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HIGHLIGHTS

The most noteworthy contributions of this theses are

* A fundamental experimental study was conducted to investigate the potential of particle
removal within a bubble column through entrainment. Unlike previous studies, entrain-
ment was utilized instead of avoided as an efficient method to remove ultra-fine particles
within the bubble column, demonstrating the advantages of this mechanism

» Asimple 2D Computational Fluid Dynamics model was developed to facilitate the simu-
lation of a single bubble rising within a bubble column and its impact on fluid streamlines
influencing particle elevation within the column



ABSTRACT

The Molten Salt Reactor is one of the revolutionary generation IV reactors currently
under development to provide sustainable, safe, and economically favorable energy
supply. Inside the Molten Salt Reactor fissile material is dissolved in a molten salt.
Molybdenum-99, which is the precursor of Technetium-99m commonly used in radio-
therapy, is one of the major insoluble fission products. Extracting Molybdenum-99
from the reactor would lead to a production of several orders of magnitudes larger
than currently produced. Proposed removal solutions include an on-line bubbling
system. In the Molten Salt Reactor the particles will commonly occur as ultra-fine par-
ticles, for which flotation is proven to be insufficient. Therefore, this study aims to
investigate ultra-fine particle removal through entrainment and its possible applica-
tion in the Molten Salt Reactor.

Two model columns were used to experimentally determine particle recovery under
different conditions. To characterize the flow regime inside the column, the bub-
ble shape was determined at different volume flows. The bubble size distributions
showed evidence that when increasing the volume flow, the flow regime transitioned
from a homogeneous towards a heterogeneous regime. Additionally, decreasing the
column width, and increasing the inlet diameter from 1 to 1:5 and 2:5 mm, increased
the bubble size. An investigation of the bubble rise velocity showed that bubbles in
the large column experienced higher velocities than in the small column.

An investigation of the velocity of nickel and zinc-oxide particles for a size range of
500 nm to 10 m showed that there was no significant difference between the differ-
ent velocity distributions. Additionally, a comparison of the velocity distributions of
nickel and zic-oxide particles with neutrally buoyant glass beads showed no signifi-
cant difference. Thus, all particles follow the streamlines present in the column. This
was confirmed by numerical simulations, where the size and the type of particle did
not significantly affect the particle lift inside the bubble column.

Looking at the fraction of particles recovered in the column, in the smaller column,
particle recovery reached up to values of 0:7g ¢ . This proves that particle recov-
ery through entrainment is a promising technique for particle removal.
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NOMENCLATURE

Symbols
Symbol Definition Unit
dso Sauter mean diameter m
Vr Terminal rise velocity m s !
Fs Buoyancy force N
Fo Drag force N
Cb Drag coefficient
L Density liquid kg m 3
G Density gas kg m 3
g Gravitational constant m s ?
A Volume bubble m?
A, Surface area bubble m?
v Velocity ms!?
t Time S
de \Volumetric equivalent diame- m
ter
dn Horizontal diameter m
dy Vertical diameter m
dini Inlet diameter m
de Collector diameter m
Bubble deformation degree
dy Bubble diameter m
Vi Bubble rise velocity ms!?
Surface tension N m't
L Viscosity liquid Pa s
G Viscosity gas Pa s
D+ Column diameter m
\ \Volume Flow cm® min !
SF Scale Factor
AF Acceleration Factor



Attachment probability
Critical angle

Ps Probability of thinning
P, Probability of rupture
Ptpc Probability of expansion
k Wave vector
Wavelength
T Frequency Hz
Angle rad
o Doppler frequency Hz
Mean
variance
X Group mean
S Group variance
N Sample size
Nominal cut-off value
R Radius m
Sm Source term
Stress tensor
Y, Volume flow cm?® min !
Np Number of particles
m mass kg
Vi Volume liquid m?
R Recovery g gt
H/h Height m
f Focal length m
SSies Residual sum of squares
SSiot Total sum of squares
d; Bubble chord length m
k Recovery rate st
Abbreviations
Abbreviation Definition
IPCC Intergovernmental Panel on Climate
Change
SNF Spent Nuclear Fuel
LWR Light Water Reactor
FMSR Fast Molten Salt Reactor
MSR Molten Salt Reactor
MSRE Molten Salt Reactor Experiment
Mo Molybdenum
Tc Technetium
LDA Laser Doppler Anemometry
LRHI Long Range Hydrodynamic Interaction
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BLT Boundary Layer Theory
BWT Bubble Wake Theory
BST Bubble Swarm Theory
Ho Null hypothesis
H; Alternative hypothesis
LRT Likelihood Ratio Test
ANOVA Analysis of Variance
FWHM Full Width at Half Maximum
Constants
Symbol Definition Value
g Gravitational constant 9:81m s ?
Kinematic viscosity 1.0016e 3Pa s
L Density Water 997kg m 3
MS Density Molten-salt 1847:6
Ni Density Nickel 8900kg m 3
Zno Density Zinc-oxide 5610kg m 3
air Density Air 1:293kg m 3
He Density Helium 0:166 kg m 3
Surface tension water/air 0:0728N m !
Na Avogadro’s constant 6:022e23 mol 1!

Non-Dimensional Numbers

Symbol Definition Equation
Re Reynolds number Lvd

M Morton number 9 ii .

Eo Eotvos number g ¢

We Weber number ved

Ar Archimedes number P9 L
Ly Lyshchenko number g"s EL

Vi
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CHAPTER 1

INTRODUCTION

In December 2019 the European Council agreed that the European Union should achieve
climate neutrality by the year 2050. Additionally, by the year 2030 the emission of
greenhouse gases by the European Union should be 55% lower compared to the levels
in 1990 [1]. This movement has been produced by a global concern of the changing cli-
mate and its consequences. Climate change is in great part due to human perturbation
in the natural carbon cycle, which started at the beginning of the Industrial Revolution
[2]. The Industrial Revolution generated the change from an agrarian and handicraft
economy to one dominated by industry and machine manufacturing, resulting in a
world dependent on energy production. This energy is mainly derived from the ex-
ploitation of fossil fuels [3, 4]. Across many countries in the world, the demand for
energy is growing each year with the increase in wealth and population. This growing
energy consumption makes the transition from burning fossil fuels to generate energy
towards low-carbon sources of energy even more dif cult. The new energy source has
to be able to meet this additional demand, whilst replacing the existing fossil fuels
simultaneously [5]. Powering an energy system by clean energy technologies like so-
lar photovoltaic plants, and wind farms generally requires more minerals, including
rare earth elements (REESs), than their fossil fuel-based counterparts. Minerals, that
have a limited supply on Earth [6]. Moreover, the rapid development of existing green
energy technologies leads to an unsustainable consumption of REESs, leading to en-
vironmental problems of its own. These include environmental degradation due to
dust that contains REE, other toxic metals and chemicals that is generated during the
primary production of REEs, and excessive water consumption during the processing
of REEs [7]. Another disadvantage of green energy technologies like wind mills and
solar panels is their variability. Consequently, to ensure reliable electricity generation,
it is highly likely that additional infrastructure will be required to transport electricity
from locations with high wind and sun capacity to areas where demand for electric-
ity exists. This then results in both economic and environmental costs, resulting in a
higher carbon footprint. Therefore, to be able to achieve energy security sustainably,
many of the world's nations are turning their eyes to nuclear power. In 2014 the In-
tergovernmental Panel on Climate Change (IPCC) published the median estimates of
life cycle carbon intensity of some selected electricity sources. According to Figure
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1.0.1 theCO, emissions of wind energy are equal to nuclear energy. However nuclear
energy reduces CO, emissions compared to solar panels. Since in Figure 1.0.1 infras-
tructure requirements such as energy storage are excluded, some people might suggest
that nuclear power is the most important electricity source today [8]. However some
limitations to nuclear energy still remain. Among these are radioactive waste produc-
tion, risk of accidents, an expensive initial cost to build a powerplant, and a limited
fuel supply. Furthermore, nuclear powerplants take at least ve to ten years to build,
and are therefore not a quick solution to the environmental problem [9]. Nuclear en-
ergy retains its potential as a complementary resource, offering reliable low-carbon
base-load electricity to a system that exploits wind mills and solar panels. However,
to ensure the safety, public acceptance, and affordability of nuclear energy, necessary
advancements should be developed [10]. To understand these ongoing innovations, it
is required to rst establish an understanding of fundamental principles underpinning
nuclear power. Hence, the next section will feature where nuclear energy originates
from.

Figure 1.0.1: Median estimates of life cycle carbon intensity of selected electricity sources. The gure

includes mining, raw material and waste disposal impacts, but excludes infrastructure requirements such
as energy storage, strengthened transmission grid, or backup generators. Figure originally published
by the IPCC in 2014 [8].

1.1. The Fission Reaction

Nuclear energy comprehends both ssion reactions and fusion reactions. For the scope
of this thesis, the focus will be on ssion reactions only. In a ssion reaction neutrons
are used to induce the splitting of a heavy nuclei. These heavy nuclei then ssion
into lighter nuclei ( ssion products), accompanied by the release of energy plus some
additional neutrons. These ssion neutrons can then be utilized to induce new ssion
reactions, thereby creating a nuclear chain reaction, where each neutron is responsible
for the splitting of one atom. This can be written down as a mass and energy balance
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as follows
Neutron + Fissionable material ! Fissionproducts + Neutrons + Energy:

Conventional ssionable materials include uranium [11]. The International Energy
Agency (IEA) and the Nuclear Energy Agency (NEA) predicted that nuclear energy
will remain the low-carbon technology with the lowest expected costs in 2025. Where
levelised costs of generating electricity (LCOE) including long term operation costs for
nuclear power remain below 33 $=MW h with a discount rate of 3%, the costs for coal,
gas, utility-scale solar, and onshore/offshore wind power will be notably higher, at
92 106 126 104 157 $MW h, respectively [12]. While uranium is inexpensive, there
is no eternal supply of uranium on Earth. Therefore, in nuclear reactor development,
the need arises to close the fuel cycle with expanded breeding of fuel using not only
uranium but also thorium [13]. Another objective to nuclear energy is the production
of radioactive waste [14]. This could also be solved by closing the fuel cycle. Therefore,
closing the fuel cycle will reduce the radioactive waste disposal footprint by using
waste as fuel and the need for natural resources by breeding fuel. To close the fuel
cycle one needs to be able to reprocess spent nuclear fuels (SNFs) and extract elements
that can be (re)used [15]. For this purpose, the MIMOSA project was initiated.

1.2. MIMOSA

The MIMOSA project aims to develop a multi-recycling strategy for spent nuclear fu-
els from light-water reactors based on molten salt technologies. This involves repro-
cessing of SNFs and the extraction of elements that can be (re)used. Speci cally, the
project aims to formulate and demonstrate an integrated muti-recycling strategy of
plutonium and uranium that combines multi-recycling options in Light Water Reac-
tors (LWRs) with recycling of plutonium and other transuranics in a Fast Molten Salt
Reactor (FMSR) using chloride salt. To this end, twelve partners, including the TU
Delft, are researching various aspects to establish the targets formulated [15].

To provide nuclear energy that meets the energy demands of the future, the future
generation of nuclear energy systems, needs to meet certain standards. The evolution
of nuclear power plants can be classi ed into four categories. The generation | reactors
are the early prototypes of several different designs. Generation Il nuclear reactors in-
clude commercial power plants, usually Light Water Reactors (LWRS), that are reliable
and economically competitive. The generation Il reactors comprehend further devel-
opments in generation Il LWRs. Finally, the generation IV reactor designs contains
a list of promising nuclear reactor designs currently under development [16]. The
generation IV reactors should account for fundamental issues that are often cited as
arguments against nuclear energy. These issues include nuclear resources, breeding
fuel cycle, safety, radioactive-waste and their incineration, nuclear proliferation and
terrorism, and public and institutional acceptances related not only to the previously
discussed topics, but also with the technological simplicity, exibility, and economy

in the global applications [17]. Six revolutionary reactor designs were selected in the
Generation IV reactors, one of which is the Molten Salt Reactor (MSR) [16].
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1.3. The Molten Salt Reactor

The concept of the MSR was originally developed in the 1950s with the Aircraft Reac-

tor Experiment, and a MSR was build with the MSR Experiment (MSRE) in the 1960s.

Shortly after, the research in the MSR declined in favor of LWR technology, due to

the market demands to make step-change improvements to existing LWR technology.

However, a renewed interest in the MSR has taken hold [18], as the MSR is considered
to have the greatest inherent safety as compared to the other six Generation IV ad-
vanced nuclear reactor designs [19, 20]. The design of the MSR is visualized in Figure
1.3.1.

Figure 1.3.1: Schematic representation of the Molten Salt Reactor [21].

In the MSR the ssionable material is dissolved in the molten salt. A salt is an ioni-
cally bonded chemical, which consists of positively and negatively charged ions. Salts
have typically high melting ranges, and reasonable thermodynamic properties at their
melting temperatures [16, 18]. Additionally, molten salts are chemically and physi-
cally stable, contain a wide liquid temperature range, have high thermal conductivity
and speci ¢ heat capacity, low viscosity, are non combustible, have a low price, and are
abundant in supply [22]. The molten salt in the MSR serves as both fuel and coolant.
The fuel salt is pumped through the core, and through a heat exchanger where it trans-
fers heat to a secondary salt system. The secondary system then generates steam in
another heat exchanger, from which electricity can be produced [23].

Inside the MSR the molten salt can be heated to high temperatures, even greater than
700 C, without boiling while remaining at near atmospheric pressure. Operating at
atmospheric pressure is advantageous, since reactor vessels capable of maintaining
high pressure are expensive and dif cult to produce. Operating at high temperature
increases the ef ciency of the nuclear reactors [24]. In addition, the MSR design in-
cludes an increased safety aspect compared to other nuclear reactor designs, since
there is no concern of melting fuel or ssion products that leak into the cladding even

at the operation at low pressure. Additionally, continuous separation of ssion prod-
ucts and noble gases ensures that they are non-in uential in the event of an accident.
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Due to the fact that the fuel salt is a stable liquid, no expansions or explosion can occur
that are typically associated with LWRs. Moreover, the MSR is economically favorable
since the core design is simpli ed, the structural section thickness is reduced due to
lower operating pressure, which reduces manufacturing costs. The liquid nature of a
MSR provides a series of advantages. Firstly, a higher heat capacity, which aids in the
design of compact. Secondly, the reactor design is less-expensive, resulting in com-
pact reactors that can be mass-produced and shipped to reactor sites, which reduces
construction costs. Lastly, used LWR ssile material could be utilized to start up a
reactor, reducing waste materials. Additionally, the MSR has the ability to breed fuel,
like thorium, to produce fuel. Thorium is more abundant than uranium, which would
increase the global fuel supply. Actinides can be burned or recycled, which reduces
the global stock of nuclear waste. Plutonium can be recycled and burned in the MSR
as well, preventing plutonium generation that could be utilized for non-proliferation
purposes. Additionally, the MSR has been proposed to be able to be operated both in
the fast and thermal regime [16, 18, 21, 24, 25].

There are however also some drawbacks to the MSR. Firstly, the molten salt has been
proposed to be uorine based, because uorine has only one stable isotope [26]. Fluo-
rine salts are highly corrosive to metallic alloys, resulting in a vessel that would need
regular replacement, which increases expenses. As an alternative to uoride salts,
chloride salts could be used. Since chloride salts are more thermodynamically favored
than the transition metal chlorides, it is expected that the salt would not be reduced by
common alloying events, and thus no corrosion should occur when structural alloys
are in contact with molten chloride salts. The corrosion in molten chlorides is there-
fore to a great extent driven by the impurities in the salt. Chloride ions can destabilize
passive surface oxide Ims, however, the uxing action is not as severe as uoride
salts [27]. Another drawback of the MSR can arise through insoluble ssion products
created from the ssile material.

1.3.1. Helium Bubbling for the Removal of Fission Products

After ssion, ssion products are generated in the liquid fuel during burn up that
are free to migrate and mix in the reaction, rather than being held stationary as in a
solid fuel pellet. Fission products can be grouped into salt-seekers, and insoluble s-
sion products. The salt-seeking ssion products remain with the fuel salt in inventory
amounts. However, the insoluble materials are in the form of noble gases and noble
metals, and form gaseous bubbles and solid particles. These insoluble ssion prod-
ucts may affect the spatial dependence of the fuel-salt composition. It is important to
remove these insoluble ssion products, since build-up of ssion products to the re-
actor vessel can lead to patches of heat and radioactivity, that can result in precarious
conditions [20, 28, 23].

To remove ssion products from the MSR, an on-line bubbling system is proposed
that removes both gaseous ssion products via dilution and metallic insoluble parti-
cles via capillary sticking [29, 30]. A carrier gas that does not interact with the molten
salt, is injected in the fuel circuit from the bottom, put in contact with the fuel salt, and
extracted from the top [29, 30]. Before being able to implement the on-line bubbling
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system, the ef ciency of the insoluble ssion products extraction by helium bubbling

needs to be demonstrated. If the ef ciency would be proven to be insuf cient, this
would drastically alter the life-time of certain components in the MSR and thus com-
promise the safety of the MSR design [26].

Another reason for the removal of ssion products in the MSR is that the ssion prod-
ucts produced can be utilized. The noble metals include Niobium, Molybdenum,
Ruthenium, Antimony, and Tellurium [23]. Molybdenum is majorly formed in the
form of Molybdenum-99, or Mo-99. Mo0-99 is the parent isotope of Technetium-99m,
or Tc-99m, which is the most common used radioisotope in medicine. Since Tc-99m
has a relatively short half-life of 6 h which brings challenges with storage and trans-
portation of Tc-99m, often Mo-99 is extracted since it has a much larger half-life of 66h.
Nowadays, Mo0-99 is either produced by inducing ssion in uranium targets, or by ir-
radiation of M0-98 targets in a separate reactor. In the MSR the possibility arises to
extract Mo-99 from the fuel that is powering the reactor, so that no additional reactor
needs to be build next to the reactors producing electricity. Since the Mo-99 will be
extracted from the fuel, the rate of M0-99 production has the potential to be of several
orders of magnitude larger than that from current reactors. Additionally, since the
Mo-99 will be extracted continuously, this would lead to a smaller fraction of isotopes
being lost due to decay [31].

1.4. Thesis Outline

In this section the goals proposed in this thesis and the structure will be reviewed.

1.4.1. Thesis goals

The objective of this thesis is to contribute to the ongoing research on the MSR, with a
speci ¢ focus on closing the fuel cycle by removing non-soluble ssion products from
the molten salt. To this end, both experimental work and numerical simulations have
been carried out. In the experimental part a model column was used to quantify the
limits of ultra- ne particle otation through entrainment in the set-up. The column
was lled with water, and air bubbles were formed at the gas inlet. Then the bubbles
ascended to the top of the column, leading to particles following in their trails. Water
and air was used as a replacement for molten salt and helium, because of its easier
use. With the help of numerical simulations, a simple model was implemented for
additional information of particle and bubble behavior inside the bubble column.

This thesis aims to answer the question whether there is an trade-off between bubble
size, particle size, and particle density on particle recovery. As a part of the main
guestion, some sub-questions have been identi ed. First, what mechanism can be
used to recover ultra- ne particles with bubbling and lift them up to the top of the
column? Secondly, what is the optimal volume ow, consequently the optimal bubble
size for the most effective particle removal? Thirdly, what is the size-range of ssion
particles being recovered for which particle removal is possible? Lastly, what would
be the in uence of replacing water with molten salt and air with helium bubbles on
the effectiveness of particle removal in the column?
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1.4.2. Structure

This current chapter has provided the relevance of the ongoing research in the MSR
development, by introducing the need for a sustainable energy source and the possi-
bility of the MSR to |l this gap. Additionally, the research goals have been presented.
In Chapter 2 the necessary theoretical background will be examined. This background
includes ow patterns in a bubble column, bubble behavior, particle behavior, Laser
Doppler Anemometry (LDA), useful statistical tests, and numerical models. In Chap-
ter 3 the experimental, and numerical approach is reviewed. In Chapter 4 the Results
are considered. In Section 4.1 the quanti cation of bubbles in the bubble column, in-
cluding the bubble size, trajectory, and bubble rise velocity is discussed. Section 4.2
provides an overview of particle behavior in the column. Here the main objective lies
in the bubble induced velocity of the particles. Section 4.3 concerns the effectiveness
of particle removal in the model column. And Sections 4.4, and 4.5 deal with results
obtained from numerical simulations, including the velocity pro les in water induced

by a single bubble, and the dependency of particle behavior on the bubble size. Finally,
Chapter 5 presents the conclusions and further recommendations that can be drawn
from this thesis.
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CHAPTER 2

THEORETICAL BACKGROUND

This section provides a complete, but concise theoretical framework of the relevant
background information needed to understand concepts discussed in this thesis. To
this end, rst ows in a bubble column, including bubble behavior and bubble-particle
behavior are reviewed, then a relevant measurement technique to determine ow pat-
terns in the bubble column is described in Section 2.3. Thirdly, section 2.4 provides an
outline of relevant statistical theories used in this thesis. Lastly, the numerical back-
ground in computation uid dynamics modeling is provided.

2.1. Gas-Liquid Flows in Bubble Columns

Gas-liquid ows are a type of two-phase ow. Two-phase ow is a type of multi-phase

ow, which in turn is de ned as a ow in which more than one phase, i.e., gas, solid
and liquid, occurs [32]. A wide range of industrial systems, including bubble columns,
feature gas-liquid ows [33]. Bubble columns are a class of gas-liquid multiphase re-
actors widely used in chemical, biochemical, and petrochemical industries. They are
of simple design - there are no moving parts present or a need for mechanical stirring,
they include excellent heat and mass transfer properties, have low maintenance and
operating costs, and a high durability. The simplest bubble column includes a vertical
vessel without internals, with some kind of gas injection system. In general, in a ver-
tical vessel, i.e., pipe, four ow regimes can be encountered, see Figure 2.1.1 [34]. At
low gas volume fractions, the ow consists of a composition of individual gas bubbles
rising to the top. This ow regime is classi ed as a bubbly ow, and can be further
divided into two sub-regimes - bubble ow occurring at lower liquid ow rates, and
dispersed bubble ow occurring at higher liquid ow rates. When increasing the vol-
ume fraction of the gas, a pattern materializes called slug ow. The Taylor bubbles
encountered in slug ow have a spherical cap nose and are somewhat rectangular at
the bottom edge. The Taylor bubbles are separated from each other, and in this area
smaller bubbles may be present. The size of the bubbles can vary considerably, re-
sulting in an unsteady accumulation of bubbles, producing the ow regime known

as churn-turbulent ow. When increasing the gas velocity, the annular ow regime is
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observed. Here parts of the liquid ows along the pipe, and the other part is observed
as droplets entrained in the gas ow. At even higher gas velocities, no considerable
amount of liquid is encountered in the gas core [33].

Figure 2.1.1: Representation of ow regimes in vertical pipes. Originally posted by Wu, B et al. and
reposted by Besagni, Varallo, and Mereu (2023) [34].

In a bubble column, generally bubbles are generated by injection of a gas ow through
a needle, a sparger or, an ori ce on a solid wall under parallel ow [35]. Depending on
the velocity of the gas ow into the inlet, bubble columns can be operated in different
ow regimes. When there are no solids present in the column, there are two typical
regimes, the homogeneous, i.e., uniform and laminar, and heterogeneous, i.e., nonuni-
form and churn-turbulent, ow regimes. The homogeneous regime occurs at low gas
ow rates, and turns into the heterogeneous regime at high gas ow rates. The homo-
geneous regime is characterized by relatively small uniform gas bubbles, and the gas
holdup increases almost linearly with increasing super cial gas velocity. The heteroge-
neous regime, where churn-turbulent ow occurs, is characterized by vigorous bubble
coalescence and break-up, high bubble rise velocities, and much larger, less-uniform
bubbles. When increasing the gas velocity the ow transitions from a homogeneous
to a heterogeneous regime. The ow regime transition and heterogeneous regime are
dif cult to characterize [36, 37, 38].

The performance of the bubble column is in uenced by microscopic phenomena, such
as bubble formation, dynamic equilibrium between bubble coalescence and breakup,
liquid ow pattern, energy dissipation rate, and wall effect [39]. The upcoming sec-
tions will highlight some physical aspects of these phenomena.

2.1.1. Bubble Behavior in Bubble Column

Since uid patterns inside a bubble column are dependent on the formation of bubbles
it is important to understand the formation of bubbles and how itin uences the bubble
size, rise velocity, and trajectory. The bubble rises due to buoyancy, but its shape
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and velocity depends on the balance of forces produced by surface tension, inertia,
and viscosity [40]. Furthermore, multiple bubbles are present in the bubble column,
therefore bubbles might interact with each other, thereby in uencing the conditions
found in the bubble column. To understand the bubble behavior, the next sections will
provide an understanding of essential processes that occur in the bubble column.

2.1.1.1. Formation of Gas Bubbles in Liquid

Gas bubble formation in a liquid includes two steps. Firstly, the growth of the bubble
occurs, and secondly the detachment of the bubble from the location of formation.
The growth and detachment of the bubbles can occur in a variety of ways and are
mostly dependent on the purpose and the actual conditions of the bubble formation
process. For example, the gas injection conditions can in uence the characteristics of
the bubbles. When studying the bubble formation process, often a constant volumetric
gas ow rate is assumed, although this condition is not always easy to achieve [35].

Jamialahmadi et al. (2001) argued that depending on the controlling mechanisms,
there are three forces that control the mechanism of bubble formation. Surface tension,
viscous drag, and liquid inertia all contribute to the bubble detachment diameter. At
very small volume ow rates, the bubble diameter is controlled entirely by surface ten-
sion and buoyancy forces. Whereas at high gas volume ow rates, the effect of surface
tension is generally considered negligible for liquids with low viscosity [41]. However
Terasaka and Tsuge noted that next to surface tension, viscous drag, and liquid inertia,
gravity, buoyancy, gas momentum transfer, and drag force are also involved in bubble
development on the ori ce. At low gas ow rates, the bubbles are grown in the form

of individual bubbles until detachment occurs, whereas when increasing the ow rate,
bubble growth starts to be affected by the wake of the preceding bubbles. In this case,
the bubbles elongate in the vertical direction and show a slightly earlier detachment.
The detached bubble then accelerates into and collides with the preceding bubbles.
The collision causes bubble aggregates, which either coalesce or segregate depend-
ing on the magnitude of the collision momentum energy. When increasing the gas
ow rate further, the detachment period of the bubble increases, which generates very
large bubbles with vigorously vibrating and unstable surfaces. The collision of these
large bubbles may cause numerous microscopic collisions at the interface between the
bubbles, which produces a lot of small bubbles [39].

Upon detachment of the bubble, a residual small bubble remains attached to the ori-
ce. While still anchored to the ori ce edge, the small bubble starts to grow at constant
volumetric ow rate [35]. The increase in bubble volume leads to an increase in buoy-
ancy. Once the buoyancy and inertia overcome the surface tension and viscous drag,
a gas neck forms and continuously thins to a thread [42]. When the bubble has grown
suf ciently large, the bubble is stretched due to buoyancy force, leading to rapid de-
tachment. The continuous gas ow through the injection ori ce prevents the interface
retracting back inside the ori ce after its neck break. However, the interface does move
back to the ori ce and, after a very short oscillation, it forms a small bubble anchored
to the edge of the ori ce before the bubble starts to rise [35].

After formation of bubbles, further characterization of the bubbles is needed, since
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the overall mass transfer is affected by the bubble size, pressure inside the gas phase,
interaction between bubbles, rise velocity and trajectory [43]. In the following sections,
characterizations of the bubble size, the rise velocity, and the bubble trajectories are
examined.

2.1.1.2. Bubble Size Distribution in Bubble Column

Both bubble rise velocities, and bubble trajectories are governed by the bubble sizes.
Therefore, accurate prediction of bubble size is required for reliable estimation of bub-
ble column design parameters [41]. The factors in uencing the bubble size are among
others the gas density or operating pressure, surface tension of the liquid, viscosity of
the liquid, operating conditions, and liquid impurities.

Gas density and operating pressure are closely related, since the operating pressure
mainly in uences the gas density. It has been found that bubble sizes decrease when
the gas density increases. This can be explained by an increase of bubble breakage if
the pressure increases due to the increase in gas density. The gas density increases by
the larger inertia of the gas in the uctuating bubble. In a bubble swarm, both coa-
lescence and breakage in uence the bubble size. Coalescence of bubbles is almost un-
affected by pressure, but breakage increases, so the mean bubble size decreases with
increasing pressure. For surface tension, the size of the bubbles decreases if surface
tension decreases. Whereas if the viscosity increases, the bubble size increases. This
is because when the liquid viscosity is increased, the turbulence of the liquid phase is
reduced. As a result, the energy of eddies is reduced, and bubble breakage is damped.
Hence, the bubble size increases. For the operating conditions, especially temperature
and gas ow rate are important. Increasing the temperature leads to a decrease in
stable bubble size. In turn, increasing the gas ow rate in uences the bubble num-
ber density and hydrodynamics. With hydrodynamics, the gas holdup, bubble size
and ow regime are considered [44]. As a result, the bubble collision frequency is
increased, which leads to a higher coalescence rate, thus, an increase in bubble size.
Lastly, impurities in the liquid can in uence the bubble size by inhibition of coales-
cence, thus decreasing the bubble size [45].

The bubble size is frequently characterized with a single length scale, often the Sauter
mean diameter (ds,) [46, 47, 48, 49, 50, 51]. The Sauter mean diameter is the average
volume-surface mean diameter of the bubbles [48]. It expresses the mean diameter of
poly-dispersed particulate matter by taking into account the volume-to-surface area.
The resulting mean diameter is equal to the diameter of a system of identical spherical
objects so that these spherical objects have identical total surface area, and identical
total volume, but a different number of spherical objects than the original population

of bubbles [49]. The Sauter mean diameter is determined by

d32 = L‘ . (21)

Here n; is the number of bubbles with size d;.
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2.1.1.3. Bubble Rise Velocity and Shape of Gas Bubbles in Liquid Medium

The motion of a rising or falling body in a liquid with its terminal velocity, vr, IS
described by the balance between the buoyancy, Fg, and the drag, Fp, force [52]. The
terminal rise velocity of a single bubble is de ned as the velocity attained at steady
state where all forces are balanced [43, 19]. The buoyancy, and drag force are described
by Equations 2.2 and 2.3, respectively [52].

Fe = Vg (2.2)

Fp =0:5Cp VA, (2.3)

where Cp is the drag coef cient, | is the liquid density, g the gravitational constant,
\, the volume of the bubble, and A; the surface of projection on a horizontal plane
of the bubble. From these two equations, it becomes evident that the terminal rise
velocity of a single bubble rising in a liquid depends on the volume of the bubble
and on the physical properties, like the viscosity and density, of the bubble and the
liquid. Generally, the dynamics of a rising bubble are nonlinear, with the degree of
non-linearity increasing with the bubble size. When surface tension dominates over
the internal and buoyancy force, the bubbles are small and of spherical shape. The
bubbles tend to retain their shape as long as their rising velocity remains small. How-
ever, in most practical situations, all three factors - inertia effect, viscosity, and surface
tension, should be regarded, since the bubbles are not spherical and they move in an
oscillatory manner [43].

Determining the bubble rise velocity does not require sophisticated techniques from
an experimental point of view. However, due the complexity of a bubble rising in a
liquid predicting the theoretical terminal velocity of the bubble is a rather complicated
task that has been the subject of investigation for over a century. Generally, the bubble
velocity is de ned as

V:p(Xi+1 Xi)+(Yi+1t Vi)+(za  z) (2.4)

where (Xi+1;VYi+1;Z+1) and X;;y;; z; are the coordinates of the subsequent positions in
three directions of the bubble and t is the time interval. Experimentally, it is thus
fairly easy to study the velocity using visual observation with a camera. For a theoret-
ical prediction of the bubble rise velocity, multiple models have been proposed, from
which a selection will be discussed here.

Often in theoretical studies the bubble equivalent diameter, de, is used to describe the
size of the rising bubbles, since a bubble deforms as it moves through the liquid due
to resistance of the continuous phase. The bubble equivalent diameter is de ned as
the diameter of the sphere with the same volume as the rising bubble. The real shape
of the rising bubble can often be described with a good approximation as an oblate
spheroid with horizontal, dy, and vertical, d,, diameters. The equivalent diameter can
then be calculated as

de = ()™ (2.5)
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[19, 43, 52]. The bubble shape can then be described using the bubble deformation
degree, ,denedas

ch
= 2.6
-y (2.6)
Using Equation 2.2 and 2.3, the terminal velocity can then be expressed as
4d, g =
= 2.7
VT 3Co L (2.7)

Here the bubble equivalent diameter can be used as the bubble diameter, dy,, and =
L G, With ¢ the density of the gas. The drag coef cient proves to be the main

problem when solving Equation 2.7 analytically. The drag coef cient depends on the

conditions of the motion, and is often expressed as a function of the Reynolds number,

Re. d
\Y;
Re: bVT L

(2.8)
L
with | the dynamic viscosity of the liquid. The Reynolds number is a measure of the
ratio between the inertial forces and the viscous drag [52]. For low Reynolds numbers,
Re 1, theviscous forces are large relative to internal terms. Viscosity thus dominates
the terminal motion and the terminal rise velocity increases with an increase in bubble
diameter. In this regime it is assumed that the bubble moves under creeping ow
conditions. At intermediate Reynolds numbers, Re > 1, surface tension and inertia
forces determine the bubble rise velocity. Additionally, bubbles are no longer spherical
as their size increases, and the terminal velocity may increase, remain constant, or
decrease with the diameter of the bubble. For Re < 20, it is assumed that a bubble
moves as in the spherical regime, and for 20< Re < 4700in the ellipsoidal regime. At
high Reynolds numbers, Re > 470Q bubbles move under a spherical or ellipsoidal cap
regime, and have thus a spherical cap or mushroom shape. The motion of the bubble
is dominated by the inertia forces. In this region, the bubble rise velocity increases
again with the increase of the equivalent diameter of the bubble [43, 52, 53].

Next to the Reynolds number, the Eotvos (Eo), Weber (We), and Morton (Mo) num-
bers are used to characterize the shape and terminal velocity of the bubble. The Eotvos
number compares the importance of gravitational forces to surface tension forces, and
is often used together with the Morton number to characterize the shape of the bubbles
moving in the liquid. High Eotvos numbers indicate a dominance of buoyancy effects,
while low Eotvos numbers indicate that surface tension is dominant over buoyancy.
The Weber number relates the inertial forces to the surface tension forces. At low We-
ber number, We 1, the bubble shape tends to be a spherical geometry. AtWe 1,
moderate deviations in the bubble shape occur. Often an oblate spheroid is observed.
For high Weber numbers, We 1, bubbles are easily deformed by the uid accelera-
tion at the gas-liquid interface. Therefore, the bubble shape experiences large distor-
tions and often a spherical cap and oblate ellipsoidal cap are observed. The analytical
expressions of these dimensionless numbers are provided in Equations 2.9, 2.10, and
2.11.
dsg

L

Eo= (2.9)
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_ de-2|-

We (2.10)

L
L9
2 3
L
with | the surface tension of the liquid [19, 43, 52]. Further dimensionless numbers

that are often used are the Archimedes, Ar, and Lyshchenko, Ly, numbers

Mo =

(2.11)

dig L
Ar = b—E (2.12)
3 2
Ly = gVT - (2.13)

When determining the bubble rise velocity of a single bubble, two stages at the ve-
locity pro le can be distinguished. First there is an acceleration stage, where the local
velocity increases monotonically. Secondly, there is a terminal stage when a constant
value of the velocity is achieved. Depending on the bubble size after about 30-40 mm
the velocity of the bubble starts to be constant [52].

Since the bubble rise velocity, vy, is highly dependent on the bubble shape, but the bub-
ble shape is again highly dependent on the bubble rise velocity, some kind of iterative
scheme is needed to simultaneously determine both quantities. Therefore, Park et al.
(2017) proposed a simple parameterization for the rise velocity for which the bubble
shape does not need to be identi ed in advance. The proposed model for the bubble
rise velocity of bubbles in a liquid pool is a combination of the velocity due to viscous
force, the velocity due to inertial force, and the velocity for spheroidal bubbles.

Vp = € T 3- T (214)
+ + 1
\m m Vb;speroid
where ( 2 1 @
_ 9L 6)G + _9.G
e = = 2.15
Vh.vis 6. 5+3 12, ( )
where = - 0, since ¢ . for most liquids and gases. Furthermore,
2=3
Vpin = 0:144257°% L 37 (2.16)
L
and r
2:14
Vh:spheroid = ] - +0:5050d (2.17)
e
If de is suf ciently large, Vp.spheroia CONVerges to
p
Vi:speroid = 0:711 gd (2.18)
The bubble rise velocity can then be determined by Equation 2.19 [53].
1
Vp = F (2.19)

4=3
144 2

L S —
9Lde 014422953 g3 %+0:505gde
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Since the model of Park et al. (2017) includes a parameterization of the bubble rise
velocity of bubbles in a liquid pool, no effect of a potential wall has been taken into
account. However, in a bubble column the wall effects might in uence the magnitude
of the bubble terminal rise velocity. Particularly the effect of the wall becomes impor-
tant for bubble-equivalent diameter to column diameter, D+, ratios, = g—j, greater
than or equal to 0.2 [19]. Therefore, Islam et al. (2013) looked at the in uence of dif-
ferent geometries on the bubble rise velocity. They showed that the bubble velocity
increases with bubble size and is affected by the shape of the column. They tested for
both a rectangular, and a trapezoidal domain, and found that the bubble velocity is
higher in a rectangular domain and lower in a trapezoidal domain. They proposed
the following correlation for the bubble rise velocity

2 1=2
w=sF 2 +9% . g2 g G (2.20)
Ldy 2

with SF the scale factor, and againd, = de [54].

Next to the wall effects, bubbles in a bubble column might experience an additional
acceleration due to the wake of the bubble preceding it. While the estimation of the rise
velocity of a swarm of bubbles is reasonably well established if the bubbles are small,
the estimation of the bubble rise velocity is much more uncertain if the bubbles are
large. There are two empirical correlations for estimating the rise velocity of swarms
of large bubbles, the rst one proposed by Wilkinson et al. in 1992

3 0:273 0:03 U U 0:757 3 0:077 0:077
L trans L L
— +2:4 ( )

g G gl

oL o505

© (2.21)
here Ugans IS the super cial gas velocity at the point of transition from homogeneous
to heterogeneous ow regime. The Wilkinson correlation does not include that the
bubble rise velocity of large bubbles experience wall effects, and is thus column inde-
pendent. Hence, Krishna and Ellenberger developed the correlation

U Utrans _ Do;g (U Utrans )0:42
- T

v
b b 0:268

(2.22)

and found that the large bubble rise velocity is virtually independent of the properties
of the liquid phase, but it increases signi cantly when increasing the column diameter.
However this equation has some disadvantages, the extrapolation is not straightfor-
ward, and this correlation cannot be used when simulating bubble movement. There-
fore, a correction factor was proposed to the existing Davies-Taylor relation

v = 0:71ID gd,(SF) (2.23)

for a single, isolated, bubble. For the scale factor, the empirical relations developed by
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Collins in 1967 can be used

SF=1 & < 0:125
Dt
dp dp
SF=1:13 P 0:125< D+ < 06 (2.24)
T
r
Dr dy
SF=0496 -~ %06
d, D~

For a swarm of large bubbles Equation 2.25 was proposed.
Vo= VI(AF) AF = + (U Uyans) (2.25)

Here the acceleration factor, AF , increases linearly with decreasing distance of separa-
tion of the bubbles. Since for a large swarm of bubbles, each bubble is a trailing bubble
[55].

Lastly, the terminal rise velocity could be in uenced by contamination of the lig-
uid. A correlation for the terminal velocity for contaminated liquids was proposed
by Nguyen and Schulze in 2004 and Clift et al. in 1978. Both correlations have been
adopted by Chavez et al. (2021), see Equation 2.26 (Nguyen) and 2.27 (Clift) [19].

Aa2Ar 20 1M o046 77

VT;Nguyen = 18Us; 3Co (2.26)
Vrcift = —ZMO 01493 0:857) (2.27)
L Yb
where
d29 L
Ug = —= : 2.28
St 18 . ) ( )
12332 Ar 31580 %4 a=1:b=0
3:158Vio0 %4 Ar 296540 % a=1:14 b= 0176
0:46 3 0:46 . , . (2-29)
29.654V0 © Ar  506719Mo %% a=1:36 b= 0:280
506719 Ar a=0:62b=0
and
J=3:42H%%' H > 593
J=0:94H%"" 2<H 593 (2.30)
J = ReMo”*° +0:857
with
4 0:14
H = _EoMo %M & (2.31)
3 w

where \y the viscosity of water in Braida's experiments, for which 0:0009Pa s was
recommended [19].
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2.1.1.4. Bubble Trajectories in Liquid Medium

The motion of a bubble is different than that of a solid particle rising due to buoyancy
or sinking due to gravity. A solid particle can have the same shape as a bubble, how-
ever bubbles experience constant circulation internally. Additionally, a bubble tries to
follow a path of least resistance during its motion. When the bubble rises upwards
through the liquid, it experiences the most resistance directly on the top. But if the
bubble would move slightly to one side, less total resistance is experienced. Therefore,
it is often observed that bubbles commence a zigzag, helical, or spiral shaped path as
they rise in a column of liquid [43].

It has been shown that a small bubble rises through water in a straight line at its ter-
minal velocity until it nishes its journey. Larger bubbles do not have stable paths and
zigzag, whereas even larger bubbles start to spiral. It is evident that with increasing
bubble size, the bubble surface oscillations change from a simple oscillation to higher
order modes. As a result the trajectory changes from a simple helix to more a complex
path [43]. Additionally, the viscosity of the liquid medium the bubbles travel in, has
an in uence on the trajectory of the bubbles. When the viscosity increases, the zigzag
path of big bubbles becomes tighter until they remain in a vertical line [56]. Never-
theless, a complete understanding of the dynamics of the bubble characteristic in a
gas-liquid system is not yet available [43].

The bubble size distribution in a column is not constant, but may undergo constant
change due to bubble-bubble interactions that can lead to breakage or coalescence of
bubbles. In turn, interactions like clustering, collision, and merging affect the local
and global characteristics of the liquid-phase ow [57]. The next section concerns the
mechanisms behind bubble coalescence and breakup.

2.1.1.5. Bubble Coalescence and Breakup

Bubble coalescence occurs due to the rupture of the liquid Im between adjacent bub-
bles [57]. When bubbles collide with each other, a thin liquid Im is trapped between
the bubbles. If this liquid is gradually drained out of the thin Im by osmosis and the

Im thickness reaches the critical thickness, the Im ruptures and the bubbles start to
merge into a single bubble [39]. When two bubbles approach each other at a velocity
v, the surfaces of the bubbles deform and become atter when the distances between
their surfaces, h, becomes small. The attening occurs when the hydrodynamic pres-
sure Ppyg at the Im center exceeds the capillary pressure Py, in the bubbles. When
assuming no slip boundary conditions and sphericaFl) bubbles of radius R, Pryg > Pcap
when h is smaller than a distance h , where h R ¥

Kirkpatrick and Lockett introduced a mechanism of bubble-interface coalescence based
upon the approach velocity of the bubble. They proposed that this mechanisms can
be subdivided into three types, low, moderate, and large approach velocities. At low
approach velocities the rate of increase of the contact Im area between the bubbles is
suf ciently slow so that the Im is allowed to drain to the rupture thickness. At large
approach velocities the rate of increase of the contact Im area between the bubbles
with time is suf ciently rapid to delay Im thinning. This results in insuf cient time

for the contact Im to drain to the rupture thickness before the bubble is brought to

17 2.1. GAS-LIQUID FLOWS IN BUBBLE COLUMNS



rest. The motion of the bubbles tends to reverse because of the strain energy stored
in the deformed bubbles. At moderate approach velocities, a transition region occurs
between the small and large approach velocities regions. They found that if the ap-
proach velocity of the bubbles is less than about 12cm s 1, the bubbles would be
expected to coalesce on rst contact, whereas at higher approach velocities the bub-
bles are expected to bounce. Therefore, coalescence at large approach velocities is no
longer a simple process, but depends on the oscillation of the bubbles after contact
and the complex shape for the drainage Im that is formed between the two interfaces
[58].

Breakup of bubbles is caused by various processes. In a stagnant media, the interface
between the two uids experience Rayleigh-Taylor instabilities, leading to growing
perturbations at the interface. The interface is in turn stabilized by surface tension,
while viscous forces slow down the rate of growth of unstable surface waves. The
surface of a bubble may therefore become uns&able if the wavelength of a disturbance

at the surface exceeds a critical value o =2 T For rising bubbles, an instability

manifests as an dent along the upper surface which grows deeper with time. If the
disturbance grows suf ciently quickly relative to the velocity with which it is swept
around to the equator by tangential movement along the interface, splitting tends to
occur.

Another process by which breakup might occur is due to velocity gradients. A bubble
in a shear eld tends to rotate and deform. If the velocity gradients are large enough,
interfacial tension forces can no longer maintain the uid particle, result in a rupture
of one large bubble into two or more smaller bubbles [59].

2.2. Particle Separation in Bubble Column

A technique that uses a bubble column to separate insoluble particles from water
is known as otation. Flotation is a widely used cost-effective separation technique
that is utilized in, among others, wastewater treatment, mineral bene cation, micro-
oxygenation of wine, fermentation, ink removal, and plastic recycling [60]. Particle
otation is especially successful for a particle size range of about 15 150 m [61].
However, the otation of ne particles and its limits has been under investigation for
many years. Key parameters for ne particle otation have been identi ed as bubble
size, particle aggregation, and ow conditions [61]. In the next sections, the limits of
ne particle otation, and key events in bubble-particle behavior are reviewed.

2.2.1. The Limits of Fine Particle Flotation

To predict the rate constant of otation kinetics, the various microprocesses that oc-
cur during collection of solid particles by air bubbles, need to be understood. The
microprocesses that occur during otation are collision, attachment, and detachment.
Unlike collision, both attachment and detachment are dependent on the chemistry and
physical chemistry of the surface of solid particle and bubble [62]. The rate constant is
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then de ned as
k=F. E. Ea Eq ; (2.32)

where F. is the collision frequency, E. the collision probability, E, the attachment prob-
ability, and E4 the detachment probability [61]. There are two main types of particle-
bubble attachment models, namely the kinetic and thermodynamic models. In the
kinetic model, attachment occurs if the sliding time of the particle on a bubble surface
is larger than or equal to the induction time, which will be explained in the next sec-
tion. In the thermodynamic models, attachment only occurs if the kinetic energy of
the particle that approaches the bubble is larger than the energy needed to disrupt the
intervening liquid Im and form a stable three-phase contact line. The Particle-bubble
detachment models that have been developed only apply to coarse particles, and are
based on a force balance which is mostly affected by gravity and external accelera-
tion [61]. Therefore, in the next section only collision and attachment models will be
examined.

2.2.1.1. Patrticle Collision and Attachment Models

Before bubble-particle attachment can occur, the particle needs to collide with a bub-
ble, and reach a distance at which surface forces start to operate. Bubble-particle col-
lision models are based on an evaluation of the forces that cause a particle to deviate
in its trajectory from uid streamlines near the bubble surface and collide with the
bubble. The forces that affect the particle motion include gravitational-, inertial-, and
hydrodynamic drag forces. Additionally, bubble-particle collision models based on
diffusion and shear have also been de ned. From these models, the models based on
shear are usually not considered, since shear-induced mechanisms are only signi cant
for collision of spheres with equal size.

Coarse and dense particles are unable to follow uid streamlines and tend to move
along a straight path. Therefore, these particles collide with bubbles based on an in-
ertial mechanism. The particles may collide with bubbles because of a deviation of
their trajectory from uid streamlines due to a certain settling velocity caused by a
higher density of the particles compared to the uid. Another mechanism for colli-
sion is by interception. Bubble-particle collision by interception occurs when particles
are carried along the uid streamlines due to ow patterns and the particles come
into contact with the bubble due to nite size. Lastly, bubble-particle collision models
based on Brownian diffusion are only signi cant for submicron particles, since they
move randomly in the uid.

Mainly, the inertial forces and the long range hydrodynamic interaction, or LRHI, due
to drag govern the mechanism of transfer of small particles to the bubble surface.
Where for large particles inertial forces dominate, for small particles, especially if the
density of the particles is close to the density of the uid, the LRHI changes the trajec-
tory of the particle to coincide with the uid streamlines. Equation 2.33 represents the
Stokes number, which describes the ratio of the stopping distance of the particle in the
presence of the LRHI to a characteristic dimension.

2
pVbdp

St= ——
9dy |

(2.33)
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Here, , and d, are the density and diameter of the particle, respectively. If St 1
inertial forces have practically no effect on the motion of the particles. The motion can
therefore be considered inertia-free. If St 0.1 negative inertial forces can impede
particle deposition on a bubble. For 0:1 < St < 1 an inelastic inertial impact of parti-
cles occurs on a bubble surface. Additionally, a major portion of the kinetic energy of
the particles is lost during the approach of the particle to the bubble and at the impact
itself, when a liquid layer is formed between the surfaces of the particles and the bub-
bles. Lastly, if St > 3, the trajectory of the particle deviates slightly from a straight line,
and the collision between bubble and particle can be considered quasi-elastic since the
energy of the particles changes so little. As a result, the particle bounces away from
the bubble surface at almost the same speed as it approaches the bubble surface.

Two of the best known collision models are the Stokes ow model and the potential
ow model. The Stokes ow model holds for Reynolds numbers signi cantly smaller
than unity. A Stokes ow regime is assumed to be around the bubble surface, and
inertial forces on the particles are ignored. The Stokes ow bubble-particle collision
model is described by

E 3O 2 : (2.34)

C St — 2 db . .

The potential ow model includes Brownian motion and its effect on bubble-particle
collision. It applies to Reynolds numbers based on the bubble velocity between 80 and
500, and particle sizes larger than 0.1 m [63].

3d
Ec pot = d—p (2.35)
b

There are three key steps in particle-bubble attachment. Firstly, the thinning of the
intervening liquid Im to the rupture thickness called the critical thickness, secondly
the rupture of the intervening liquid Im and the formation of a three-phase contact
nucleus, and lastly the expansion of three-phase contact line from the critical radius to
form a stable wetting perimeter [62, 63, 64].

During the rst step various forces operate between the bubble and the particle. The
surface forces act on the radial direction along the inter-center line and are the most
characteristic. In addition, the drag force, and especially the steady drag force in the
radial direction, is important since it resists the motion of the particle towards the bub-
ble surface. Furthermore, gravitational and buoyancy forces act on the particle [64].
Generally, bubble-particle attachment models are described in terms of the contact-
and induction time. Additionally, the bubble-particle attachment can also be modeled
using the energy barrier approach. Here, for bubble-particle attachment, the kinetic
energy of a particle has to be higher than an energy barrier between the particle and
the bubble surface.

The induction time is the time required for the thinning of the intervening liquid Im
between the particle and bubble, the Im rupture, and the resulting formation of a sta-
ble three-phase contact line. Generally, the formation of the three-phase contact line
has been assumed to be very short. Furthermore, the time of Im rupture is of the
order of magnitude 10 ° s, so the thinning of the intervening liquid Im is consid-
ered to be the dominant factor of induction time. Experimental results indicate that
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induction time increases with increasing particle size and decreasing particle surface
hydrophobicity. The relation between induction time and particle diameter is sug-
gested to follow a power function [63].

The contact time represents the time for which a particle and a bubble are in contact
after their collision. The contact time consists of the impact time and the sliding time.
When a particle and a bubble collide, either the particle bounces off of the bubble, in
this case only the impact time in uences the contact time, or the particle slides along
the bubble surface, for which both the impact time and the sliding time in uence the
contact time. Because rebound is only possible if the bubble surface deforms, particles
with a diameter less than 100 m only impact and slide on the bubble surface since
their kinetic energy is too small to distort the bubble surface. Typically, the contact
time is maximally 10ms [63].

A simple model for the probability of attachment was developed by Dobby and Finch
in 1990. According to them, the attachment probability can be determined by

sin( o) 2

sin( c)

(2.36)

at —

Here  represents the angle beyond which no attachment occurs, and . the angle
beyond which no collision occurs [63, 62]. Additionally, Nguyen, Ralston and Schulze
suggested that the probability of attachment can be described as Py = Ps P, Py, With
P the probability of thinning of the liquid Im to the critical thickness, P, the proba-
bility of rupture of the intervening Im, and Py, the probability of expansion of three-
phase contact line. For ne particles, it has been shown that Py, is almost equal to
unity. Determination of these probabilities is not a straightforward process, and more
deeper experimental and theoretical investigations of the elementary steps in bubble-
particle attachment needs to be performed [62].

The low recovery of ne particle otation is often attributed to the low particle bub-

ble collision ef ciency [63, 61]. Several strategies have been proposed to increase ne
particle otation. These include aggregation of particles, or decreasing the bubble size
[61]. However, another mechanism occurs simultaneously along otation, namely en-
trainment, that increases the recovery of ne particles. Entrainment will be the subject
of the next section.

2.2.1.2. Entrainment

Mechanical entrainment is a process by which particles move upwards. It is not chem-
ically selective and it occurs without a direct attachment of particles to bubbles. There-
fore, entrainment plays especially a role in ne particle otation. Three mechanisms
have been proposed to characterize particles traveling in a otation cell by entrain-
ment. These three mechanisms are denoted the Boundary Layer Theory (BLT), the
Bubble Wake Theory (BWT), and the Bubble Swarm Theory (BST). In the Boundary
Layer Theory, the particles are transported in the thin hydrodynamic layer of water
surrounding the bubble, called the bubble lamella. In the Bubble Wake Theory, the
particles are transported along with water in the wake of an ascending bubble, see
Figure 2.2.1. Next to the boundary layer and the bubble wake, an additional theory
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was proposed by Smith and Warren in 1989 for particle transport [65]. However, the
Bubble Swarm Theory is limited to a conventional otation setup, and is outside of
the scope of this master thesis.

Figure 2.2.1: Schematic of Boundary Layer Theory and Bubble Wake Theory. Figure adopted by Wang
et al. 2015 [65].

The patrticle size is one of the parameters with a profound effect on entrainment. The
recovery of hydrophilic minerals by entrainment increases signi cantly with decreas-
ing particle size, see Figure 2.2.2. Generally, mineral particles with a size under 50 m
are known to be recovered by entrainment more easily than larger particles. Addition-
ally, particle density is also a factor affecting entrainment. The higher entrainment of
low-density particles can be associated with the fact that low-density particles tend to
move with the water due to their low sedimentation velocities. Whereas particles with
higher density settle more quickly and have less chance to be transported upwards.
This sedimentation rate can be explained by using Stokes' law [65]. The patrticles sink-
ing through the column under the in uence of gravity experience a drag force that
resist against their fall through the uid medium. The drag force, acting upwards is
expressed by Fp = 6 rv , and the gravitational force acting downward is equal to
Fg = % r3 L)g. Here, r is the radius of the particle, the viscosity of the liquid,
v the velocity of fall, , the density of the particle, | the density of the liquid, and g
the acceleration due to gravity. At a constant terminal fall velocity, the drag force and
gravitational force are in balance. We can therefore express the fall velocity as

_2(p L)or?
9

Stokes' law is applicable in situations where the motion of the particle does not pro-
duce turbulence in the uid [66].

v (2.37)

Next to particle behavior, bubble size and velocity might have an impact on entrain-
ment [67]. The patrticle velocity induced by the bubbles can be measured using Laser
Doppler Anemometry, or LDA. In short, LDA utilizes the Doppler shiftin a laser beam

to calculate the velocity of tracer particles in a transparent or semi-transparent uid
[68]. The physical concept of LDA will be the subject of the next section.
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Figure 2.2.2: Recovery of siderite as a function of the average particle size. A: Recovery by entrainment,
B: recovery by true otation, C: Recovery by entrainment and true otation. Figure adopted by Wang
et al. (2015) [65].

2.3. Laser Doppler Anemometry

The LDA technique is one of the most widely used techniques for point velocity and
turbulence measurements in gas or liquid ows [69]. The technique is based on the
principle of the Doppler shift. The Doppler shift is a change in frequency due to the
relative motion of the source. If a wave is emitted by a source, the waves spread out
spherically from the point at which the wave is emitted. For a stationary source, the
center of the spherical wave is at the same point, and the stationary observers on all
sides of the source receive the wave with equal wavelength and frequency as emitted
by the source. However, if the source is moving, the source does not emit waves from
the same location. In contrast to a stationary source, for a moving source the waves are
emitted from a different location each time. In the direction of the movement, the wave
is then compressed, whereas in the opposite direction, the wave is elongated. There-
fore, the wavelength in the same direction as the source is moving is shorter, whereas
in the opposite direction the wavelength is longer than the original wavelength emit-
ted by the source [70]. The frequency change size is dependent on the velocity and the
scattering geometry of the moving source, and is given by the following equation

v=(ks Ko)Vs (2.38)

herek, = 2 is the incident wave vector, the wavelength of the incident radiation, ks
the scattered wave vector, vs the velocity of the scatterer, and v the Doppler shift.

The LDA has a laser source that is split into two equal parts by a simple beam splitter.
The point where the two beams cross, together with the aperture ( eld stop) on the
face of the detector, de ne the region from which measurements can be obtained. The
beam splitter can be adjusted by both rotation and translation to adjust the crossing
point and the angle of intersection of the beams. Often, a Bragg cell is used as a beam
splitter. A Bragg cell is a glass crystal with a vibrating piezo crystal attached. The
vibration generates acoustical waves acting like an optical grid. The output of the
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Bragg cell is then two beams of equal intensities, with frequency fqo and fghiit . The
two beams are focused into optical bres bringing them to a probe. In the probe, the
parallel exit beams are focused at the point of intersection, by inserting a simple lens
paraxially to the laser. The probe volume is typically a few millimeters long, where
the light intensity is modulated due to interference between the laser beams. Planes of
high light intensity, called fringes, are then produced, from which the fringe distance,
di, can be de ned. The particles that pass the beam will scatter the light of the laser
beam. The scattered light contains a Doppler shift, or the Doppler frequency, which is
proportional to the velocity component that is perpendicular to the bisector of the two
laser beams. The fringe distance can then be calculated as

us=difp = (2.39)

2sin ( =2)fD
Here isthe angle between the two beams, the wavelength of the laser light, and fp
the Doppler frequency. The scattered light is then received and focused on the photo-
detector. The photo-detector converts the uctuating light intensity to an electrical
signal, called the Doppler burst. The Doppler burst is sinusoidal with a Gaussian
envelope due to the intensity pro le of the lasers. A large-aperture lens collects the
received data. The data is then Itered and ampli ed in the signal processor, which
determines the Doppler frequency for each particle. From the Doppler frequency, the
fringe distance is calculated, which determines the distance traveled by the patrticle.
From the Doppler frequency, the time of the movement can be calculated. Using the
distance and the time, the velocity of the particle can in turn be calculated. To measure
the velocity in multiple directions extra beams can be added in a plane perpendicu-
lar to the rst beams, which can be measured by addition of additional probes and
interference lters. Since LDA is dependent on the quality of the measurement of the
received scattered light, it is particularly well suited to ows in which the density

of scattering particles is low. Furthermore, the particles should be small enough to
be affected by the ow, but large enough to scatter suf cient light to obtain a good
signal-to-noise ratio at the photo-detector output. The typical size range of adequate
particles is between1 m and 10 m [71, 72].

The advantages of LDA are that it is a non-intrusive technique, so it does not affect
the ow patterns of the uid, no drift and no calibration are needed, the directional
response is well-de ned, the temporal and spatial resolution are high, and it enables
multi-component bi-directional measurements [68].

When obtaining datasets from the LDA, it is useful to nd a correlation between the
data. Consequently, multiple statistical theories have been invented. Some relevant
statistical theories, are discussed in the next sections.

2.4. Useful Statistical Theories

In statistics, techniques used to make decision about the parameters of a population
are based on parametric or non-parametric methods. Which kind of test can be used,
depends on the type of measurement of the data. To this end there are four measure-
ment scales. The weakest scale is the nominal or categorical scale, which is used to
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classify a number to an object, person, characteristic, etc. One scale higher is the ordi-
nal or ranking scale, where a number is used for objects that have some kind of ranked
relation to other objects. The third scale is the interval scale. Here a number is used for
objects that have some kind of ranked relation to other objects, and the differences be-
tween numbers have meaning. The highest scale is the ratio scale, where a number is
used for objects that have some kind of ranked relation to other objects, the differences
between numbers have meaning, and there is a true zero point at its origin.

In general, four assumptions must hold to properly conduct a parametric test. Firstly,
the observations need to be independent. Secondly, the observations must be drawn
from a normally distributed population. Thirdly, the variance of the different groups
need to be equal. And lastly, variables must be measured in an 'interval' or higher
scale in order to interpret results. For non-parametric tests only two assumptions are
needed: the observations need to be independent, and sometimes data is drawn from
an underlying continuous distribution. The advantages of a non-parametric test over
a parametric test is that very small sample sizes can be used, variables do not need
to be measured in an 'interval scale', but can also be measured in other scales, and
outliers have less impact. However, when the assumptions are met, a parametric test
is preferred over a non-parametric test, since they have more ‘power’ [73]. In statis-
tical tests, often a null hypothesis, Ho, and a research, or the alternative, hypothesis,
H,, are proposed. The null hypothesis is what we accept as true unless we have com-
pelling evidence that it is not true. The research hypothesis is what we accept as true
whenever we reject the null hypothesis as true. Since it is not possible for both the null
hypothesis as the research hypothesis to be true, the task of hypothesis testing using
statistical formulas is to decide which one will be accepted as true, and which one will
be rejected [74]. In the following sections, some parametric and non-parametric tests
based on null- and research hypotheses are considered.

2.4.1. Levene's test

To test the homogeneity of variances, Levene's test can be employed as a measure
of the degree to which sample variances vary. If the sample variances do not differ
too much, it is a reasonable assumption that the population variances are equal. The
problem considered in Levene's test is the testing of the equality of variances of |
populations given samples x; : j = 1;::;n; from the ith population with mean ;,
variance ?, and distribution function Ff  *(x  ;)g(i = 1;::;1). The function F, and
the constants ;, and ; are unknown. The proposed null hyopthesis is then

. 2 2_ ... 2

and the alternative hypothesis is

H,: 76 ?foratleastonei 6 j:
Th isd d - — N Xith ; e o2 — P ni (xj %i)?
egroupmeanisdenedas X; = ., ;-,thegroupvarianceis sf = |, “L—— ,
and the total sample size N = ::1 ni. We canthende ne z; = jXj ], where x is
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the median of fx; :j =1;::;n;g. The test statistic of Levene's test is

P| ni(z. z.)>?
N | 1
L=~p PG oy (2.40)
i=1 =L TN T
with _
[ Z
Z = a2
n;
i=1
and .
. X Xi z
i=1 j=1

The null hypothesis is rejected when the p valueis less than the nominal level

Levene's test has been proven to be robust and of high power. However, Lim and Loh
1996 suggested that when using Levene's test it is highly desirable to have a balanced
design with large sample sizes to achieve good power [75].

2.4.2. Two sample t-test

The t-test is a test for the hypothesis of equal means. It assumes that the underlying
distribution of the variable of interest is normally distributed [76]. Using the t-test, it

is possible to determine whether there is a signi cant difference in the mean and vari-
ance between two groups. The two-sample t-test (for two independent groups) and the
paired t-test (for matched samples) are the most widely used methods for the compar-
ison of two samples [77]. There are two well-known versions of the two-sample t-test,-
Student's t-test and Welch's t-test [78]. Welch's t-test is the non-parametric equivalent
of the parametric Student's t-test. In the Student's t-test, let two samples x; and X
be statistically independent if j 6 k. The sample means and sample variances of these
two samples are then

1 X
X| = — XJ
n; .
j=1
1 X o
Siz: n 1. (5 %)

wherei = 0;1. If Xq = X; Xg is the difference of the sample mean values, the mean
and the variance of X4 are then as described in equations 2.41 and 2.42

EXa)= 1 o (2.41)
2 2
V (Xq) = n_z + n_i (2.42)
The variance of X 4 can be estimated by a simple moment estimator:
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If the variance of the two samples are the same, i.e. 2= 2, we can rewrite the simple
moment estimator more ef ciently to equation 2.43.
1 1 (ng 1si+(ny 1)s?

2 _
2= 4= 2.43
d No ni Np+ng 2 ( )

If we then want to test the hypothesis that the velocities have the same mean values,

H . — _ sample mean difference
I.e., HO - 0= 1weusea t-test of the form sample standard deviation of the sample mean difference

For the two-sample t-test we then obtain equation 2.44.

X
Ti=F— (2.44)
i_l_ 1 (no l)S%+(n1 l)S%
No ni no+niy 2

Under the null hypothesis, Hg, if o= 1, T; follows the t-distribution with degrees of
freedomng+n; 2. If 6 4,thedistribution of T, is described by the Behrens-Fisher
problem in statistics, which is out of the scope of this thesis [77].

It is often recommended to use Student's t-test when the sample sizes are similar, or if

the variances of the samples are similar. If both of these conditions are violated, it is

recommended to use Welch's t-test. For Welch's t-test, letV; = 51, V, = 2. The test
statistic is

X X
tWO = qliz ; (245)

Vig Mo
ni nz)

which is compared against t( ; ), where

— l 2 .
B S (2.46)
1 2

The approximation is then made that Equation 2.46 can be approximated by a 2 dis-
tribution with ¢ degrees of freedom, as shown in Equation 2.47.

0 Vig Ve
ni no
w= (2.47)
14 2
nZ = ny

In both the Student's t-test as the Welch's t-test, a p-value can be obtained from the t-
distribution with degrees of freedom d . The p-value is compared to a preset standard,
, that determines whether the null hypothesis is false or not [79].

2.4.3. ANOVA test

When dealing with more than two groups, a common test to test for differences be-
tween the groups is the Analysis of Variances (ANOVA) test. ANOVA is a paramet-
ric test, and therefore normality, independence, and equal variance of the samples
must be satis ed. When performing ANOVA a minimum sample size of 30 is desired,
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but the group numbers do not need to be equal. A one-way ANOVA compares the
means of two or more groups for one dependent variable. ANOVA compares the vari-
ation within a group to the equivalent variation based on all group means' variation.
Consider k random samples x1; X2; :::; Xk, Where the i™ sample x; = (Xi1; Xi2; 3% Xin, ),
iD = 1;2;::;;k. is coming Egom distribution N( ;; 2). Here N is dered as N =

v v. — 1 n v - 1 k -
=1 Bi, and X; asX; = a1 Xi Furthermore, we dene X, = § i-; NiXi, and
S2=" K, M (x; X)2 The null hypothesis can then be de ned as
Ho . 1= 2= 3= .=

with the alternative hypothesis
H, : Atleastoneinequality inH g

ANOVA uses a F distribution as the reference distribution. The ANOVA F distribution
is formed by the variance ratios, and can be expressed as

P« ni(Y, Y)?2

_ Intergroupvariance _ - —x 1
Intragroup variance ' n . (Yi_ Yi)?
] = N K

Here, Y; is the mean of the group, n; the number of observations of the group i, Y the
overall mean, K the number of groups, Y; the j %h observational value of group i, and
N the number of observational values.

Based on the original data x = ( X1; X2; :::; Xk ), the likelihood ratio test (LRT) is provided
by the standard F-statistic. The F-statistic is de ned as

N k BSS

Px= 11 wss

P
where BSS= . ni(X; Xu)2and WSS= S2.
From the F-statistic a p-value can in turn be extracted. As with the tests mentioned
above, the null hypothesis is rejected when the p-value is less than the nominal level
[80, 81].

2.4.4. Kruskal-Wallis test

When the means of k populations are compared and it is known that the populations
do not have equal variances, the Kruskal-Wallis test can be used as a substitute for
ANOVA. The Kruskal-Wallis test assumes that the observations in each group origi-
nate from populations with the shape of a normal distribution and that the samples
are random and independent. Let us assume that the data X11; X12; ::1; X1, are a sample
from population 1, Xp1; X22; :i1; X2n, & Sample from population 2, and Xg1; Xk2; 25 Xkn, @
sample from population k. x; with i = 1;2;:::(k and j = 1;2;:::;n; denote the data
from the i group (level) and j" observation. Furthermore, F;(x) is de ned as the
continuous distributions of x; . We also assume that the independent random sam-
ples have sizesny; ny; :::; N, and are drawn from k continuous, not necessarily normal,
populations. We can then de ne the null hypothesis as

Ho: Fu(X) = Fa(x) = i = Fr(X)
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for all x. In words, this states that the distributions for all k populations are the same.
The alternative hypothesis is then

Hy: 91 i1 k:Fi(x)6 F(x) ;

i.e., at least two population distributions differ in location.

. : . . P
We can then assign ranks to the observations by ranking all observations N = =, n;

from smallest to largest without regard to which sample they originated from. The
smallest observation is ranked 1, the next 2, up until rank N for the largest observation.
We call the rank of the observatiop Xj , Rj and we de ne R; to be the sum of the ranks

in the i sample. So thatR; = j”izl R; , and denote the sample I:(;:'ach sample mean

by RiB.. We represent the overall mean by R. Since we know {; Ry = MEX,
— k ) . .

we conclude R = —=2Rt = N*L_ The Kruskal-Wallis test determines the degree to

which the actual observed mean ranks R; differ from their expected value Ngl . If the
difference is large, we can reject the null hypothesis [82].

2.5. Computational Fluid Dynamics Modeling

The complexity of the bubble motion, and bubble-particle interactions make it a very
dif cult process to study analytically. Therefore, in recent years with the enhancement
of numerical algorithm and computing power computational uid dynamics (CFD)
has proven to be a useful tool to obtain a better physical understanding of ow prob-
lems encountered in a bubble column [54]. In the next sections, some models used
in CFD modeling are covered. Since in this thesis Ansys Fluent was used as a CFD
modeling software, the discussed theories are applied to Ansys Fluent. However, the
basis of the different models is often universal and thus other software might have a
similar basis.

2.5.1. Basis of CFD Modeling

For all kinds of ows the basis of CFD modeling lies in solving for equations for mass
and momentum. The equation for the conservation of mass, also called the continuity
eqguation can be described as follows

@

—+r ¥)= Sy 2.48

ot f (V=S (2.48)
Equation 2.48 deviates from the Navier-Stokes equations due to the parameter S,,.
This parameter is added as a source term of the mass added to the continuous phase

from the dispersed second phase. The conservation of momentum is described by

gsv)+r (v¥)=T1 p+r ! + g+ F (2.49)
Here p is the static pressure, g and F the gravitational and external body forces, and
the stress tensor described by

Do (rver ) gr v (2.50)
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with  the molecular viscosity, | the unit tensor, and second term on the right hand
side describes the effect of volume dilatation [83].

Modeling of otation requires the modeling of a mixture of phases. Subsequently,
CFD deals with the concept of multiphase ows. In multiphase ow a phase can be
de ned as an identi able class of material with a particular inertial response to and
interaction with the ow and potential eld in which it is immersed. For example,
different sized solid particles of the same material can be treated as different phases
because a collection of the particles with the same size will have a similar dynamical
response to the ow eld [84].

2.5.2. Multiphase Models using the Euler-Euler Approach

Currently, two approaches exist for the numerical calculation of multiphase ows: the
Euler-Lagrange approach, and the Euler-Euler approach. In the Euler-Euler approach,
the different phases are treated mathematically as interpenetrating continua. The vol-
ume of a phase cannot be occupied by the other phases, therefore, the concept of phasic
volume fraction is introduced. These volume fractions are assumed to be continuous
functions of space and time, with their sum being equal to one. For each phase conser-
vation equations are derived to obtain a set of equations with similar structure for all
phases. The equations are closed by providing constitutive relations that are obtained
from empirical information, or by application of kinetic theory for granular ows [84].

In the next sections, different models based on the Euler-Euler approach will be high-
lighted, since the Euler-Lagrange models are outside the scope of this thesis.

2.5.2.1. Volume of Fluid Model

The Volume of Fluid, VOF, model is a surface-tracking technique applied to a xed Eu-
lerian mesh, i.e., the mesh does not change as the material ows inside the mesh. The
VOF model uses a single set of momentum equation shared by all uids, and a volume
fraction of each of the uids is tracked throughout the domain in each computational
cell. The tracking of the interfaces between the different phases is accomplished by
the continuity equation for the volume fraction of the phases. For the ¢" phase, the
eqguation has the following form
|
1 @

X
— @{ aatlr (qg¥%)=S,+ (Mpg Mgp) (2.51)
q p=1

where mgy, and my, are the mass transfer from phaseqto p and pto qrespectively. The
y,olume fraction of the primary phase will be computed based on the constraint that
1 q - 1. Tosolve the volume fraction equation, either an implicit or explicit time
discretlzatlon can be used. An implicit scheme requires the volume fraction values
at the current time step. Furthermore, a standard scalar transport equation is solved
iteratively at each time step for each of the secondary-phase volume fractions.

#

X0
g+1 Un+l n+l) - S . + (mpq nlqp) \Vj (252)
f p=1

n+l n+l nn
q q q CIV +
t

X
(
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In the explicit approach, standard nite difference interpolation schemes are applied
to the volume fraction values that were computed at the previous time step.

n+l n+1 nn X xn #
1 n LAV + (4Uf ar) = (Mpg M)+ S, V (2.53)
f p=1

Here n + 1 denotes the index for a new (current) time step, n the previous time step,
qf the face value of the g volume fraction, V the volume of the cell, and U; the
volume ux through the face, based on the normal velocity.

The explicit scheme does not require iterative solution of the transport equation during
each time step, however it does require a time-dependent solution.

In the VOF model a single momentum equation is solved throughout the domain, see
Equation 2.49. Where in Equation 2.50 the term %r ¥| is neglected. The resulting
velocity eld is shared among all phases. The VOF model is designed for two or more
immiscible uids where the position of the interface between the uids is of interest.
When the assumptions for the VOF model do not hold, the mixture model could be
used [84].

2.5.2.2. Mixture Model

The mixture model treats the different phases as interpenetrating continua. It solves
for the the mixture momentum equation and prescribes relative velocities to describe
the dispersed phase. It is different from the VOF model because the mixture model
allows the phases to be interpenetrating, and to move at different velocities using the
concept of slip velocities. The continuity equation for the mixture is

@

@{ m)*¥ I ((m¥m)=0 (2.54)
with v, the mass-averaged velocity
P n
My = _ k=1 kKM : (2.55)
m
m the mixture density

X
m = k k (2.56)

k=1

and | the volume fraction of phase k. The momentum equation for the mixture can be
obtained by summing the individual momentum equations for all phases. This leads
to the following equation for the conservation of momentum

@ X

@{ V) F T ( m¥¥m) = 0 pEr (P M+ 1A+ ngr R K kVdrk Ydrk

k=1
(2.57)
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where n is the number of phases, F the body force, |, the viscosity of the mixture
expressed as

m = k k (2.58)
k=1
and vy the drift velocity for secondary phase k

Vark = Yk Vm (2.59)

If the phases are moving at different velocities, the mixture model solves for the rel-
ative velocities of the secondary phases. Additionally, it solves for a volume fraction
equation for the secondary phase, that can be obtained from the continuity equation
[84].

2.5.2.3. Eulerian Models

The Eulerian model is the most complex out of the multiphase models discussed. As
with the mixture model, it treats the different phases as interpenetrating continua. The
Eulerian model solves a set of n momentum and continuity equations for each phase.
The coupling of the phases is achieved through the pressure and interphase exchange
coef cients. It allows for the modeling of multiple separate, yet interacting phases.
The Eulerian model is based on a single pressure that is shared by all phases, and
momentum and continuity equations that are solved for each phase.

In the Eulerian model, the volume fractions represent the space occupied by each
phase, and the laws of conservation of mass and momentum are satis ed by each
phase individually. The volume fraction of each phase is calculated from a continuity
equation, described by
!
1 @

_{ aatr (qd¥)= (Mpg  Mgp) (2.60)

rq @ p=1

with 4 the phase reference density, or the volume averaged density of the " phase
in the solution domain. The conservation of momentum for a uid phase qis given as

@ [ X
—(qq¥)* 1 ( q oq¥V) = ot p+r -+ g g9+t (Kpg(¥p )
@{ o1 (2.61)

+ Mpg¥pg  Map¥gp) + ( Fg + Firg + Fumig)

with Fj the external body force, Fji.q the lift force, Fymq the virtual mass force, K

the exchange coef cient, an the phase stress tensor de ned by
! T 2 ! .
= qqF%+rry)+ ol q zar %I (2.62)

Here jand are the shear and bulk viscosity of phase g. Furthermore, the exchange
coef cient is de ned by

f
qu = % : (263)
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with f the drag function, and , the particulate relaxation time de ned by
d2
- P
P18
Here d, is the diameter of the bubbles or droplets of phase p. The drag function is a
function of the drag coef cient, and the Reynolds number [84].

Depending on what is simulated, an appropriate model should be chosen. Addition-
ally, a discrete phase can be added into the simulation.

(2.64)

2.5.2.4. Discrete Phase Model

The trajectory of a discrete phase particle is predicted by integration of a force balance
on the particle. The force balance equates the particle inertia with the forces acting on
the particle, and can be written as (for the x direction in Cartesian coordinates)

at ;

Here, F, is an additional acceleration term, v the uid phase velocity, v, the particle
velocity, and Fp (v V) is the drag force per unit particle mass in which

+Fy (2.65)

18 CpRe
Fbo = ———— 2.66
AT (2.66)

Here, Reis the relative Reynolds number, de ned as
Re M (2.67)

In Fy a virtual mass force can be added. This is used to model the force required to
accelerate the uid surrounding the particle, and is de ned as

1 d
= - . 2

>t (Vv vp) (2.68)
Additionally, Saffman’'s lift force can be added to the force balance. This is the lift
due to shear, and is intended for small particle Reynolds numbers. This force is often

added for submicron particles, and is de ned by
2K 1=2 Ldij
= S ErE— v
pdp(dlk O ) 1=
Here K = 2:594 and d; is the deformation tensor[85].

Often, in multiphase ows the situation is turbulent. Turbulent ows are character-
ized by uctuating velocity elds. The uctuating elds also cause uctuations in
momentum, energy, and species concentration. These uctuations can be of small
scale and have high frequency, thus direct simulation is often too computationally
expensive. To solve this problem, instantaneous governing equations can be time-
averaged, ensemble-averaged, or otherwise manipulated to remove the resolution of
small scales. The modi ed equations are less computationally expensive, but do con-
tain additional unknown variables, for which turbulence models are needed to express
the unknown variables in known quantities [86]. In the next sections, a selection of tur-
bulence models will be reviewed.

Fx

Vo) (2.69)
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2.5.3. Turbulence Models

Which turbulence model to choose highly depends on the situation to be simulated.
The choice will depend among other things on the physics encompassed in the ow,
the level of accuracy required, the available computational resources, and the amount
of time available for the simulation. The simplest models of turbulence are the two-
equation models in which the solution of two separate transport equations determines
the turbulent velocity and lenght scales independently. One of the popular turbulence
modelsisthek  model, because of its robustness, economy, and reasonable accuracy
for a wide range of turbulent ows [86].

2531 k Models

The standard k model is a semi-empirical model based on model transport equa-
tions for the turbulence kinetic energy, k, and its dissipation rate, . The model as-
sumes that the ow is fully turbulent, and that the effects of molecular viscosity are
negligible. The turbulence kinetic energy is obtained from the transport equation
shown in Equation 2.70. The rate of dissipation of the turbulence kinetic energy is
obtained from the transport equation shown in Equation 2.71.

k
g{kw@@;(kui):@—@; +—tk @@?(+c;k+eb Yu + Sk (2.70)
2
Sl ) e U= gt gk TG GG C s @7

In these equations, Gy represents the generation of turbulence kinetic energy due to
the mean velocity gradients, Gy the generation of turbulence kinetic energy due to
buoyancy, and Yy, the contribution of the uctuating dilatation in compressible tur-

bulence to the overall dissipation rate. Furthermore, | and represent the turbulent
Prandtl numbers for k and , respectively. Sy and S are source terms, and lastly, C; ,
C, ,and C;3 are constants. The turbulent viscosity, ¢, is computed by combining k and

k2

(= C (2.72)

with C a constant.

Two improvements have been proposed to the standard k  model, namely the renor-
malization group, or RNG, and realizable k models. The RNG model has an ad-
ditional term in its  equation that signi cantly improves the accuracy for rapidly
strained ows, it includes the effect of swirl on turbulence, and it provides an ana-
lytical formula for turbulent Prandtl numbers. The improved equations for the RNG

k model are displayed in Equations 2.73 and 2.74.

k
g{kﬂ—g((kui):@—@; keff+@%( + Gy + Gy Yu + Sk (2.73)
@ ,, @ ._ @ . @ ?
ot )Ted T ex T ey TGS Qg RS

(2.74)
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In these equations, , and are the inverse effect Prandtl numbers for k and .

The realizable k model contains a new formulation for the turbulent viscosity, and
a new transport equation for the dissipation rate that has been derived from an exact
equation for the transport of the mean-square vorticity uctuation. The two transport
eguations are shown in Equations 2.75 and 2.76.

@ @ @ @k
@{k)+@—?((kuj)=@—?( + L +@—?( + Gy + Gy Yu + S (2.75)
@ @ @ @ 2
@{ )"‘@—?((Uj):@—?( + — @x *CiS Cop P=+C1 GGt S
h i 0 (2.76)
Here, C; = max 043¢ , = Sk s= 2S; S; . Furthermore, in Equations 2.75 and

2.76,C, and C; are constants [86].

Instead of the turbulent dissipation, you can also solve for the specic dissipation
rate, which can be thought of as the ratio of to k. The model that includes the speci c
dissipation rate is called the k ! model, and will be covered in the next section [36].

25.3.2. k ! Models

The k ! model also solves two differential equations. One for the turbulent kinetic
energy, k, and one for the speci c turbulent dissipation rate, ! . The turbulence kinetic
energy, and the speci c disspiation rate can be obtained from the transport equations
shown in Equations 2.77 and 2.78.

@ @ @ @k
—(k)+ —(kuj)= — — +Gk Y+S 2.77
@{ ) @X( i) @x “@x ko Yet S (2.77)
@, ,, @ @ @
—(' )+ —(uj)=— — +G Y +S5 2.78
Here, Gy represents the generation of turbulence kinetic energy due to mean velocity
gradients. G, the generation of ! , ¢ and , the effective diffusivity of k and !, re-

spectively, Y, and Y, the dissipation of k and ! due to turbulence, and S¢ and S, are
source terms. Inthek ! model, low Reynolds number corrections can be added. To

this end, the coef cient ~ damps the turbulent viscosity. is described by
= o7 ™% . 2.79
' 1+ Re=R (2.79)

with Re = !L,Rk=6, 0=
, = 1.

To be able to effectively blend the robust and accurate formulation of the k ! model
in the near wall region with the free stream independence of the k model in the far
eld, the shear-stress transport, or SST,k ! model was developed. The differences
between the standard and the SST kd are that the SST uses the standarck ! model
in the inner region of the boundary layer and gradually changes to a high-Reynolds

3. and ; = 0:072 For high Reynolds numbers =
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version of the k  modelin the outer part of the boundary layer. Furthermore, the SST
k-k ! uses a modi ed turbulent viscosity formulation to account for the transport
effects of the principal turbulent shear stress. The two differential equations are shown
in Equations 2.80 and 2.81.

@ @ @ @
—(k)+ —(kui)= —( «—=—)+ Gy Y+ S 2.80
1) kiD= G kg)+ G Yt S, (280)
@,,. @ @ @
—(!' )+ —('u )= —( , =)+ G Y, + D, + 5§ 2.81
@{ ) @x ) @?(( @?() (2.81)
With, D, the cross-diffusion term.
Both the k and the k ! models are based on the Boussinesq hypothesis. They

assume that the turbulent viscosity is an isotropic scalar quantity, which is strictly not
true. The alternative approach is to solve transport equations for each of the terms in
the Reynolds stress tensor, and an additional scale-determining equation. This means
that ve additional transport equations are required in 2D, and seven in 3D to be
solved. This alternative approach is the basis of the Reynolds Stress Model, or RSM,
treated in the next section [86].

2.5.3.3. Reynolds Stress Model

The RSM accounts for the effects of streamline curvature, swirl, rotation, and rapid
changes in strain rate in a more rigorous manner than the two-equations turbulence
models. It has greater potential to give accurate predictions for complex ows. How-
ever, the accuracy of the RSM is still limited by assumptions in various terms of the
exact transport equations for the Reynolds stresses. Especially the modeling of the
pressure-strain and dissipation-rate terms is challenging [86].

The complete derivation of the RSM is outside the scope of this thesis, as the ow
modeled does not require the use of a more complex model. Therefore, the equations
used in the RSM are not considered here.
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CHAPTER 3

METHODOLOGY

This thesis concerns an experimentally investigation of the entrainment process, data
and image analysis, and numerical simulations. In this chapter rst the different types
of particles that have been utilized to investigate particle removal are examined. The
materials will be followed by an overview of the experimental set-up of the bubble
column. Subsequently, the experimental procedure, and analysis of the determination
of bubble sizes, bubble rise velocity, and particle velocity will be covered. Lastly, the
numerical method will be discussed. For the numerical method, rst a model was de-
rived that included an inlet for bubble formation, however, this resulted in divergence
of the simulation and therefore, no results were obtained, and this model is excluded
from this thesis. Due to divergence issues for a complete model, a simple model was
created that determined the effect of the rise of a single bubble on particle recovery.
The numerical method behind this simple model will be reviewed in the last section.

3.1. Materials

In the experiments hollow glass spheres manufactured by LaVision and zinc-oxide and
nickel particles manufactured by US Research Nanomaterials, Inc. were utilized, and
their velocity pro les were compared. The glass hollow spheres are neutrally buoy-
ant, meaning that if there is no external eld, the glass particles are stable and do not
sink or rise in the uid [87]. It is therefore expected that the glass hollow spheres fol-
low the streamlines of the uid induced by the bubbles. Zinc-oxide is a light particle,
with a density of 5610kg m 2, and nickel has a much higher density of 8900kg m 3.
The density difference between nickel and water is comparable to the density differ-
ence between molybdenum, which is 10200kg m 3, and molten salt. Therefore, the
buoyancy of nickel in water is comparable to the buoyancy of molybdenum in molten
salt. Molybdenum-99 is one of the major non-soluble ssion products produced in the
MSR [31]. Since Molybdenum particles were not available in a large size range, nickel
particles were used as a substitute to molybdenum. Zinc-oxide particles were used
to understand the in uence of the particle density on the entrainment process and
investigate the limits of ultra- ne particle recovery. The speci cs of the materials em-
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ployed in the experiments are outlined in Table 3.1. Additionally, in all experiments
demineralized water was used as a liquid medium and air was utilized to form gas
bubbles.

Table 3.1: All particles used in experimental work.

Material Diameter | Purity
Glass hollow spheres  9-13n | -

ZnO 10 m 99.5%
Zn0O 5 m 99.5 %
Zn0O 1 m 99.5 %
Zn0O 500 nm 99.5 %
Ni 10 m 99.5%
Ni 5 m 99.5%
Ni 1 m 99.5%
Ni 500 nm 99.5%

3.2. Experimental set-up

To investigate the limits of particle recovery using entrainment, two model columns
are used. The columns and their parts are shown in Figure 3.2.1. Both columns are
made of clear PMMA. The column labeled from now on as the small column has an
inner diameter of 30mm, and atotal height of 450mm. The column labeled as the large
column, has an inner diameter of 50mm, and also a total height of 450mm. To be able
to obtain accurate measurements from the LDA, the laser needs a at surface, since the
curved shape of the column can lead to distortions in the laser pathway. To this end,
the small and large column have three polished edges of a width of 16 and 21 mm,
respectively. One of the polished edges lies perpendicular to the laser, while the other
two edges are parallel to the laser beam and positioned opposite of each other. In all
experiment the water level was kept at the same level for consistency, namely 3 cm
underneath the opening of the column. The inlet and collector conditions were varied
and will be speci ed at each obtained result. For the small column, an inlet diameter
of 1, 1:5and 2.5 mm was used, whereas for the large column only an inlet diameter of
1 mm was used. For the small column, two collectors were used, one with an opening
diameter of 7:5 mm and an angle of 60 , another with an opening diameter of 10 mm
and an angle of 64:7 , ensuring equal cone heights. For the large column, only the
collector was used that has an opening diameter of 10 mm and an angle of 619 . All
collectors, and inlets are 3D printed and made of PLA. To the inlet a gas line was
attached, with a continuous ow condition. The volume ow ( /), was varied between
experiments, and will be denoted at each experiment. To regulate the volume ow, a
Bronkhorst ow regulator was used. The ow regulator can operate between 1 and
1:5 bar, with a maximum volume ow of 500 cm® min !. Lastly, most experiments
were carried out with an operation time of one hour. However, alternate separation
times in between the start of the experiment and operation time of particle collection
were conducted to measure the progress of the particle separation.
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