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Absract
The Freeze Plug is a passive safety feature considered for molten salt reactors. The freeze plug should
melt as quickly as possible when a reactor shuts down. Using a �lter matrix lattice Boltzmann method,
this thesis aims to model the melting process of a freeze plug. With a working model, the physical
parameters of the freeze plug can be researched to minimize melting times. The �lter matrix method
is a nascent method that can still be optimized and researched.

Several benchmark studies were used to build up to a model for the melting of the freeze plug. The
�rst benchmark simulates natural convection in a square cavity. The second adds a conjugate boundary
by adding a solid wall at one of the sides. The third benchmark simulates melting a PCM using natural
convection. Simulating the �rst two benchmarks provided good results except in low Ra number regions
Ra = 104.

The freeze plug model was implemented following a benchmark proposed by Pater and Kaaks. The
temperature measurements inside the domain of the freeze plug without natural convection compared
well to the benchmark. As well as the melting front of the freeze plug without natural convection. The
freeze plug model with natural convection su�ered from long compilation times. This made solving
issues tricky since large grid size was needed to improve stability. In the end, even for large grid sizes
the model did not end up being stable.

To improve the boundary method of the �lter matrix, corners were speci�cally examined. Corners
are normally implemented in a special way in lattice Boltzmann wet node boundary methods. To �nd
whether the �lter matrix method should also treat these specially, di�erent corner implementations
were compared to benchmark results. The results show the most success using no special corner im-
plementation. Diagonal and pure adiabatic boundary orientation of corner normals showed the worst
results.

Di�erent grid size options and kinematic viscosity values are tested to try to �nd a relation between
performance / compilation time and accuracy and stability. Overall it was found that the reaction
became unstable when the time conversion variable went to a value lower than 1:3 � 10�5. Stable
solutions were still obtained for Courant numbers higher than 1 but produced far more error.
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1
Introduction

Some say that nuclear energy is necessary for the transition from fossil fuels to clean energy sources.
Whether that is truly the case is beyond the scope of this project/paper. This paper will focus on the
design properties of the freeze plug utilized in a molten salt reactor.

���������2�Y�G�P�I�E�V �V�I�E�G�X�S�V�W
Nuclear reactors come in all shapes and sizes, but most have a few things in common. The object
of a reactor is to have neutrons interact with �ssile atoms such as uranium-235. This interaction can
then cause �ssion, which also produces neutrons which then interact with more fuel, which causes more
�ssions, and so on. In order to have a critical reactor, the amount of neutrons that are being produced
needs to be equal to the amount of neutrons that are lost due to reactions or leakage. In �gure 1.1
this process is represented by a starting number of neutrons n that go through several processes. Each
process alters the number of neutrons which is represented by a factor �i. So, the number of neutrons
after fast �ssion has occurred would be equal to �f n. So, for the reactor to be critical �c = 1.

Figure 1.1: Schematic of neutron life cycle [ 1]

To increase the �ssion cross section of the neutrons, moderators are used to slow down the neutrons
through inelastic collisions. By slowing down the neutrons enough to make them ’thermal’, their �ssion

1



1.2. Molten salt reactor 2

cross-section is increased. [2] Some modern nuclear reactors do not use moderators but instead use
richer fuel and/or a higher neutron �ux to get enough �ssion reactions. These reactors are called fast
reactors.

A material that is often used as a moderator is water. This material also functions as a coolant.

Figure 1.2: Schematic of a simple pressurized water reactor (PWR) [ 3]

The �ssion reactions create heat, which in the case of the pressurized water reactor in �gure 1.2 is
stored in the coolant and then transformed into electricity.

���������1�S�P�X�I�R �W�E�P�X �V�I�E�G�X�S�V
Molten salt reactors (MSRs) are a type of nuclear reactor in which the primary coolant or even the fuel
itself consists of a molten salt mixture. There are two primary subclasses, one in which �ssile material
is dissolved in the salt mixture, and one in which the molten salt serves as the low pressure coolant to a
coated particle-fueled core similar to that employed in high temperature reactors (HTRs). [4] We will
focus on liquid-fueled MSRs. Some bene�ts of these liquid-fueled MSRs or Molten Salt Fast Reactors
(MSFRs) are:

ˆ Price, Molten salt reactors should be relatively cheap compared to reactors from previous gener-
ations due to the possible lack of a thick containment unit and due to the high thermal e�ciency
[5] [6]

ˆ The MSFR creates very little TRU (transuranic) waste. This is among other things due to the
fast spectrum under which the MSFR operates.

Because of these bene�ts, some countries are quick in developing these reactors. In September 2018
China started construction of an experimental thorium-powered molten salt reactor. It was supposed
to �nish construction but, the reactor was completed in 2021 and was granted an operating license in
2023. [7]



�������� �*�V�I�I�^�I �T�P�Y�K ��

Figure 1.3: A schematic of a molten salt reactor including the freeze plug (here called the freeze valve) and drain tank.

This research considers an MSFR breeder reactor under ambient pressure and at 750� C. [10][11]

���������*�V�I�I�^�I �T�P�Y�K
Another advantage of the MSR is the possibility of another safety measure called the freeze plug. The
MSFR freeze plug, also called a freeze valve or cold plug, is a vertically oriented cylinder of salt located
in the draining pipe of the MSF. The freeze plug prevents the molten salt mixture from falling into
a separate containment tank. The plug consists of salt that is kept frozen/solid through the use of
external coolants that are placed outside the pipe. When there is a power outage or station blackout,
this plug melts, which causes the molten salt mixture to fall into the containment tank. This passive
safety feature prevents the reactor core from going critical due to a power outage. It is important that
the freeze plug melts fast enough to let the molten salt mixture in the drain tank before the reactor
temperature in the reactor core is higher than 1473 K [8]. According to previous research, this can
happen between 480 s [8] and 1600 s [9][10].

���������)�E�V�P�M�I�V �[�S�V�O
�������������*�V�I�I�^�I �4�P�Y�K
Quite a lot of earlier work has been done on the freeze plug.

In 2016 Swaroop had investigated the design of the freeze plug. He modeled the melting process
using a deformed geometry method in COMSOL (COMSOL is a �nite element analyzer). In his research
he found that a simple single freeze plug placed in parallel with respect to gravity did not meet the
required melting time. [11]

In 2017, Shafer considered a grated design of the freeze plug. Using COMSOL Shafer found that
multiple smaller plugs might result in a faster melting process. [10] The same was also found and
con�rmed by Makkinje [ 12] when researching this grated design with the new lattice Boltzmann method,
which will not be one of the goals of this paper. But it could be considered when there is a lot of extra
time available.

In 2020 Aji considered placing the freeze plug at an angle. If a 'normal' vertical freeze plug would
be considered at a 0� angle. Aji found through �nite-volume methods that natural convection in the
molten salt intensi�ed with an increase in the angle of inclination.[13] That is, when the freeze plug
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(a) Single freeze plug standard design (b) Seven freeze plugs grated design

Figure 1.4: This �gure shows a schematic of two freeze plug designs designs that were researched [ 10] [12]. The grey
represents Hastelloy-N, a blue circle represents a freeze plug.

is tilted more, it melts faster. Aji considered a di�erent salt (FliBe) and signi�cantly di�erent plug
dimensions, so the results cannot be directly translated to the MSFR considered in this paper.

In 2022 van Dijk furthered research on the time dependence of the inclination angle of the freeze
plug. Van Dijk used a linearized enthalpy method to model the melting process of the freeze plug. His
model showed that placing the freeze plug on an incline of 45� results in the molten salt falling into the
containment chamber faster compared to the normal 0� incline.[14] However, van Dijk had problems
verifying his results, since they did not coincide with the results obtained by Shafer and Reus. [10][15]

In 2023 and 2024 Borstlap continued work on the Freeze plug. She developed a �lter-matrix lattice
Bolzmann method with double distribution functions and used a wet-node boundary scheme to develop
a wet-node-solution-vector boundary condition. Separate models were used to model convective thermal
�ows, conjugate heat transfer, and phase change. These models were then put together to create a large
model to analyze the behavior of the freeze plug. This large model worked well except when thermal
�ow, conjugated heat transfer, and natural convection were combined. When all these aspects were
combined, the model showed severe instabilities. [16]

�������������2�Y�Q�I�V�M�G�E�P �Q�I�X�L�S�H
The lattice Boltzmann method has been a popular method for computational �uid dynamics since the
1990s. [17] Between then and now there has been much research on this method. Some relevant research
includes the Filter-Matrix method developed by Eggels et al. [18]. It has also been used by Zhuo et
al. the �lter matrix method is the numerical foundation for this thesis. The further workings of this
method are discussed in section3.2.

���������6�I�W�I�E�V�G�L �U�Y�I�W�X�M�S�R�W
This thesis has two main research goals. Goal one is to further develop and explore the �lter-matrix
lattice Boltzmann method, with the goal to improve the accuracy and stability of this method. Specif-
ically, the boundary method and the stability of this LBM method. The second goal is to be able to
model the freeze plug using the FMLBM method and �nd out which parameters have the greatest e�ect
on minimizing melting times.

ˆ How can the boundary treatment and overall stability of the �lter-matrix lattice Boltzmann
method be improved or optimized in the case of melting problems that involve natural convection?

ˆ Which physical parameters in�uence the melting time of a freeze plug, and how can these be
adjusted to minimize melting duration?
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(a) Transient analysis from van Dijk using a 1.1 million mesh at
t=5 seconds and a freeze plug at an inclination angle of 45 �

(b) Transient analysis from van Dijk using a 1.1
million mesh at t=730 seconds and a freeze plug at

an inclination angle of 45 �

Figure 1.5: Two snapshots from the transient analysis from van Dijk show that the molten salt is able to reach the
containment chamber at t=730 seconds. This is faster than the 0 � transient analysis performed by van Dijk which

showed an opening at t=1520 seconds.
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The most fundamental equations that are used in Fluid Dynamics (FD) are the conservation laws for
mass and momentum. These conservation laws can be transformed into the continuity equation and
the Navier-Stokes equations respectively. [19] These equations describe the macroscopic phenomena of
�uid motion.

D�
Dt

+ � r � u = 0 (2.1)

�
Du
Dt

= �r p + r �
�
�

�
r u + ( r u )T �

2
3

(r � u ) I
��

+ r [� (r � u )] + � f (2.2)

Equation 2.1and 2.2are the Navier Stokes equations. On the left-hand side, the term� D u
Dt represents

the �uid's inertial response the rate of change of momentum per unit volume. On the right-hand side,
there are several actors that in�uence the �uid. The term �r p determines the pressure gradients.
The viscous stress term, involving the dynamic viscosity� , captures internal friction due to velocity
gradients and adjusts for compressibility e�ects. An additional term involving the bulk viscosity �
models resistance to uniform compression or expansion, relevant in compressible �ows. In this thesis
only incompressible �ows are considered, and this term is neglected. Sincer � u = 0 is true when
dealing with incompressible �ows, the term 2

3 (r � u ) I is also neglected. Finally,� f includes external
body forces such as gravity. Together, these terms describe the balance of momentum in a viscous,
compressible �uid. To close this system of equations, the equation of state is used. This equation
di�ers based on the situation that is investigated. These equations cannot be solved analytically for
all but the simplest cases. They are not yet proven to be unsolvable analytically, but they are on the
millenium prize problem list, so at the very least they are currently neigh impossible to solve.

Solving these equations through conventional methods, i.e. through means of �nite di�erence, �nite
volume, or �nite element, however, is extremely challenging.

���������6�I�P�I�Z�E�R�X �4�L�]�W�M�G�E�P �4�L�I�R�S�Q�I�R�E �J�S�V �X�L�I �*�V�I�I�^�I �4�P�Y�K
To accurately model the melting of a freeze plug several forms of heat transfer need to be modeled.
These forms can be modeled and tested separate, after which they are combined and implemented in
relevant simulations.

�������������2�E�X�Y�V�E�P �'�S�R�Z�I�G�X�M�S�R
Natural convection describes the e�ect that occurs when the density of a �uid changes due to the
temperature change. This density change combined with gravitational forces causes motion within a
�uid. This is due to the buoyancy force acting on the present �uids.

Fbuoancy = �V g (2.3)

��
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Figure 2.1: An example of velocity streamlines in a heated square cavity showing the e�ects of natural convection.[ 21]

When rewriting this to a body force this buoyancy term becomes:

f buoancy = �g (2.4)

The net-buoyancy force that would work on the �uid is

f buoancy = � �g = ( � 1 � � 0)g (2.5)

Where � 1 is the density of the �uid or body that is surrounded by a �uid with density � 0.
A well known approximation for the density is used in the Boussinesq approximation. It states

that density consist of a consistent part, and a part that is linearly dependent on temperature. When
combined with a taylor expansion, this leads to the following equation [20]:

� (T) � � 0 � � 0� (T � T0) : (2.6)

This leads to the following buoyancy force that is applied when dealing with gravity in heated �uids.

�7buoancy = �;� 0� (T � T0) (2.7)

When applied to the heating of a �uid inside a square cavity this causes the heated �uid to rise.
This causes velocity streams like the one in �gure2.1.

When applied to a phase change melting problem the in�uence of natural convection is determined
by the phase of the melting process and the dimensionless Rayleigh (Ra) and Prandtl (Pr) numbers.
[22]

�_�� =
� T �N 3g

��
; �S� =̀

�
�

(2.8)

In case of low Rayleigh numbers the basic temperature pro�le is linear. For high Rayleigh numbers
the temperature pro�le and velocity streams become buoyancy driven.

The Prandtl number characterizes the ratio between momentum di�usivity and thermal di�usivity,
thereby determining the relative thickness of the velocity and thermal boundary layers in a natural
convection system and in�uencing the overall heat transfer rate.

The phase of the melting process is also important. Since natural convection is only able to in�uence
heat transfer through moving particles, only molten �uid material experiences the e�ects of natural
convection. So, as more and more material melts, the e�ects of natural convection become larger and
larger. At �rst there is a conduction regime where conduction is the primary source of heat transfer.
Then after some time the melting process enters the convection regime where convection is the primary
source of heat transfer.
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�������������'�S�R�N�Y�K�E�X�I �L�I�E�X �X�V�E�R�W�J�I�V
When two di�erent materials transfer heat to each other, typically a form of Fourier's law of heat
conduction is used:

•q = � �
@T
@x

(2.9)

•q represents the heat �ux pointed in the direction of the interface that stands between the two
materials. At this interface 2 boundary conditions apply. The temperature of material 1 must be equal
to the temperature of material 2 at the boundary. And the heat �ux of material 1 must be equal to the
heat �ux of material 2 at the boundary.[ 23] So for the temperature the following is true at the interface:

T1;W = T2;W (2.10)

For the heat �ux the following boundary condition is derived:

•q1;W = •q2;W (2.11)

� 1;W
@T
@x

�
�
�
�
1;W

= � 2;W
@T
@x

�
�
�
�
2;W

(2.12)

How this is solved numerically will be covered in section3.4.3.

�������������)�R�X�L�E�P�T�] �F�E�P�E�R�G�I �J�S�V �Q�I�P�X�M�R�K
The freeze plug melts when it undergoes a phase change from solid to �uid. To achieve this phase change
a certain threshold of energy needs to be reached. This energy can be retrieved from the surroundings
of the freeze plug. And since energy is conserved in the domain of the simulation for this thesis, this can
best be shown using an energy balance. The energy balance is derived from the Navier-Stokes equations
2.1 and 2.2. [24]

The simpli�ed equations that solve mass and momentum through use of the LBM are

@�
@t

+ r � (� �m) = 0 (2.13)

�
D �m
Dt

= �r P + r � (�� r u ) + �6 (2.14)

The total enthalpy H of a system can be divided into latent heat and sensible heat

H = hS + hL = hS + f L L (2.15)

a sensible parthS and a latent part f L L. Now the sensible part is the energy that is measurable
through measuring the temperature, and thus it fully depends on temperature. The latent part is the
energy that a substance gains during phase change, where the temperature does not alter. So, when
the substance is solidf L = 0 and when the substance has turned �uid f L = 1 . This phenomenon can
also be viewed in the sub�gure b of �gure 2.2 Seperating the enthalpy into two parts is an important
step to reach an energy balance that fully depends on enthalpy, while stil relaying information about
the temperature. This is called the total-enthalpy based approach. [25]

The total enthalpy of a system is de�ned as [26]

� ' DH '

Dt
= �r � ���[�a: (2.16)

Here ' indicates the state of the substance when the equation is applied.' denotes between 3
possible states: liquid, mushy and solid.

The source term for pure substances•qS simpli�es to

•qS =
@(�f L L)

@t
: (2.17)

Two more assumptions lead to the �nal total enthalpy based balance equation. First it is assumed
that the density and speci�c heat of the material are the same in both �uid, solid and mushy conditions.
The mushy condition of a material is during the phase change when it is neither solid or �uid. In this
regime 0 < f L < 1.
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Figure 2.2: The enthalpy change with a mushy phase change (a). And the enthalpy change with an isothermal phase
change at Tm (b)

The second assumption is thatr f L � 0. This assumption can be made since velocities near the
mushy zone are approximately zero.

This all leads to the �nal energy balance

@H'

@t
+ �m� r h'

S = r � (� ' r h'
S ) (2.18)

When solving the enthalpy, the temperature can also be recovered through these relations. [25]

T =

8
<

:

H / cP;S T < T s

Ts + H � H s
H l � H s

(Tl � Ts) Ts 6 T 6 Tl

Tl + ( H � H l ) / cP;L T > T l

(2.19)

Here the subscript s signi�es the temperature/enthalpy when the substance becomes completely
solid. So that is equal to the maximum temperature at which it is solid. And subscript l signi�es the
minimum temperature for which the material is considered completely �uid, so f L = 1 . And from these
relations and equation 2.15 a de�nition of f L for di�erent phase regimes can also be gathered.

f L =

8
<

:

0 if H < H s
H � H s
H l � H s

if H s � H < H l

1 if H � H l

(2.20)

The same can be done for the speci�c heat and thermal conductivity, which depends on the material
phase state. For the mushy state the macroscopic value is determined through a simple �rst order
extrapolation. Which in method di�ers from previous research. Previous research used either the mean
value [16] cP = cP;S + cP;L

2 or the harmonic mean value [27] cP; ref = 2cP;L cP;S

cP;L + cP;S
. However due to the nature

of of the �uid fraction this method resembles better the correct value for the speci�c heat and thermal
conductivity.

cP =

8
<

:

cP;S if H < H s

cP;S (1 � f L ) + cP;L f L if H s � H < H l

cP;L if H � H l

(2.21)

� =

8
<

:

� S if H < H s

� S (1 � f L ) + � L f L if H s � H < H l

� L if H � H l

(2.22)

An important dimensionless number for melting problems is the Stefan (Ste) number.

Ste =
cp� T

L
(2.23)

Physically, Ste compares the thermal energy available to raise the temperature of the material to
the energy required to convert solid to liquid. Thus:

ˆ A large Ste number implies abundant sensible heat relative to latent heat, leading to a quickly
moving melting interface and strong buoyancy forces.

ˆ A small Ste number indicates most energy is consumed by melting rather than heating, producing
a thin, slowly evolving melt layer with weak buoyancy forces.
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���������0�E�X�X�M�G�I �&�S�P�X�^�Q�E�R�R �1�I�X�L�S�H
The Lattice Boltzmann method is a particle distribution-based method based on the Boltzmann equation
instead of conservation equations2.1 2.2.

�������������/�M�R�I�X�M�G �8�L�I�S�V�]
The base of the Lattice Boltzmann method lies in kinetic theory. This theory works on a mesoscopic
scale instead of a macroscopic scale. Kinetic theory describes the distribution of particles. The theory
relies on the use of the distribution function f (x ; � ; t). The distribution function represents the density
of particles with velocity � at position x at time t. [28]

This mesoscopic variable can be translated to macroscopic variables through:

� (x ; t) =
Z

f (x ; � ; t) �/3� (2.24)

� (x ; t)u (x ; t) =
Z

�f (x ; � ; t) d3�: (2.25)

� (x ; t)E (x ; t) =
1
2

Z
j� j2f (x ; � ; t) �/3�: (2.26)

In these equationsu represents the �uid velocity. Now we can also derive the Boltzmann equation.

@f
@t

+ � �
@f
@x�

+
F�

�
@f
@��

= 
( f ) (2.27)

This equation describes the total di�erential of the distribution function. 
( f ) = df
dt and is called

the collision operator. The �rst two terms on the left hand side represent the distribution function
changing through motion of the particle velocities xi . The third term on the left-hand side represents
the forces acting on this velocity. [28]

�������������(�M�W�G�V�I�X�M�W�E�X�M�S�R �E�R�H �:�I�P�S�G�M�X�] �7�I�X�W
By discretizing the Boltzmann equation we end up with the lattice Boltzmann equation:

f i (�t + �+i � t; t + � t) = f i (�t; t) + � t
 i (�t; t): (2.28)

This discretized version of the lattice Boltzmann equation can be used to solve numerical problems
on a square lattice. The distances between the lattice points are de�ned by the lattice spacing constant:
� x. The time steps are de�ned by the lattice time step: � t, more on both these lattice constants and
other lattice constants and parameters can be found in Section3.1.1. 
 denotes the collision operator,
this operator represents the collisions between particles that result in a change in the velocity density.
Finally c indicates the discrete velocity vector.

The i in the lattice Boltzmann equation denotes the direction in which the distribution function is
pointing and in which direction the 'particles' will travel on the next lattice time step. In some cases
there is also a rest velocity which is often denoted byi = 0 . This rest velocity signi�es the particles
that have no intention of traveling to any neighboring lattice points.

There are a number of possible dimensions and directions that can be chosen for use of the lattice
Boltzmann equation. All the di�erent options are called velocity sets. These are characterized by
their dimension and the amount of directions, respectively. So a 1 dimensional 3 directional (1 rest
velocity) velocity set is called: D1Q3. Di�erent velocity sets can be used for di�erent kinds of problems.
For example: D3Q27 is more computationally taxing than D3Q19, but some truncation terms used in
D3Q19 are not rotationally invariant, leading to problems in non-linear regions, i.e. turbulent regions.
[29]

Investigating the e�ect of the angle of incidence is a two-dimensional problem. Because of that a
D2Q9 velocity set su�ces and is chosen over D3 velocity sets because of computational reasons. In
fact, some research regarding �uid �ow use a D2Q4 velocity set for computational e�ciency. [30] Using
this method could be considered for future research if it proves accurate enough, since it would reduce
computation times signi�cantly.
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Figure 2.3: Schematic of a D2Q9 velocity set. With ei denoting the direction of the velocity. [ 31]

�������������'�L�E�T�Q�E�R���)�R�W�O�S�K �E�R�E�P�]�W�M�W
�������������(�S�Y�F�P�I �(�M�W�X�V�M�F�Y�X�M�S�R �*�Y�R�G�X�M�S�R
So far, only the momentum distribution has been taken into account in the LBM. To tackle the heat
�ow during this project the double distribution function method will be used. This method uses a
second distribution function that describes the heat �ow. The momentum distribution function f and
the heat distribution function g are subsequently coupled in the collision step of the LBM method.

The lattice Boltzmann equation for the heat distribution function also follows the same rules as the
lattice Boltzmann equation for the momentum distribution. [ 32]

gi (�t + �+i � t; t + � t) = gi (�t; t) + � t
 g
i (�t; t): (2.29)

This can also be done for the enthalpy by creating an enthalpy distribution function calledm.

mi (�t + �+i � t; t + � t) = mi (�t; t) + � t
 m
i (�t; t): (2.30)

The enthalpy and heat distribution functions contain information that can be translated to macro-
scopic variables as in equations2.242.262.25. In a discretized form, the temperature T and the enthalpy
H can be retrieved from:

T(�t; t) =
X

i

gi (�t; t) (2.31)

H (�t; t) =
X

i

mi (�t; t) (2.32)

�������������%�H�Z�E�R�X�E�K�I�W �E�R�H �H�M�W�E�H�Z�E�R�X�E�K�I�W �0�&�1
When comparing the LBM method with more traditional methods such as �nite volume, there is no
one method better than the other. Each method has its own advantages and disadvantages. Here are
some of the reasons to choose the LBM method for the research on the freeze plug.

ˆ The heaviest computations of the LBM are local, making some solutions easier and giving the
option for parallelisation of the computations. [33] [34]

ˆ LBM is well suited for multiphase and multicomponent �ow in complex geometries. Making it
well suited for the multiphase �ow calculations of the freeze plug.

However, the LBM also comes with some disadvantages when analysing the freeze plug behaviour.
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ˆ Adding the ability to simulate compressable �ows is not straightforward since this would result in
the collision operator having to be rewritten. [33]

ˆ The range of viscosities and densities are somewhat limited in multiphase and multicomponent
simulations. [33]
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For this thesis the Lattice Boltzmann Method is used for all simulations. How these simulations function
and more is discussed in this chapter.

���������0�E�X�X�M�G�I �Y�R�M�X�W
�������������'�S�R�Z�I�V�W�M�S�R �J�E�G�X�S�V�W
The parameters used by the lattice Boltzmann method are in lattice units instead of physical units.
Physical units can be related to lattice units through the use of conversion factors and dimensionless
numbers.

The conversion factors can be found using the same process that is used in non-dimensionalisation.
A quantity can be made non-dimensional by dividing that quantity by a given reference quantity of
the same dimension. In the Lattice Boltzmann method the resulting dimensionless factor is called the
conversion factor. For length we get:

Cl =
� x
� x � (3.1)

Here � x is the ordinary distance between cells of the system with unit[m], � x � is the chosen
reference distance, andCl is the resulting length conversion factor. The same can be done for the
density conversion factor and the viscosity conversion factor.

C� =
�
� � ; C� =

�
� � (3.2)

Having 3 independent conversion factors is enough to generate the dimension of any physical quantity.
[28] So with the conversion factorsCl , C� and C� any other physical quantity can be transformed into
lattice units. The other conversion factors that are useful are the following. In this simulation the
temperature is not set to Lattice units and thus CT = 1

Ct =
C2

l

C�
; C� = C� ; C� =

C3
�

C5
l CT

; CCp =
C2

�

C2
l CT

; Cg =
C2

�

C3
l

; CL =
C2

l

C�
(3.3)

Where t stands for time � is the heat capacity, � is the thermal conductivity, Cp is the thermal
di�usivity, g is the gravitational acceleration and L is the latent heat. In the LBM Cl is also de�ned
by Cl = L x / Nx , where L x is the physical length of the system in x andNx is the amount of cells used
on the x axis.

It is standard in the LBM to set � x � and � � � to 1. This leaves 2 free parameters that can be
chosen. System sizeNx and reference viscosity� � .

����
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A typical stability restraint in CFD (Computational Fluid Dynamics) is the Courant number. [ 35]

C = ju j
� t
� x

(3.4)

From a numerical viewpoint, the time integration schemes can be broadly divided into three groups:
explicit, implicit and semi-implicit. Roughly speaking, in explicit schemes the solution at the time step
n+1 is calculated using the known values of the solution at time n. Conversely, in an implicit scheme,
the solution at time n+1 is calculated using unknown values of the solution at time n+1, hence requiring
the solution of an ODE. Lastly, semi-implicit schemes use both the solution at time n and n+1. [36]
The method used in this thesis is explicit as can be seen at the end of the previous chapter. For explicit
schemes, the CourantFriedrichsLewy (CFL) condition applies. [36]

�*�Q=
�m� �i
� �t

� �*�Q�K���t (3.5)

The Courant number is so useful since it both contains the physical speedu j at which the �uid is
advected and the speed at which the information passes through the simulation� x

� t . If the physical
speed is greater than the information carry speed the simulation becomes unstable. Because of this it
is standard practice to keepC � 1. Since the� x in equation 3.4 is the free parameter� x � in the LBM
this limits how small � x � can be based on the max velocity of the simulation.

Something that is closely related to the free lattice parameters� x � and � � is the grid Reynolds
number Reg. This is de�ned as:

Reg =
U �

max � x �

� � (3.6)

For the BGK operator method parameters that are used are the relaxation parameter� and the
lattice speed of soundcs. The kinematic viscosity can be translated into these parameters by the
following equation.

� = c2
s(� � � t /2) (3.7)

In the BGK method a necessary condition is �
� t � 1

2 . This is due to the way the lattice Boltzmann
Equation solves the Navier Stokes equations, and otherwise the BGK method causes negative viscosities
resulting in instability.[ 28] This is not directly useful information for the stability of the FMLBM, but
it can be used in combination with the grid Reynolds number.

Reg =
U?

�K���t � x?

� ? =
U?

�K���t

c?2
s

�
� ? � 1

2

� �4) � ? =
1
2

+
U?

�K���t

c?2
s Reg

: (3.8)

Combining this with the relaxation time condition it can be deduced that the Reg should be ofO(10)
or smaller.[28] The physical interpretation of this is the following: This also gives more restrictions to
the free parameters� x � and � � dependent onU �

max
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In 2.3 a basis for the LBM is introduced. The collision operator inside the LBE can be de�ned in many
di�erent ways. The BhatnagarGrossKrook collision operator (BGK)[ 37] proposed by Bhatnagar, Gross
and Krook is one of the simpler operators.


 BGK;i (f i ) = � � � 1 (f i � f eq
i ) (3.9)

Here � is the relaxation time, and f eq
i is the Maxwell-Boltzmann distribution of ci for a given macro-

scopic velocityu and density � [38]. Physically this can be interpreted as the tendency of the distribution
f i to reach it's equilibrium state f eq

i in time � . [28] Inputting this de�nition of the collision operator in
equation 2.27 gives the following result which is called the lattice BGK equation.

f i (x + ci � t; t + � t) = f i (x ; t) �
� t
�

(f i (x ; t) � f �2�[
i (x ; t)) (3.10)
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. Even though the BGK operator is quite simple it works well. With this operator the LBE is able to
reproduce the continuity and Navier-Stokes equations. The main drawbacks of the BGK operator are
accuracy and stability issues. There are other operators that try to tackle these issues with more than
one relaxation time, these are called two-relaxation time and multiple-relaxation-time operators. The
basic idea behind a multiple-relaxation time operator is that there are multiple relaxation times which
combine with a certain transformation matrix.


 MRT (f ) = �
�
�J � 1�a�J

�
(�7� �7eq) (3.11)

Where �a= �/�B���;(� � ; � e; � � ; � j ; � q; � j ; � q; � s; � s) � 1, and M is just an orthogonal transform matrix. Use of
an MRT operator results in more stability and accuracy due to more degrees of freedom. [39]

The collision operator for the �lter matrix method looks somewhat di�erent, since it does not rely
on the equilibrium distribution directly.


 F M;i = �! i

�
(ci� @� ) (ci� u� )

c2
s

� @� u�

�
(3.12)

.
The lattice Boltzmann equation using this collision operator can be performed using a staggered,

explicit, �rst-order scheme. [40]

f i
�
x � � ci�

� t
2 ; t � � t

2

�
= f i (x � ; t) � 1

2 � t 
 i (f i ) + O
�
� t2

�
=

�! i

�
1 + ci� u �

c2
s

+ (ci� u � )( ci� u � )
2c4

s
� u 2

�
2c2

s
+

�
� �
c2

s
� � t

2

� h
(ci� @� )( ci� u � )

c2
s

� @� u�

i�
+ O

�
� t2

� (3.13)

This can (and should) be more concisely written as

f i

�
x � � ci�

� t
2

; t �
� t
2

�
= ! i E ik � �

k (x � ; t) (3.14)

! i is a weights vector, E ik is the �lter matrix and � �
k (x � ; t) is the solution vector. The weights

vector is de�ned as:
! = [

4
9

;
1
9

;
1
9

;
1
9

;
1
9

;
1
36

;
1
36

;
1
36

;
1
36

]; (3.15)

for a D2Q9 scheme. The �lter matrix and the solution vector are distribution scheme dependent and
will be further derived below.

�������������1�S�Q�I�R�X�Y�Q
Equation 3.14 is the basis for the use of the FMLBM in momentum and density simulations. The �lter
matrix is square and reversible. Because of this the solution vector can be gained from

� �
k (�t; t) =

X

i

Eki f i

�
�t �

�+i � t
2

; t �
� t
2

�
(3.16)

For a D2Q9 scheme the solution vector results in

� �
k (�t� ; t) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
4

�
�u x � � t

2 f x

�u y � � t
2 f y

3�u x ux + � (� 6� � � t) @ux
@x

3�u x uy + � � 6� � � t
2

�
@ux
@y + @uy

@x

�

3�u x uy + � (� 6� � � t) @uy
@y

T �
1

T �
2

F �

3

7
7
7
7
7
7
7
7
7
7
7
7
7
5

(3.17)

Here the � sign indicates whether the solution vector is from the preceding timestep (� ) or from the
subsequent timestep (+ ). The last three terms T �

1 , T �
2 and F � are higher order terms that originate
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from the O
�
� t2

�
term and are thus unphysical. These terms can be neglected and in calculations are

set to 0. The �lter matrix is de�ned as

E ik =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

1
3cix

3ciy
3c2

ix � 1
2

3cix ciy
3c2

iy � 1
2

3cix (3c2
iy � 1)

2
3ciy (3c2

ix � 1)
2

(3c2
ix � 1)(3 c2

iy � 1)
2

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(3.18)

In practice the algorithm to perform timesteps is as follows:

1. Determine � �
k (�t; t) through use of the inverse �lter matrix.

� �
k (�t� ; t) = ( ! i E ik ) � 1 f i

�
�t� � ci�

� t
2

; t �
� t
2

�
(3.19)

2. Through � �
k (�t; t) it is easy to obtain � +

k (�t; t) through use of equation 3.17 and changing the
necessary - signs to + signs.

3. And by using the obtained � +
k (�t; t) the momentum distribution function for the new timestep can

be gained.

f i

�
x � + ci�

� t
2

; t +
� t
2

�
= ! i E ik � +

k (x � ; t) (3.20)

�������������8�I�Q�T�I�V�E�X�Y�V�I
The lattice Boltzmann equation for the temperature is very similar to the lattice Boltzmann equation for
momentum. The di�erences are the use of the heat distribution function gi (�t; t) and the accompanied
change in solution vector. So now the Filter Matrix Lattice Boltzmann equation looks like this

gi

�
x � � ci�

� t
2

; t �
� t
2

�
= ! i E ik � �

k (x � ; t) (3.21)

Now � �
k (x � ; t) represents the solution vector and can be obtained similarly through

� �
k (�t; t) =

X

i

Eki gi

�
�t �

�+i � t
2

; t �
� t
2

�
(3.22)

In vector form this ends up being equivalent to [41]

� �
k (�t� ; t) =

2

6
6
6
6
6
6
6
6
6
6
6
6
4

T
Tux + � 6� � � t
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7
7
5

(3.23)

S1;2;3, T1;2 and F can once again be neglected and set to 0 in simulations since they are second-,
third-, and fourth-order terms respectively. The �lter matrix remains the same for temperature since
the same D2Q9 scheme is used.
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The enthalpy variation is slightly di�erent. First we divide the total Enthalpy into 2 parts

H = cP T + f L L (3.24)

a sensible partCP T and a latent part f L L.
The enthalpy distribution function is also divided into a sensible and latent part.

mi = ms
i + ml

i (3.25)

The latent part only has a stationary component which is equal tof L L. This is under the assumption
that the latent heat does not di�use (it does not disperse energy to it's surroundings). [42]

For ms
i the same process is applied that was used for the temperature and momentum distributions.

ms
i

�
x � � ci�

� t
2

; t �
� t
2

�
= ! i E ik 
 �

k (x � ; t) (3.26)

And the new solution vector for the sensible enthalpy
 �
k (x � ; t) can be found in the same manner as

well.


 �
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(3.27)

And once again all unphysical higher order terms are negligible and set to 0 in calculations.

���������7�X�V�I�E�Q�M�R�K
The collision step of the Lattice Boltzmann Method is the step where the collision operator is alters the
distribution vector on the current cell. In formula form this looks like this

f �
i (x � ; t) = f i (x � ; t) + � t
 g

i (x � ; t) (3.28)

To change the distribution function values on other cells another step is required

f (x � + ci� � t; t + � t) = f �
i (x � ; t) (3.29)

So practically speaking the act of streaming is the act of copying the memory content off �
i (x � ; t) to

the lattice site x � + ci�
� t
2 . One thing to be careful of when rewriting the memory at the new lattice site

is to no change memory that is still needed in the other streaming steps. For example, if the memory
at site (3; 3) is changed from site(3; 2) then the data given by site (3; 3) onward might be faulty. There
are ways to tackle this problem, one might two data sets while streaming, one for reading data and one
for writing the new data.

�������������3�T�T�S�W�M�X�I �7�X�V�I�E�Q�M�R�K �H�M�V�I�G�X�M�S�R
The implementation that is used is to take the 3d distribution array g[d,i,j] . Here d stands for the
velocity direction and i and j are the coordinates of the lattice cell or � . For each lattice direction
d 2 f 2; : : : ; 9g, and for each cell(i; j ) , the destination location (i dest ; j dest ) is computed and a source
location (i src ; j src ) is computed through use of the following index calculators.

i (p)
1 = Nx + 1 � i; i (p)

2 = i (p)
1 � 1; i (n)

1 = i; i (n)
2 = i + 1 ;

and
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(a) link wise boundary method.

(b) wet node boundary method

Figure 3.1: Schematic of both boundary methods. The computational boundary of the link wise method is placed at a
distance of � x

2 from the Physical boundary.

j (p)
1 = Ny + 1 � j; j (p)

2 = j (p)
1 � 1; j (n)

1 = j; j (n)
2 = j + 1 ;

For each direction, the destination and source indices are chosen according to the direction of
propagation. For example, in direction d = 2 (eastward), the destination index is (i p

1 ; j ) and the source
index is (i p

2 ; j ). Similarly, for d = 3 (westward), the destination is (i n
1 ; j ) and the source is(i n

2 ; j ). In
diagonal directions like d = 6 (northeast), we write:

g[6; i p
1 ; j p

1 ] = g[6; i p
2 ; j p

2 ];

where the source cell lies ahead in bothi and j directions.
Because the destination indices mirror the grid along both axes (e.g.,i dest = x2 +2 � i ), and because

the outer loops increment i and j from the lower to upper bounds, each write operation targets a
memory location that has not yet been visited by the loop. Simultaneously, the source cell lies ahead
in the loop order and thus still contains the unmodi�ed data from the previous timestep. This ensures
that no cell is read after it has been overwritten, enabling correct and e�cient in-place propagation
without the need for temporary storage. This approach is conceptually similar to theEsoteric Twist
algorithm [43] which uses mirrored indexing and loop reordering to achieve con�ict-free streaming in a
single pass.

���������&�S�Y�R�H�E�V�] �'�S�R�H�M�X�M�S�R�W
There are 2 di�erent main methods of applying boundary conditions for the FMLBM. There are link
wise methods and wet node methods.

�������������&�S�Y�R�G�I �F�E�G�O �Q�I�X�L�S�H�W
The prime example of link-wise boundary conditions are bounce back methods.

The principle of bounce back methods is that populations hitting a solid wall are re�ected back to
where they originally came from. This would work for all three relevant distributions. The bounce back
implies no �ux across boundaries since no populations get through the boundary. It also implies a no
slip boundary since there is no relative transverse motion.

Halfway bounce back (HBB) is implemented through the following rule at the boundary

f i (x; t ) = f ?
j (x; t + � t) (3.30)
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Figure 3.2: The physical representation of a halfway bounce back boundary interaction. During the collision process
both normal and tangential momentum components are reversed. The average particle momentum, before and after

collision, is hmv i = ( mv (t ) + mv (t + � t ))/2 = �y[28]

Where i notates the opposite directional index of j. Since the di�erence betweenf i and f ?
j is � t,

the bounce occurs att + � t
2 at the computational boundary.

Another popular bounce back method is the full way bounce back method (FBB). The full bounce
back method changes the boundary rule from HBB slightly to

f i (x; t � � t) = f ?
j (x; t + � t) (3.31)

Between t � � t and t + � t (so at t) the information aboutthe distribution is stored in a solid node
beyond the computational boundary. This method thus requires nodes that are set slightly in the solid
domain.

Neither of these bounce back methods were used to generate the results of this thesis. However,
these methods were used to verify the working of the �lter matrix boundary method.

�������������*�M�P�X�I�V �Q�E�X�V�M�\ �F�S�Y�R�H�E�V�] �Q�I�X�L�S�H
The wet node boundary technique is a little di�erent. Instead of the physical boundary being outside
of the computational domain, it is instead the last node inside the computational domain which lies
on the physical boundary. [44] The main idea of the wet node approach is to guesstimate what the
distribution function of the boundary wet node should be. This estimation is made using the surrounding
non boundary nodes and extrapolating and by setting speci�c rules depending on what type of oundary
condition is present. There are 3 di�erent types of boundary conditions that are used in this thesis, a
Dirichlet boundary condition, a Neumann boundary condition and a conjugated boundary condition.

Now for this thesis a speci�c wet node boundary method is used that was originally proposed by
M. Rohde. [40] The proposed method integrates the �lter matrix method with a wet node boundary
method to create the �lter matrix boundary method, or lattice boltzmann �lter matrix boundary method
(LBFMBM) for long. The �lter matrix method uses solution vectors from which macroscopic quantities
such as temperature and density can be easily translated. However, these macroscopic quantities can
also be easily translated back into the solution vectors. This makes setting boundary conditions using
the �lter matrix boundary method more straightforward.

The following are the steps to perform the �lter matrix boundary method for the temperature �eld.
Step 1 Estimate the solution vector at the boundary. This is done using a �rst order spatial

extrapolation.
(� i =0

k )extr = 2 � i =1
k � � i =2

k (3.32)

Previous research done by L. Borstlap investigated the accuracy of other orders of spatial extrap-
olation as well as temporal extrapolation. The results found by L. Borstlap showed inaccurate non
converging results for 0th order spatial extrapolation, (� i =0

k )extr = � i =1
k , and �rst order temporal ex-

trapolation, (� i =0 ;t
k )extr = � i =1 ;t

k � � i =1 ;t � 1
k + � i =0 ;t � 1

k . It also showed little di�erence in result accuracy
between �rst order spatial extrapolation and higher orders of extrapolation. [16]

Step 2 Determine the temperature at the boundary according to the boundary condition. Dirichlet
For the Dirichlet boundary condition the temperature at the boundary is a set temperature.

TBC = TDir (3.33)

Neumann The Neumann boundary condition sets the �ux through the boundary to a known value.
In the case of this thesis all Neumann boundaries are adiabatic boundaries.
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dT
dxi

= 0 (3.34)

At the boundary a 2nd order extrapolation is used to determine the temperature at the boundary
and transform the Neumann boundary condition into a Dirichlet boundary condition.

TBC =
4
3

� i =1 �
1
3

� i =2 (3.35)

Step 3 Set up the �nal estimation of the solution vector.

� i =0
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�
� i =0

k

�
extrp �

2

6
6
6
6
6
6
6
6
6
6
6
6
4

Textrp

ux Textrp

uy Textrp

0
0
0
0
0
0

3

7
7
7
7
7
7
7
7
7
7
7
7
5

+

2

6
6
6
6
6
6
6
6
6
6
6
6
4

TBC

ux TBC

uy TBC

0
0
0
0
0
0

3

7
7
7
7
7
7
7
7
7
7
7
7
5

(3.36)

The initial estimation of
�
� i =0

k

�
extrp is adjusted with the TBC found using the Boundary conditions.

Textr is de�ned as
�
� i =0

0

�
extrp and represents the initial guess of the temperature based on extrapolation.

Step 4 Finally for the collision and streaming steps the distribution functions at the boundary
are needed, not the solution vectors. So the solution vectors are translated back to the distribution
functions using the FM matrix multiplication.

gi (x = 0 ; t) =
X

k

! i E ik � i =0
k (3.37)

These steps work similar for the density distribution and the enthalpy distribution.
Changes for density distribution The most important di�erence is the di�erence in boundary

condition. All boundaries are assumed to be no-slip boundaries. This can be assumed since the Rayleigh
number will be kept small enough so that all �ow is laminair during the simulations.

Step 1 Remains unchanged.
(� i =0

k )extr = 2 � i =1
k � � i =2

k (3.38)

Step 2 Now the boundary condition that is applied states:

ui BC = 0 (3.39)

Where i is the direction parallel to the boundary, signifying a no-slip boundary.
Step 3 The operation performed is similar to the temperature case, it only looks slightly di�erent

since the form of the solution vector is di�erent.
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(3.40)

Step 4 Step 4 remains unchanged.

f i (x = 0 ; t) =
X

k

! i E ik � i =0
k (3.41)
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Changes for enthalpy distribution The most important di�erence when handling the boundary
for the enthalpy case is that the Dirichlet/Neumann boundary temperature needs to be translated into
Enthalpy.

Step 1 Remains unchanged.
(
 i =0

k )extr = 2 
 i =1
k � 
 i =2

k (3.42)

Step 2 First steps are the same to determineTBC , then this is translated into HBC .

HBC =

8
<

:

cp;s TBC if TBC � Ts

cp;s Ts + f i =0
L L if Ts < T BC < T l

cp;s Ts + cp;l (TBC � Tl ) + L if TBC � Tl

(3.43)

Step 3 Remains unchanged.


 i =0
k =

�

 i =0

k

�
extrp �

2

6
6
6
6
6
6
6
6
6
6
6
6
4

Hextrp

ux Hextrp

uy Hextrp

0
0
0
0
0
0

3

7
7
7
7
7
7
7
7
7
7
7
7
5

+

2

6
6
6
6
6
6
6
6
6
6
6
6
4

HBC

ux HBC

uy HBC

0
0
0
0
0
0

3

7
7
7
7
7
7
7
7
7
7
7
7
5

(3.44)

Step 4 Remains unchanged.
mi (x = 0 ; t) =

X

k

! i E ik 
 i =0
k (3.45)

�������������'�S�R�N�Y�K�E�X�I �F�S�Y�R�H�E�V�]
At the conjugate boundary the boundary condition also needs to be translated into a Dirichlet boundary
condition. There can also be 2 relevant domains carrying di�erent information. The PCM (phase
change material) domain which uses enthalpy distribution functions, and the solid wall domain which
uses temperature distribution functions. For one benchmark case handled in section4.2 both domains
use the temperature distribution function. All said below can still be applied there with less steps, so
this case is not handled seperately.

The start point are equations 2.12 and 2.10. These need to be translated into a Dirichlet boundary
condition.

For the derivation the �uidsolid interface (wall) is located at x = 0 . The �uid PCM domain occupies
x > 0, the solid domain occupiesx < 0.

First, a �rst-order one-sided di�erence on each side is used:

@T
@x

�
�
�
�
0+

�
� 1;l

1 � TBC

� x
: (3.46)

@T
@x

�
�
�
�
0�

�
TBC � � 1;s

1

� x
: (3.47)

By then imposing.
� l (�

1;l
1 � TBC )

� x
=

� s(T0 � � 1;s
1 )
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(3.48)

The �rst order interface temperature is found.

TBC = T0 =
� l � 1;l

1 + � s � 1;s
1

� l + � s
: (3.49)

For second order this derivation comes out to
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Figure 3.3: A schematic showing both convex and concave corner cells in a LBM simulation. The arrows signify
unknown density populations when using the NEBB method.

@T
@x

�
�
�
�
0�

�
3T0 � 4� 1;s

1 + � 2;s
1

2� x
: (3.51)

TBC =
� l (4� 1;l

1 � � 2;l
1 ) + � s(4� 1;s

1 � � 2;s
1 )

3(� l + � s)
(3.52)

For the PCM domain, the enthalpy solution vectors can be translated to the temperature solution
vectors using the relations from equation2.19.
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�������������'�S�V�R�I�V�W
In LBM methods corners can be considered a special case. [45] For Bounce back methods, no special
treatment is necessary and both convex and concave corners can be treated as straight walls.

A more developed wet node approach is called the non-equilibrium bounce-back (NEBB). This
method has to treat corners di�erent from straight walls, and also discriminates between concave and
convex corners. [45] In short, the concave corner has extra unknown populations compared to straight
walls. Therefore the corner needs extra constraints. The issue surrounding corners becomes more
complex when handling more dimensions and directions. [46]

Regarding the Filter Matrix method there has not yet been a lot of research done on how corners
should be handled. There are 2 key points to consider for the FM method.

Connecting seperate boundary conditionsAt a corner point it is possible for that cell to be subjected
to two seperate boundary conditions. An example that will come up is a corner that is the connecting
point of a Neumann BC and a Dirichlet BC.

Extrapolation direction corners When extrapolating from a straight wall to form an initial guess of
the solution vector, it is clear what direction needs to be extrapolated in. When dealing with convex
corners there are 3 possible directions that could be considered viable. There are the 2 orthogonal
choices (directions� [1; 0] and � [0; 1]), and there is the diagonal choice (directions[� 1; � 1]).

�������������4�L�E�W�I �J�V�S�R�X
During each time step the melting front should have its own no slip boundary conditions since a no
slip interface is also assumed there. A rudimentary method of accomplishing this would be to track
the melting front and apply a no slip HBB BC. This is considered a computationally heavy method
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compared to the more elegant enthalpy-porosity method. The enthalpy-porosity method uses a friction
component S to simulate the no slip boundary. The term S, represents an equivalent frictional resistance
force per unit mass, which originates from the consideration that the morphology of the phase-changing
domain can be treated as an equivalent porous medium that o�ers a frictional resistance towards �uid
�ow in that region. Hence it is called the enthalpy porosity method. This friction term can be introduced
as a Darcy momentum sink in the Navier-Stokes equation. [24]

�
�

@ux;y

@t
+ ux;y r �m

�
= �

@P
@x; y

+ � r (� r ux;y ) � Sx;y ux;y (3.54)

The term S is modeled as

Sx;y = Amush
(1 � f L )2

f 3
L + � 1

(3.55)

Here Amush is a morphological constant set to 108 kg
m K s and � 1 is a very small computational

constant introduced to avoid division by zero. This method was successfully adapted for FMLBM use
by C. Bus.[27] This was done by modifying the solution vector for density distributions.
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2
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� t
2

f x;y (3.56)

C. Bus also rede�ned how to �nd the velocities when using the enthalpy-porosity method.[27]

ux;y =
� �

1;2 + � t
2 f x;y

� + � t
2 Sx;y

(3.57)

���������%�P�K�S�V�M�X�L�Q
This section will explain which steps the algorithm takes to compute a melting simulation. The algo-
rithm will be for the Pater & Kaaks study [ 47]. This case handles everything discussed prior. A slightly
simpler version of the algorithm that just handles temperature and momentum distributions can be
found in the appendix. It handles a simpler benchmark case based on studies from de Vahl Davis [48]
and Zhuo & Zong.[41]

ˆ Initialize the distribution functions in the PCM domain for density f i (x; t ) and enthalpy mi (x; t )
using chosen macroscopic quantities.

ˆ Initialize the distribution functions in the Wall domain for density f i (x; t ) and temperature gi (x; t )
using chosen macroscopic quantities.

ˆ Initialize enthalpy properties such as the liquid fraction f L and the total enthalpy of all cells using
mi (x; t ).

ˆ For each time stept from 0 to T, do:

1. Collision step PCM domain

� Substract latent enthalpy ( f L (x; t ) � L ) from mi (x; t )
� Determine solution vector 
 �

i (x; t ) using equation 3.19 and mi (x; t )
� Translate 
 �

i (x; t ) into 
 +
i (x; t ) 3.27

� Get the post collision enthalpy distributions from 
 +
i (x; t ) 3.26

� re apply latent heat to mi (x; t )
2. Propogate mi (x; t )
3. Update enthalpy properties

� Find total enthalpy in all cells 2.32
� Find temperature in the PCM domain 2.19
� Determine liquid fraction 2.20
� Determine speci�c heat 2.21
� Determine thermal conductivity 2.22

4. Collision step Wall domain

� Determine solution vector � �
i (x; t ) using equation 3.19 and gi (x; t )

� Translate � �
i (x; t ) into � +

i (x; t ) 3.23
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� Get the post collision enthalpy distributions from � +
i (x; t ) 3.22

5. Propogate gi (x; t )
6. Apply enthalpy Neumann boundary condition edges PCM domain (See steps from

section 3.4.2
7. Apply enthalpy Dirichlet boundary condition edge PCM domain
8. Apply enthalpy boundary conditions to corners on the PCM domain
9. Apply temperature Neumann boundary condition edges Wall domain

10. Apply temperature boundary conditions to corners on the Wall domain
11. Update enthalpy properties

� Find total enthalpy in all cells 2.32
� Find temperature in the PCM domain 2.19
� Determine liquid fraction 2.20
� Determine speci�c heat 2.21
� Determine thermal conductivity 2.22

12. Apply conjugate boundary condition on interface edge as speci�ed in section
3.4.3

13. Apply conjugate boundary condition on corners
14. Update enthalpy properties

� Find total enthalpy in all cells 2.32
� Find temperature in the PCM domain 2.19
� Determine liquid fraction 2.20
� Determine speci�c heat 2.21
� Determine thermal conductivity 2.22

15. Collision step PCM domain for density distributions

� Determine friction component S(x; t ) 3.55
� Determine solution vector � �

i (x; t ) using equation 3.19 and mi (x; t )
� Determine acting body forces due to natural convection2.7
� Determine velocities3.57
� Translate � �

i (x; t ) into � +
i (x; t ) 3.56

� get the post collision enthalpy distributions from � +
i (x; t ) 3.20

16. Apply density boundary conditions to edges on the PCM domain
17. Apply density boundary conditions to corners on the PCM domain
18. For each nth time step t

(a) retrieve all relevant macroscopic values for data and intermediary plots

ˆ End simulation when past maximum time steps OR when a converging solution is found OR when
the part of the freeze plug has melted completely through in freeze plug simulations.

The converging criteria is stated as follows:
vu
u
t

P
i (� (�t�B; t) � � (�t�B; t � �� t))2

P
i

�
� (�t�B; t � �� t)2

< � � (3.58)

Where � (�t�B; t) is the chosen indicator variable and� � is the converging criterium. i.e. how stable
the solution must be. � is the number of timesteps between each instance that the converging criteria
is checked.
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Before being able to properly simulate and research the in�uence of design parameter on the melting
times of the freeze plug, it is important to �rst benchmark the simulation. By testing each individual
thermodynamic problem before proceeding to the �nal step, it becomes easier to expose �aws during
development. Below are the results from benchmarking against individual models.

���������2�E�X�Y�V�E�P �G�S�R�Z�I�G�X�M�S�R
The �rst benchmark follows papers from Vahl Davis [48] and Zhuo and Zhong [41]. Both papers
simulate a square cavity that is heated from the side for di�erent Rayleigh numbers. Vahl Davis used
a �nite di�erence method that used a stream function-vorticity formulation. This is just a practical
way to describe the velocities of the �uid. Zhuo and Zhong used a FM-LBM. However, instead of a FM
boundary method they used bounce back schemes at the boundary.

Simulation benchmark goals
Show workings of

ˆ base code (LBM collision scheme, translating macro variables into LBM variables and vice versa,
etc.)

ˆ Temperature �eld collision, propagation and boundary conditions
ˆ Density �eld collision, propagation and boundary conditions.

The square cavity contains a Boussinesq �uid with properties that can be seen in table4.1. The
Rayleigh number dictates how large the natural convection e�ect is. This benchmark aims to show the

Figure 4.1: A schematic of the natural convection benchmark case, as performed by Davis [ 48] and Zhuo [ 41]. The
type of the boundary condition is noted by both text and color.

����
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e�ects of natural convection in �uid �ow. The Rayleigh number in all simulations was kept below a
threshold where the �uid would undergo turbulence. For all simulations, the Rayleigh number does not
go higher than 106, which should keep it in the laminar regime. [49]

Table 4.1: Physical and lattice parameters (Natural convection benchmark case)

Description Variable Physical value Unit Lattice value Unit

Kinematic viscosity � 8:56� 10� 7 [�K2/ �b] 1
100 ; 1

100 ; 1
150 [ls2/ lt ]

Thermal di�usivity � 1:23� 10� 6 [�K2/ �b] 1:23� 10� 6/ C� [ls2/ lt ]
Cubic thermal expansion coe�. � 2:07� 10� 4 [K � 1] 2:07� 10� 4 [K � 1]
Gravitational acceleration g 9:81 [�K/ �b2] 9:81/Cg [ls/ lt 2]
Initial density � 0 1:293 [�F�;/ �K3] 1:0 [ls� 3]
Rayleigh number �_�� 104; 105; 106 � same �
Prandtl number �S�` 0:7 � 0:7 �
Wall temperature TH;C T0 � � T /2 [ K ] same [K ]
Initial temperature T0 1 [K ] 1 [K ]
Height & Width cavity H � H 0:001� 0:001 [�K] N � N [ls]
Number of cells in 1 direction N - � 180; 180; 220 -

The temperature di�erence between the walls is calculated from the initial value given by�_��.

�_�� =
� T �N 3g

��
) � T =

�_�� ��
�N 3g

(4.1)

For di�erent Rayleigh numbers, di�erent values were taken for the kinematic viscosity and the grid size.
� and N were chosen to ensure that the simulations run stable and produce accurate results. These
speci�c numbers were also chosen to compare exact results with the results from Borstlap [16].

Figures 4.2, 4.3 and 4.4 show the temperature isolines ascertained in the simulation during speci�c
time stamps. A qualitative reference can be made by comparing the �ow patterns during the same time
stamps from the source papers. The results compare well qualitatively as can be seen from the isolines
from the source material. They also make physical sense. The heated �uid rises next to the heated wall,
�ows over to the cold wall, and cools down. Finally, the steady-state solution is reached when both
� p = 10 � 4 for � = Nu and � p = 10 � 5 for � = T. The amount of time steps � between each conversion
check was set to500.

(a) t = 0.008 s (b) t = 0.016 s (c) t= 0.033 s

Figure 4.2: The temperature isotherms of the natural convection benchmark shown at 3 di�erent times (beginning,
middle and end). The �nal time shown is the the time for which the solution has converged. �_�� = 10 4 in this simulation.

A good quantitative way to compare results in thermodynamic �uid �ow is the Nusselt number.
The Nusselt number is de�ned by:

�L�mL =
Convective heat transfer
Conductive heat transfer

=
� T hT

� T k/ L
=

hT L
k

; (4.2)

where h is the convective heat transfer coe�cient of the �ow, L is the characteristic length, and k
is the thermal conductivity of the �uid.

The Nusselt number at the cool wall can be translated to [41] [50]

�L�m= �
H

� T

�
@T
@x

�

w
(4.3)
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