

d(t)
(TF � TC )

�
� m cp

hl
�

A
2

�
+ ( TF � Tin )

�
� m cp +

hl A
2

�
: ������������

�7�K�H �R�Q�O�\ �U�H�P�D�L�Q�L�Q�J �X�Q�N�Q�R�Z�Q �S�D�U�D�P�H�W�H�U �L�Q �W�K�L�V �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q �L�Vd(t)�� �7�K�H �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q
�L�V �Q�R�W �H�D�V�L�O�\ �V�R�O�Y�H�G �D�Q�D�O�\�W�L�F�D�O�O�\�� �+�R�Z�H�Y�H�U��d(t) �F�D�Q �E�H �G�H�W�H�U�P�L�Q�H�G �W�K�U�R�X�J�K �D�S�S�O�L�F�D�W�L�R�Q �R�I �Q�X�P�H�U�L�F�D�O
�L�Q�W�H�J�U�D�W�L�R�Q �P�H�W�K�R�G�V��

�7�K�H �F�X�U�U�H�Q�W �S�U�R�M�H�F�W �X�V�H�G �W�K�H �R�G�H�L�Q�W �P�R�G�X�O�H �I�U�R�P �6�F�L�S�\�>���� �@�� �7�K�H �S�U�R�S�H�U�W�L�H�V �R�I �Z�D�W�H�U �X�V�H�G �L�Q �W�K�H
�P�R�G�H�O �D�U�H �G�H�Q�R�W�H�G �L�Q �W�D�E�O�H�������� �7�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Qd(t = 0) = 10 � 6 �Z�D�V �D�S�S�O�L�H�G �I�R�U �D�O�O �I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V��
�7�K�H �K�H�D�W �W�U�D�Q�V�I�H�U �F�R�H�I�I�L�F�L�H�Q�W�V �Z�H�U�H �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �H�T�X�D�W�L�R�Q�V�������� �D�Q�G�������� �I�R�U �O�D�P�L�Q�D�U �D�Q�G �W�X�U�E�X�O�H�Q�W
�I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V�� �U�H�V�S�H�F�W�L�Y�H�O�\��

�������������2�S�R���H�M�Q�I�R�W�M�S�R�E�P�M�^�E�X�M�S�R
�1�R�Q���G�L�P�H�Q�V�L�R�Q�D�O�L�]�D�W�L�R�Q �S�U�R�Y�H�V �W�R �E�H �D �X�V�H�I�X�O �W�R�R�O �W�R �J�D�L�Q �L�Q�V�L�J�K�W �L�Q�W�R �W�K�H �S�K�\�V�L�F�V �R�I �W�K�H �P�R�G�H�O�� �$�O��
�W�K�R�X�J�K �H�T�X�D�W�L�R�Q�������� �I�D�F�L�O�L�W�D�W�H�V �F�D�O�F�X�O�D�W�L�R�Q �R�I �H�V�W�L�P�D�W�H�G �L�F�H �O�D�\�H�U �W�K�L�F�N�Q�H�V�V�H�V�� �L�W �G�R�H�V �Q�R�W �\�H�W �S�U�R�Y�L�G�H
�L�Q�I�R�U�P�D�W�L�R�Q �D�E�R�X�W �W�K�H �S�K�\�V�L�F�D�O �P�H�F�K�D�Q�L�V�P�V �W�K�D�W �S�O�D�\ �D �U�R�O�H�� �7�K�H �U�H�P�D�L�Q�L�Q�J �S�D�U�W �R�I �W�K�L�V �V�H�F�W�L�R�Q �S�U�R�Y�L�G�H�V
�W�K�H �L�Q�J�U�H�G�L�H�Q�W�V �U�H�T�X�L�U�H�G �I�R�U �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O�L�]�D�W�L�R�Q �R�I �W�K�H �P�R�G�H�O�� �D�Q�G �W�K�H �Q�R�Q���G�L�P�H�Q�V�L�R�Q�D�O �H�Q�G �S�U�R�G�X�F�W��
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�7�K�H �W�H�U�P �F�R�Q�W�D�L�Q�L�Q�J �W�K�H �W�H�P�S�H�U�D�W�X�U�H �G�L�I�I�H�U�H�Q�F�H�V �L�V �U�H�F�R�J�Q�L�]�H�G �D�V �W�K�H �F�R�R�O�L�Q�J �S�D�U�D�P�H�W�H�U� C ���H�T�X�D�W�L�R�Q
���������� �'�H�S�H�Q�G�H�Q�F�H �R�Q �W�K�H �W�K�H�U�P�D�O �F�R�Q�G�X�F�W�L�Y�L�W�L�H�V�� �W�H�P�S�H�U�D�W�X�U�H �G�L�I�I�H�U�H�Q�F�H�V�� �D�Q�G �G�L�P�H�Q�V�L�R�Q�V �L�V �X�Q�V�X�U��
�S�U�L�V�L�Q�J�� �7�K�H �V�W�H�D�G�\���V�W�D�W�H �L�F�H �O�D�\�H�U �W�K�L�F�N�Q�H�V�V �L�V �S�R�V�L�W�L�Y�H�� �S�U�R�Y�L�G�H�G �W�K�D�WNu
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�� �7�K�L�V �F�R�Q�G�L�W�L�R�Q �L�V �P�H�W
�H�D�V�L�O�\ �Z�L�W�K �W�K�H �P�D�J�Q�L�W�X�G�H�V �R�I �W�K�HRe �D�Q�GPr �� �$�G�G�L�W�L�R�Q�D�O�O�\��Tin > T F > T C �L�V �U�H�T�X�L�U�H�G �I�R�U �S�R�V�L�W�L�Y�H �L�F�H
�I�R�U�P�D�W�L�R�Q�� �$ �V�H�Q�V�L�E�O�H �F�R�Q�G�L�W�L�R�Q �D�V �Q�R �L�F�H �I�R�U�P�V �Z�K�H�Q �W�K�H �F�R�O�G �S�O�D�W�H �L�V �Q�R�W �N�H�S�W �D�W �D �W�H�P�S�H�U�D�W�X�U�H �E�H�O�R�Z
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�:�K�H�Q �V�X�E�V�W�L�W�X�W�L�Q�J �H�T�X�D�W�L�R�Q�������� �D�Q�G �W�K�H �1�X�V�V�H�O�W �U�H�O�D�W�L�R�Q �I�R�U �W�X�U�E�X�O�H�Q�W �I�O�R�Z ���H�T�X�D�W�L�R�Q���������� �L�Q�W�R
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�+�L�J�K�H�U �L�Q�O�H�W �W�H�P�S�H�U�D�W�X�U�H�V �W�K�X�V �U�H�V�X�O�W �L�Q �O�R�Z�H�U �V�W�H�D�G�\���V�W�D�W�H �L�F�H �O�D�\�H�U �W�K�L�F�N�Q�H�V�V�H�V �D�Q�G �O�R�Z�H�U �F�R�O�G �S�O�D�W�H
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�V�W�D�W�H �L�F�H �O�D�\�H�U �W�K�L�F�N�Q�H�V�V �I�R�U�P�H�G �X�Q�G�H�U �O�D�P�L�Q�D�U �I�O�R�Z �F�R�Q�G�L�W�L�R�Q�V �L�V �H�[�S�U�H�V�V�H�G �D�V

~d = � C
� s

� l

 ~H
~L

+ 3:66
2ReP r

~H
~L

� 3:66
2ReRr

!

: ������������
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