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Abstract

Semi-solid flow batteries (SSFB) have emerged as a promising electrical energy storage technology.
The performance of a SSFB is influenced by the presence of conducting carbon black (CB) particles in
its electrolyte. In particular, the pumping and electrical resistance of an SSFB are significantly affected
by the CB suspension, as its conductivity and rheology depend on the flow profile. This thesis aims
to quantify the effects of a turbulent flow profile on the conductivity and electrical resistance, given the
rheological proparties of the CB suspension. As a result, it seeks to enhance our understanding of
the impact of turbulence on the electrical and pumping resistance of the electrolyte inside an SSFB.
To this end a Filter Matrix Lattice Boltzmann Method (FM-LBM) is diploid as fluid dynamics model to
accurately simulate non-Newtonian turbulent channel flow. Additionally, a model for describing the
electric potential within a variable conductor is implemented to determine the total electrical resistance.

The implementation of the FM-LBM on a GPU allowed for efficient simulation of non-Newtonian
turbulent fluid flow. The FM-LBM demonstrates good results compared to analytical data and known
Newtonian turbulent simulations. Using the power-law viscosity model to approximate the CB rheology,
the flow and shear rate characteristics of turbulent non-Newtonian channel flow is simulated. Data was
obtained for different turbulent regimes represented by a general wall shear stress Reynolds number
ReG� and different shear-thinning rheologies represented by power index n. The simulation results
reinforced the credibility of the study by demonstrating a damped turbulent effect in line with previous
pipe flow research on turbulent shear thinning flow.

Turbulent conductivity fields are obtained by utilizing the shear rate profile and a conductivity shear
rate relation obtained from previous experimental research. For large constant channel heights the
increase in ReG� results in an increase in conductivity. Subsequently, by using the potential model
to determine the resistance, a decrease in total resistance is found. However, a large increase in
pumping power needed to reach the turbulent state, results in a drastic decrease of overall efficiency.
This efficiency is defined by the proposed non-dimensional power number, which relates the electrical
power over pumping power to ReG� .

Additionally, the increase in conductivity for larger Re� is found to show different scaling in the
laminar and turbulent regime. As a results, the laminar conductivity fields, showed higher conductivity
and lower resistance than the transitional turbulent conductivity fields when a smaller channel height
is considered. It can therefore be concluded, that the characteristic shape of the laminar conductivity
profile is preferable to its turbulent counterpart.

Additional research is needed to determine the exact channel dimensions for which turbulence in
the shear thinning CB suspension can be expected. Developing a coupled electrochemical-transport
model is also recommended to get a more complete description of the effect of turbulence on the
electrochemical performance of a SSFB.

i



Contents

Abstract i

Nomenclature iv

1 Introduction 1
1.1 Semi-Solid Flow Batteries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Previous Research on Carbon Black Suspensions . . . . . . . . . . . . . . . . . . . . . 2
1.3 Previous Research on non-Newtonian Turbulence . . . . . . . . . . . . . . . . . . . . . 4
1.4 Research Goal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4.1 Research Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4.2 Research Questions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4.3 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2 Theory 7
2.1 Electrochemical Performance of a Semi-Solid Flow Battery . . . . . . . . . . . . . . . . 7

2.1.1 Operational Fundamentals of a Semi-Solid Flow Battery . . . . . . . . . . . . . . 7
2.1.2 SSFB Performance Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.1.3 Electronic and Ionic Resistance . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.1.4 Modeling Electrochemical Performance . . . . . . . . . . . . . . . . . . . . . . . 10
2.1.5 Carbon Black Resistance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Fluid Dynamics Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2.1 Navier-Stokes Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2.2 Kinetic Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3 Lattice Boltzmann Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.3.1 Discretization of the Boltzmann Equation . . . . . . . . . . . . . . . . . . . . . . 15
2.3.2 Chapman Enskog Expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3.3 Stream and Collision Step . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.4 Non-Newtonian Fluids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.4.1 Different Classes of non-Newtonian Fluids . . . . . . . . . . . . . . . . . . . . . . 17
2.4.2 Power-law Viscosity Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.5 Turbulence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.5.1 What is Turbulence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.5.2 Direct Numerical Simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.5.3 Turbulent Statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.5.4 Reynolds Number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.6 Parallel Programming on a Graphics Processing Unit . . . . . . . . . . . . . . . . . . . . 21
2.6.1 Parallel Programming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.6.2 CPU vs GPU . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.6.3 GPU Hierarchies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3 Fluid Dynamics Model 25
3.1 Filter Matrix Lattice Boltzmann Method Implementation . . . . . . . . . . . . . . . . . . . 25
3.2 Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.3 Initialisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.4 Turbulent Statistics Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.5 GPU Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
3.6 FM-LBM GPU Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4 Electric Potential Model 34
4.1 Finite Volume Discetization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.2 Geometry and Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

ii



Contents iii

4.3 Solution Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
4.4 Electric Field and Resistance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

5 Validation and Turbulent Flow Results 38
5.1 Parallel Performance GPU . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
5.2 Laminar Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
5.3 Turbulent Newtonian Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5.3.1 Low turbulent statistics results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
5.3.2 Transitional and high turbulent flow simulations . . . . . . . . . . . . . . . . . . . 44
5.3.3 Newtonian Turbulence Benchmark Conclusion . . . . . . . . . . . . . . . . . . . 46

5.4 Turbulent non-Newtonain Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
5.4.1 Non-Newtonian Input Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . 47
5.4.2 Non-Newtonian Turbulence Results . . . . . . . . . . . . . . . . . . . . . . . . . 48
5.4.3 Damped Turbulent Effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.5 Turbulent shear profiles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

6 Carbon Black Turbulent Conductivity and Resistance Results 55
6.1 Finite Volume Method Validation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
6.2 Non-Dimensional Scaling Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
6.3 Turbulent Carbon Black Conductivity and Resistance in Newtonian limit . . . . . . . . . 57

6.3.1 Newtonian Conversion to Physical Units . . . . . . . . . . . . . . . . . . . . . . . 57
6.3.2 Newtonian Conductivity Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
6.3.3 Newtonian Resistance and Effective Conductivity Results . . . . . . . . . . . . . 60
6.3.4 Newtonian Conductivity and Resistance Results Summary . . . . . . . . . . . . 61

6.4 Turbulent Carbon Black Conductivity and Resistance considering the Non-Newtonian
Rheology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
6.4.1 Non-Newtonian Conversion to Physical Units . . . . . . . . . . . . . . . . . . . . 62
6.4.2 Non-Newtonian Conductivity Results . . . . . . . . . . . . . . . . . . . . . . . . . 63
6.4.3 Non-Newtonian Resistance and Effective Conductivity Results . . . . . . . . . . 63
6.4.4 Non-Newtonian Laminar vs Turbulence Resistance and Effective Conductivity

Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
6.4.5 Non-Newtonian Conductivity and Resistance Results Summary . . . . . . . . . . 65

6.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
6.5.1 Reliability and Generality of Results . . . . . . . . . . . . . . . . . . . . . . . . . 66
6.5.2 Effects of turbulence on SSFB Design . . . . . . . . . . . . . . . . . . . . . . . . 67

7 Conclusion and Recommendation 69
7.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
7.2 Recommendations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

References 73



Nomenclature

Symbol Definition Unit

A electrode area [m2]
c discrete lattice speed
cs lattice speed of sound
D computational domain
Eik,Eki filter matrices
F body force [N ]
f distribution function
g acceleration [ms�2]
H channel half height [m]
I total current [A]
j current density [Am�2]
K consistency index [kg sn�2 m�1]
L channel length [m]
L Turbulent length scale [m]
n power-law index
Np number of probes
p pressure [N m�2]
P power [W ]
R electrical resistance [
]
t time [s]
�t simulation time between probes [lt]
U characteristics velocity scale [ms�1]
u velocity [ms�1]
u� shear velocity [ms�1]
�V; V potential difference [V ]
W channel width [m]
w lattice weight coefficient

� momentum space
_
 shear rate [s�1]
� non-dimensional scaling parameter
� ion conductivity [A2s3 kg�1m�3]
� dynamic viscosity [kgm�1s�1]
� kinematic viscosity [m2 s�1]
� density [kgm�3]
� local electron conductivity [A2s3 kg�1m�3]
�eff effective electron conductivity [A2s3 kg�1m�3]
� shear stress [kgm�1s�2]
� electric potential V
� ion potential V
 non-dimensional scaling parameter

iv



Contents v

Abbreviation Definition

CB Carbon Black
CFD Computational Fluid Dynamics
DNS Direct Numerical Simulation
FM-LBM Filter Matrix Lattice Boltzmann Method
FV Finite Volume
GPU Graphics Processing Unit
MLUPS Million Lattice Updates per Second
NN non-Newtonian
RMS Root Mean Square
SM Streaming Multiprocessor
SSFB Semi-Solid Flow Battery

Abbreviation Definition Formula

B bulk over dynamic viscosity B = �
�

Kn molecular over physical length scale Kn = �
H

Re inertial over viscous forces Re = UH
�

Re� wall shear stress Reynolds number
ReG General Reynolds number for power-law viscosity
ReTransitional Transitional Reynolds number defining the transition

from laminar to turbulent flow
Po electric over pumping power Po = Pe

Pp



1
Introduction

The utilization of renewable energy sources such as solar and wind has exhibited a consistent upward
trend, driven by intensified efforts by governments and industries [26][25]. In particular, solar and wind
energy production has experienced substantial growth, with a staggering thirty-fold increase in solar
power between 2010 and 2019 [74]. To meet the net zero targets set out by the IPCC, an additional
seven-fold increase in solar and wind energy production is required to supply the world with enough
carbon neutral energy sources in 2030 [68].

However, this surge in intermittent penetration of renewable energy presents a challenge from an
energy security point of view. As solar and wind power generation is dependent on weather and sea-
sonal factors, there is a need for large-scale, carbon-free energy storage to effectively balance energy
demand and the grid. The ideal energy storage system should be affordable, safe, and has a long
cycle life, while also considering factors such as power and energy density, material availability, and
recyclability. Several large-scale carbon-free energy storage technologies are currently available, in-
cluding pumped hydro storage, compressed air energy storage, hydrogen storage, and various types of
batteries. The selection of the most suitable storage method depends on factors such as the required
capacity, power output, storage duration, and geography.

Among the range of available battery options, flow batteries offer significant advantages over presently
utilized lithium-ion solutions for large-scale energy storage. In particular, ongoing advancements in re-
dox flow batteries have shown improved life cycle performance, cost effectiveness, simplified recycla-
bility and, notably, superior scalability compared to other battery technologies [46][65]. Consequently,
redox flow batteries, specifically vanadium redox flow batteries, have received substantial attention in
recent decades, with approximately 30 active installations worldwide [73].

However, the relatively high costs associated with vanadium redox flow batteries, attributed primarily
to their low energy density and expensive materials, as well as the use of potentially toxic substances,
have forced research into alternative materials for flow batteries [47]. One such alternative concept
is the semi-solid flow battery. This particular battery utilizes a solid particle suspension, resulting in
a higher energy density and the possibility of reduced storage costs. However, this concept is still
in its early stages, and the impact of internal electrical resistance and mechanical friction within the
fluid is not yet fully understood. Particularly, the potential effects of turbulence on the electrochemical
performance of such a Semi-Solid Flow Battery remain unknown.

The objective of this research is to enhance our understanding of the influence of turbulence on
the electrical and mechanical energy losses within a Semi-Solid Flow Battery. By investigating this
aspect, we aim to gain insights that will contribute to the development and optimization of Semi-Solid
Flow Battery technology.

This chapter will give an introduction to the design of the semi-solid flow battery (SSFB) and how it
compares to other battery options in section 1.1. A short overview of recent studies on the carbon black
suspension inside the SSFB as well as on the numerical simulation of turbulent non-Newtonian fluids
will be discussed in Sections 1.2 and 1.3. The research questions and the thesis outline are discussed
in section 1.4.

1



1.1. Semi-Solid Flow Batteries 2

Flow batteries (FB) share similarities with conventional batteries, such as those commonly found in
smartphones, because they convert and store electrical energy into chemical energy and vice versa.
In flow batteries, electrical energy is stored through a redox reaction. This reaction takes place in the
electrolytes, which are divided by a membrane, effectively separating the two half-reactions. During
discharge, one of the halves reactions release an electron which flows from the respective half cell
through an external device to reach the other half cell. In the opposite half cell, the second half reaction
accepts the electron. During this process, an ion passes through the membrane, completing the charge
loop and enabling the flow battery to supply electrical energy to an external device.

The difference in FBs from conventional batteries is their ability to constantly supply new chemical
half-reactions to the battery by pumping fresh liquid electrolytes through it. Consequently, chemical en-
ergy can be stored in tanks situated outside the electrochemical stack, which includes the membrane
and current collectors. The capacity of the battery increases with the size of these tanks, whereas its
power is determined by the characteristics of the electrochemical stack, such as the distance between
the current collector and the membrane. This decoupling of power and capacity is a significant advan-
tage of flow batteries over conventional batteries when considering large-scale energy storage [2]. The
main advantages of FB compared to conventional batteries can be further summarized as follows [49]:

Å Cost-effectiveness: Less battery components, such as membranes and current collectors, are
needed for equal capacity, reducing the total cost of implementation.

Å Extended life span: Flow batteries typically have a longer lifespan compared to lithium-ion bat-
teries. Continuous flow of fresh electrolytes in flow batteries helps mitigate degradation issues,
enabling them to withstand a high number of charge-discharge cycles without significant capacity
loss.

Å Safety: Flow batteries have inherent safety advantages over conventional lithium ion batteries.
Because the reactants in flow batteries are stored in separate tanks, the risk of thermal runaway
or catastrophic failure is significantly reduced.

However, the main downsides of an FB are its low energy and power density compared to conventional
batteries [22]. Specifically, the low energy density of the electrolytes requires more fluid, and therefore
a larger battery. The lower power density restricts the power output and, therefore, the charge and
discharge rates of a single cell.

A Semi-Solid Flow Battery (SSFB) aims to improve these two shortcomings of a FB by replacing the
active particle solution by an active particle suspension. Utilizing an electrolyte that incorporates solid
particles dispersed within it improves both the energy and power density of an SSFB by alleviating the
solubility limitations associated with using a solution-based electrolyte [22]. Consequently, a greater
number of active particles can be dissolved within the same fluid volume, leading to an increased energy
density. Additionally, the SSFB can exploit higher potential redox couples, such as lithium, which are
insoluble in water. This characteristic further enhances the power density of the SSFB.

The downside of a SSFB is the enhanced viscosity associated with the use of suspended active
particles in the electrolyte. To this end, the porous media used in a FB to increase the reaction rate over
the full half cells is replaced by a suspension of carbon black (CB) particles to conduct the electrons [22].
The addition of this CB suspension further changes the rheological properties of the fluid, affecting the
pumping power needed during operation. The operation performance also depends significantly on the
ability of the CB suspension to conduct electrical current [86]. The main focus of this research will be on
the way the rheological and conductivity characteristics of the CB suspension affect the performance
of an SSFB.

In order to facilitate reactions across the entire half-cells of an SSFB, carbon black particles are intro-
duced into the electrolyte to create an electron-conducting suspension. CB particles have the ability to
conduct electrons by aggregating into clusters. When the concentration of CB particles exceeds the
so called percolation threshold, these clusters form a network that spans the entire half cell, leading to
a significant enhancement in electronic conductivity [85][86].

The rheological and conductivity characteristics, such as the percolation threshold, maximum vis-
cosity, and electron conductivity, are found to differ between the choices of the CB particle, the con-



1.3. Previous Research on non-Newtonian Turbulence 3

Figure 1.1: Figures show the experimentally obtained conductivity (�) and viscosity (�) correlations to shear rate ( _
) of a
non-aqueous CB suspension [86]. The variation in conductivity and viscosity is a result of the shear rate causing the

breakdown of CB clusters, as schematically depicted above both plots.

centration of CB and the type of liquid in which the CB particles are suspended. What all CB suspen-
sions have in common is a strong shear dependence of the rheological and conductivity characteristics
[85][86][56]. This can be explained by fluid shear breaking up the CB aggregates, which changes the
viscosity and conductivity.

For both CB suspensions it was found that this braking down of the CB clusters results in a thixotropic
rheological property. This means that the fluid becomes thinner when shear is applied over a period of
time [56]. For the non-aqueous CB suspension, a time-independent shear thinning viscosity character-
istic was also experimentally defined, linking shear rate _
 to viscosity � as can be seen in Figure 1.1.
The same study also experimentally obtained the relation between conductivity � and _
, as shown in
figure 1.1. Both figures also represent the dispersion of the CB clusters due to shear rate that gives
rise to the varying viscosity and conductivity.

The fact that both viscosity and conductivity depend on the shear rate results in these properties
being dependent on the flow profile of the electrolyte in a SSFB. As a result, this has sparked research
interest in investigating the impact of various flow profiles on the electrical resistance of the CB suspen-
sion and the pumping power required to push the electrolyte through the SSFB. The important findings
can be summaries as follows:

Å For aqueous CB suspensions, the effects of a laminar flow profile on CB resistance were ex-
perimentally studied [63]. Depending on the type of CB particle, the conductivity increased or
decreased with an increase in flow rate.

Å For non-aqueous CB suspensions the experimentally obtained shear rate relations found by
Youssry et al. [86] where used to study the effects of different laminar flow profiles on CB re-
sistance and pumping power numerically [64]. The conductivity was found to be several orders
of magnitude lower than that of the aqueous CB suspension. This was manly attributed to the
low overall conductivity of non-aqueous CB. However, the discrepancy was enlarged by low con-
ductivity bands in the middle of the channel which result from the laminar flow profile.

Both the above mentioned studies did not consider a turbulent flow profile. A turbulent flow, due
to its drastically different shear rate profile, is assumed to change the conductivity characteristics of a
CB suspension significantly. Therefore, the main focus of this research will be to study this effect. The
next section will discuss the simulating of such non-Newtonian turbulent flow profiles.
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Figure 1.2: The figure illustrates a schematic representation of different flow regimes within a channel, including laminar flow,
non-Newtonian turbulent flow, and Newtonian turbulent flow.

When a flow profile transitions from the orderly laminar state to the disordered turbulent state the flow
and subsequent shear rate profile changes drastically. Furthermore, modifying the rheological char-
acteristics directly affects the turbulent flow profile, as is schematically depicted in Figure 1.2. The
changes in flow profile consequently modify the shear rate profile, resulting in a corresponding change
in the conductivity of the CB suspension within a SSFB.

Non-Newtonian turbulence is of significant interest in various industrial applications, aside from in
SSFB. In recent decades, there has been a growing focus on simulating these non-Newtonian turbulent
flows, driven by the increased computational power necessary for numerical analysis of turbulence.
This section provides a concise overview of the latest advancements in the field of non-Newtonian
turbulence simulation. Additionally, it highlights the developments related to the utilization of the Lattice
Boltzmann Method, which is the chosen numerical method for this research.

Most of the numerical work done on non-Newtonian turbulence modeling has used the Direct Numerical
Simulation method. Using either the Finite Volume Method [87][30] or the Spectral Element Method
[70][71] the turbulent flow profile was simulated using the power-law viscosity model to implement the
shear-thinning rheological characteristics. The most important findings can be summarised as follows

Å The shear-thinning rheology makes the turbulence weaker as compared to Newtonian flow.
Å The increased apparent viscosity away from the wall leads to the damping of the wall-normal
velocity fluctuations, therefore decreasing the wall normal turbulent energy transfer. This effect
also results in a stronger anispotropy of the turbulent structures.

Å Shear-thinning turbulence also exhibits drag reduction when compared to Newtonian turbulence
resulting in lower wall friction and higher fluid velocity.

All the above mentioned studies where conducted using a pipe geometry 1. Given the squared
geometry of most SSFB designs this research will aim to improve the understanding of non-Newtonian
flow in a parallel plate geometry. Also the shear-rate profiles, needed to determine the effects of turbu-
lence on the CB conductivity remain unreported requiring further research.

The Lattice Boltzmann Method (LBM) is a novel numerical simulation technique that employs Kinetic
Theory to solvemacroscopic fluid properties, such as turbulent flow profiles. Rather than directly solving

1As of the finalisation of this thesis a paper was published that studies the non-Newtonian flow characteristics in a closed
channel [36].
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the governing equations, the LBM simulates fluid density on a lattice using streaming and collision
processes. This method enhances parallel capabilities and facilitates ease of implementation. Hence,
the LBM will be employed as the numerical simulation technique in this research. To accelerate the
numerical simulation process, the parallel capabilities of the LBM will be harnessed by implementing it
on a Graphics Processing Unit (GPU).

The relevant research on (GPU) implementations of the LBM used for turbulent simulations can be
summed up as follows:

Å GPU Implementations using the Bhatnagar-Gross-Krook (BGK)-LBM have shown a rapid growth
in simulation speed [21]. Using this method, turbulence has been simulated in a channel flow
geometry within the time span of hours [28]. However, the BGK-LBM has shown limited numerical
stability, especially for low viscosity [89]

Å To improve the numerical stability the Filter-Matrix (FM)-LBM was introduced [75]. This method
has also shown success in the simulation of Newtonian turbulent channel flows [88][69].

Å Previous research on non-Newtonian laminar flow has shown good stability of the FM-LBM [64].

This research will aim to combine the separate knowledge on the FM-LBM for simulating turbulence,
the utilization of a GPU for fast numerical processing and the implementation of non-Newtonian fluid
rheology in the FM-LBM. By combining these areas of knowledge, a model will be developed with the
capability to simulate turbulent non-Newtonian flow.

This research aims to better understand the non-Newtonian turbulent characteristics of a carbon black
suspension and through that the effects of turbulence on the internal electrical conductivity and total
resistance of a Semi-Solid Flow Battery. This section will provide an overview of the research structure
and research questions that constitute the foundation of this study.

The research can be structured in the following steps.

1. Implementation of the FM-LBM on a GPU to effectively simulate turbulent non-Newtonian channel
flow

2. Characterization and analysis of the shear rate profile arising from the turbulent flow profile within
the channel.

3. Extraction of the CB conductivity profile from the turbulent shear rate profile.
4. Calculate the potential field inside the CB conductivity profile to determine the total CB resistance.
5. Derive scaling laws for the effects of turbulence on the electrical CB conductivity and resistance

as well as the pumping power needed for operation.

The goals of this research can be expressed in the following research questions.

Å How can existing LBM techniques be implemented on aGPU to simulate turbulent non-Newtonian
channel flow that resembles carbon black rheology characteristics in a reasonable time frame?

ï What are the numerical design choices needed to simulate non-Newtonian turbulence using
the Direct Numerical Simulation method?

ï How much can the GPU implementation enhance computational efficiency without compro-
mising on accurate results?

Å What is the Reynolds number effect of shear thinning non-Newtonian viscosity on the turbulent
characteristics and specifically the shear rate profile inside a channel?

ï What are the effects of the shear thinning rheology on the turbulent statistics and shear rate
profile?

ï How do the non-Newtonian turbulent statistics and shear rate profiles change for different
Reynolds number turbulence regimes?
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Å What is the effect of turbulence on the internal conductivity and subsequent electrical resistance
of a carbon black suspension as well as the pumping power needed to pump the suspension
trough the SSFB?

ï How does the shear thinning rheology influence he electrical conductivity and Resistance of
a CB suspension in different Reynolds number turbulence regimes?

ï What are the characteristic differences in conductivity and Resistance between laminar and
turbulent CB suspension flow fields?

ï How do the resistance and pumping power scale with respect to different laminar and turbu-
lent flow regimes.

The structure of this thesis can be outlined as follows: Chapter 2 provides a theoretical background
on electrochemical modeling, non-Newtonian turbulence simulation, and GPU programming. Chap-
ter 3 describes the numerical implementation of the FM-LBM for simulating turbulent non-Newtonian
flow. Chapter 4 explains the implementation of the electrical potential model for calculating electri-
cal resistance. The results are presented in two chapters. Chapter 5 discusses the fluid flow results
with a focus on numerical benchmarking, non-Newtonian flow simulation and the resulting shear-rate
profiles. Chapter 6 explores the results of CB conductivity derived from turbulent shear rate profiles
and subsequent electrical resistance characteristics. Lastly, Chapter 7 presents the conclusions and
recommendations for further research.



2
Theory

The research question exploring the impact of turbulence on the electrical resistance of a CB suspen-
sion within a SSFB through numerical simulation, spans across multiple fields of physics. Specifically,
this research is built upon three distinct theoretical fields: electrochemical modeling, fluid modeling, and
high-performance computing. This chapter will lay out the relevant theories within these fields such to
obtain the knowledge behind the modeling of the turbulent non-Newtonian fluid flow and the electrical
potential field inside the SSFB.

Firstly, Section 2.1 will delve into the comprehensive explanation of the theory behind electrochemi-
cal performance modeling. Subsequently, the focus will shift towards the theories concerning fluid flow
simulation. In particular, Sections 2.2 and 2.3 will provide an overview of fluid modeling and the lattice
Boltzmann method (LBM) respectively. Following that, Sections 2.4 and 2.5 will delve into the theories
underlying non-Newtonian fluids and turbulence respectively. Finally, the chapter will conclude with an
overview of the relevant concepts within the field of high-performance computing and programming on
a GPU.

This chapter will discuss the relevant theory behind the modeling of the electrochemical performance of
a SSFB. Specifically the effects of the internal conductivity of the CB suspension on the total electrical
performance will be considered.

First, the operational fundamentals of a SSFB are further explained in Section 2.1.1. Subsequently
the performance metrics important to SSFB design are discussed in section 2.1.2. Then, Section 2.1.3
will consider the different forms of internal resistance associated with a SSFB. The theory and methods
behined the electrochemical modeling will be discussed in Section 2.1.4. Finally, the theory behind the
quantification of the total electrical resistance of the CB suspension will be discussed in section 2.1.5.

A Flow Battery (FB) and the more specific Semi-Solid Flow Battery both are Galvanic cells which pro-
duce electrical energy via electrochemical reactions. Figure 2.1 depicts such a (Semi-Solid) Flow Bat-
tery. In this section the working principals and differences behind both energy storing devices is dis-
cussed.

A Flow Battery (FB) is a type of battery that uses liquid active electrochemical energy carriers that
are stored outside the battery. These energy carriers are two parts of a redox couple where the re-
ducer (Red) and oxidant (Ox) together with the electrolyte make up the anodic and cathodic material
respectively. In a flow battery thesematerials are separately pumped through an ion-exchange/electron
extraction power stack. In this cell the anode and cathode fluids are separated by a membrane. This
membrane is a electrical insulator while being permeable for ions. When the cell is connected to an
external circuit the oxidation and reduction reactions take place in the anode and cathode respectively.
The electron is transported via the electrode of the anode through an external circuit to the electrode
of the cathode. To avoid positive and negative charge accumulation in the anode and cathode respec-
tively, the membrane acts as a salt bridge transferring positive cations (Ca+) and negative anions (An�)

7
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Figure 2.1: Schematic illustration of a (Semi-Solid) Flow Battery. The anodic and cathodic liquids are pumped through the
battery where the redox half reactions take place and electrical energy is produced.

from one side to the other. This closes the charge loop and makes it possible for the FB to generate
electrical power as long as new active anodic and cathodic material is pumped into the system.

The Semi-Solid Flow Batterie (SSFB) is an improvement of the above mentioned FB concept first
proposed by Duduta et al. [22]. It differs from the FB concept in two ways:

Å Firstly, in a SSFB the active reducer and oxidant are solid particles suspended in a liquid elec-
trolyte. This in contrast to a FB where the active materials are dissolved in the electrolyte. The
reason for this change is the increase in energy density of the total electochemical fluid [22]. This
increase in energy density has two reasons. The first one is the freedom to use redox couples
that have a higher energy density but can not be dissolved in an electrolyte. The second reason
is the liberation of the solubility constraint of the active materials making it possible to increase
the amount of active material with respect to the electrolyte.

Å The second change the SSFB design makes with respect to the the FB, has to do with the elec-
trical conductance of the electrode fluid. The FB makes use of a porous medium to increase
the conductivity and with that the reaction rate over the full flow channels/electrodes. Due to the
increased viscosity of the SSFB electrolyte solutions, the use of such a porous medium requires
much more pumping power. Therefore, in a SSFB a liquid electrical conducting medium is added
to the electrolyte. Different kinds of Carbon Black (CB) suspensions are used to generate this
conducting medium [22][86].

As mentioned, the SSFB has at its main advantage the decoupling of battery power and capacity. To
achieve this it does however come with a possible decrease in energy efficiency due to the introduc-
tion of a mechanical pump requiring energy. The main SSFB performance metrics, considered in this
research, are therefore:

Å Battery capacity is defined as the amount of electric charge that a battery can store and deliver,
typically measured in ampere-hours [Ah]. In a SSFB this is the amount of active electrolyte
material that is capable of participating in the redox reaction.

Å Battery energy efficiency, describes the percentage of electrical energy [J ] put into storage that is
later retrieved. In a SSFB the loss of efficiency is made up of mechanical losses due to pumping
as well as the internal energy losses associated with the electrochemical process.

Å Battery power, represents the rate at which electrical energy is generated or consumed by a
battery system. In a SSFB the battery power is determined by the rate of the electrochemical
reactions as well as the potential losses due to internal resistance.

The current density j [A/m2] and cell voltageEcell lie at the base of the performance metrics defined
above. The cell voltage is defined as

Ecell = Eeqcell � �Ereactions � �Eelectic � �Eionic (2.1)
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with Eeqcell the equilibrium potential of the redox couple without any current induced losses. The losses
that follow from the current flowing are: �Ereactions the voltage losses due to chemical reactions,
�Eelectric the Ohmic losses due to electron resistivity and �Eionic the losses due to ion resistivity.

Reducing these losses subsequently improves the performance metrics such as battery power. The
effects of turbulence on the conductivity of the CB suspension will have a direct influence on the elec-
trical Ohmic losses �Eelectic and therefore on the performance metrics of a SSFB.

This section will discuss the internal electric and ionic Ohmic losses due to the electric and ionic resis-
tance.

During the charge and discharge cycles an electronic current flows from the reduction half reaction to
the oxidation half reaction. During this path the electronic current experiences resistance resulting in
the Ohmic potential. In a SSFB this potential drop can be broken down in three parts namely the charge
transfer resistance, carbon black resistance and external circuit resistance. The internal resistance is
only made up of the first two.

The resistance linked to the electron transfer between the cation and the carbon black network is
known as the charge transfer resistance. Whilst important for overall SSFB performance, there is no
available research on how this resistance changes for flow profile characteristics [53]. Modeling this
resistance will therefor lie outside of the scope of this research.

The carbon black (CB) resistance is the resistance the electrical current experiences when flowing
through the carbon black network. The CB conductivity is the reciprocal of electrical resistivity, and is
defined by � and has units of [mS/cm]. Using Ohmôs law, � quantifies the local electric current density
j induced by the electric field via

j = �E (2.2)

where the electric field is defined as
E = �r� (2.3)

with � being the electric potential inside the CB.
A conductive CB network is obtained when the CB suspension reaches a certain critical concentra-

tion. This concentration is called the percolation concentration and describes the moment for which the
CB suspension forms a electrical conducting network with � > 0, that spans the full cell. As discussed
in section 1.2, this CB conductivity depends on a wide range of factors like the CB concentration, the
sort of CB particles used and the composition of the surrounding medium. This research will focus on
the non-aqueous Ketjen black EC-300 CB suspension with a volume fraction of �CB = 0:021. This
choice is made due to the optimal conductivity verses viscosity characteristics [64].

Figure 2.2 shows the CB conductivity dependence on shear rate for the CB concentrations chosen
in this study. The fit to this measurement data obtained by Youssry et al. [86] can be expressed as a
fourth order polynomial described by equation (2.4)

�( _
) = exp(p0 _
3 + p1 _
2 + p2 _
 + p3) (2.4)

with coefficients p0 = �8:07e � 3, p1 = 5:22e � 2, p2 = 0:334 and p3 = �7:55 [64]. Since it is hard
to predict what happens outside the given curve the conductivity is assumed to remain constant for
_
 � 1e� 3 [s�1] and _
 � 634 s�1 [s�1].

Due to the turbulent flow fields considered in this study, the shear rate field _
(x; t) will fluctuate
over space and time. In turn this will lead to an internal conductivity field �(x; t). What the turbulent
characteristics are of this conductivity field and what effect this will have on the total Ohmic losses will
be the focus of this research.

In order to maintain a balance of charge during the charge and discharge cycles of a flow battery,
ions need to transfer from one cell to the other. The ionic resistance resulting in the ionic Ohmic drop
�Eionic can be contributed to the electrolyte and the ion exchange membrane ion resistance. The ease
at which ionôs transfer through this media is expressed by a electrolytic conductivity � which, just as
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Figure 2.2: Non-aqueous CB suspension conductivity dependence on shear rate for different CB concentrations [86]

with the electric conductivity, relates the ionic current i to the ionic potential gradient r� via Ohmôs law.
Depending on the type of aqueous and non-aqueous electrolytes the � for the membrane and elec-
trolyte differ significantly. As an example, for the non-aqueous electrolyte, the ion conductivity inside
the electrolytes itself ranges from 5 to 10 [mS/cm] corresponding to several order of magnitude higher
� than � [84].

The ionic conductivity is multiple orders of magnitude higher than the electronic conductivity. The
electron conductivity will therefore be a limiting factor and quantifying �Eelectric will therefore be the
key to finding the electrochemical performance of a SSFB. This will be the focus for the rest of this
research where equation (2.4) will be used to describe the effect of turbulence and subsequent shear
rate _
 on the electrical conductivity and subsequent Ohmic losses.

To determine the variable electrical Ohmic losses exactly, the path of the electron needs to be known.
Therefore the location of the reaction needs to be determined. To this end the electrochemical kinetics
inside a SSFB need to be modeled.

Modeling the current-voltage relation in a SSFB starts with Faradayôs law of electrolysis

@�c
@t

= neFaRj? (2.5)

linking the redox reaction rate per unit area j? [molm�2s�1] to the change in local current density
�c [Cm�3]. This is done via the number of electrons per reaction ne the active specific surface area
aR [m�1] and Faradayôs constant F [Cmol�1] [83]. In a SSFB the aR is determined by the physical
properties of the CB suspension chosen.

The reaction rate per unit area j? depends on the following factors:

Å Oxidant and Reductant (Ox/Red) activation potential EaOx/EaRed
Å Oxidant and reductant reactant concentrations COx/CRed

Å Temperature T
Å Effect of activation overpotential

� = (� � �) � (�eq � �eq) (2.6)

where �eq and �eq represent the electronic and ionic equilibrium potentials.
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When the reaction kinetics are assumed to be of first order and there is assumed to be one (dominant)
electron transfer involved, the Butler Volmer (BV) equation describes j?. This equation is expressed
as

j? =
j�

F

�
CRed

CeqRed
e

�OxF �

RGT � COx

CeqOx
e� �RedF �

RGT

�
(2.7)

with � the charge transfer coefficient, RG the universal gas constant, T the temperature and j� the
exchange current density [Am�2] [4].

The BV equation links the reaction rate to the electric and ionic potentials as well the concentrations
of the reactant species. The reaction rate goes to zero when the over potential is zero and when the
concentration reactant species CRed/Ox at the electrode surface is depleted. However, both the over
potential and concentration depend on the reaction rate themselves. Combining the BV equation with
the conservation and transport equations to model the linked effects between current, potential and
concentration results a model for the full electrochemical performance of a SSFB. This will be discussed
next.

To model the full electrochemical performance of a SSFB, the effects of reaction kinetic, Ohmic resis-
tance and concentration gradients are linked in a so called tertiary current distribution [37][58]. A short
overview of this will be given here.

The reaction kinetics defined by the BV equation (2.7) can be linked to the concentration gradients
via the source therm of the convection diffusion equation

@Cr
@t

+ r � (uCr) = r � (Dr;effrCr) +
Fzr
RT

r(Dr;effCrr�) � aRj? (2.8)

with the reactant concentration Cr(x; t) [molm�3],Dr;eff the effective diffusion coefficient [m2 s�1] [44]
and zr the charge of reactant r. In a flow battery the convection will dominate the mass transfer and
the limiting factor for the reactant concentration going to zero can easily be resolved by pumping more
reactant into the elelctrochemical stack [22].

The effect of reaction kinetics on electric potential � can be derived via the charge conservation
equation

r � j =
@�c
@t

(2.9)

together with ohms law (2.2), Faradayôs law (2.5) and the definition of the electric field (2.3). These
equations combine to the non-linear differential equation

�r � �(r�) = neFaRj?(�) (2.10)

where the electric potential �(x; t) depends on space and time. When considering turbulent flow in a
SSFB the electronic conductivity �(x; t) will also depend on space and time due to its dependence on
shear rate, as was mentioned in section 2.1.3.

Solving the tertiary current distribution is usually done using the COMSOLTM metaphysics engine
and results in the ionic and electronic potential fields and current distribution [55]. Using this the effective
CB Ohmic resistance �Eelectric(x) can be determined.

However, due to the combined complexities of the shear thinning rheology, variable CB conductivity
and turbulent flow profile this can not be easily implemented. This research therefore uses a simplified
method to characterise the CB Ohmic resistance. This method will be discussed next.

To characterise the effect turbulence has on the electrical conductivity and resistance of a Carbon Black
suspension inside a SSFB, the following assumption will be made. Instead of incorporating varying
electrical current paths, all the reactions are assumed to take place at the membrane. The channel will
be considered as a variable cuboidal conductor, with a voltage difference applied from the membrane to
the current collector side, as illustrated in the figure 2.3. This hypothetical situation does not represent
the expected behaviour of a SSFB, where the reactions are expected to take place near the current
collector since the ion conductivity is way larger than the electron conductivity [64]. However, it does
provide a good measure for overall CB resistance and the effects turbulence has on it.
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�P�R�U�H�� �G�H�V�F�U�L�E�L�Q�J �I�O�X�L�G�V �L�Q �W�K�H �P�L�F�U�R�V�F�R�S�L�F �V�F�D�O�H �L�V �G�R�Q�H �X�V�L�Q�J �P�R�O�H�F�X�O�D�U �G�\�Q�D�P�L�F�V �W�K�H�R�U�\ �Z�K�L�O�V�W �I�R�U �W�K�H
�P�H�V�R�V�F�R�S�L�F �V�F�D�O�H �W�K�H �N�L�Q�H�W�L�F �W�K�H�R�U�\ �L�V �X�V�H�G�� �7�K�H �N�L�Q�H�W�L�F �W�K�H�R�U�\ �L�V �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q������������
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�V�F�D�O�H �I�R�F�X�V�H�V �R�Q �W�K�H �E�H�K�D�Y�L�R�U �R�I �V�\�V�W�H�P�V �W�K�D�W �D�U�H �O�D�U�J�H�U �W�K�D�Q �L�Q�G�L�Y�L�G�X�D�O �D�W�R�P�V �D�Q�G �P�R�O�H�F�X�O�H�V�� �E�X�W �V�W�L�O�O �V�P�D�O�O �H�Q�R�X�J�K �W�R �E�H
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�7�K�H �F�R�Q�W�L�Q�X�X�P �D�S�S�U�R�D�F�K �S�U�R�Y�L�G�H�V �D �P�D�W�K�H�P�D�W�L�F�D�O �I�U�D�P�H�Z�R�U�N �I�R�U �G�H�V�F�U�L�E�L�Q�J �I�O�X�L�G �G�\�Q�D�P�L�F�V �L�Q �W�K�H �V�F�D�O�H
�Z�K�H�U�H �W�K�H �E�H�K�D�Y�L�R�U �R�I �L�Q�G�L�Y�L�G�X�D�O �I�O�X�L�G �S�D�U�W�L�F�O�H�V �F�D�Q �E�H �F�R�Q�V�L�G�H�U�H�G �Q�H�J�O�L�J�L�E�O�H�� �7�K�L�V �V�F�D�O�H �L�V �F�K�D�U�D�F�W�H�U�L�V�H�G
�E�\ �W�L�P�H �D�Q�G �O�H�Q�J�W�K �V�F�D�O�H�V �I�R�U �Z�K�L�F�K �W�K�H �.�Q�X�G�V�H�Q �Q�X�P�E�H�U �L�V �V�P�D�O�O�H�U �W�K�D�Q �.�Q< 0:01 �D�Q�G �Z�L�W�K�L�Q �W�K�L�V
�V�F�D�O�H �W�K�H �I�O�X�L�G �I�O�R�Z �F�D�Q �E�H �G�H�V�F�U�L�E�H�G �X�V�L�Q�J �F�O�D�V�V�L�F�D�O �P�H�F�K�D�Q�L�F�V �>���� �@�� �,�Q �W�K�H �F�R�Q�W�L�Q�X�X�P �G�H�V�F�U�L�S�W�L�R�Q �W�K�H
�P�R�W�L�R�Q �R�I �W�K�H �I�O�X�L�G�V �D�U�H �J�R�Y�H�U�Q�H�G �E�\ �W�K�H �F�R�Q�V�H�U�Y�D�W�L�R�Q �R�I �P�D�V�V�� �W�K�H �F�R�Q�V�H�U�Y�D�W�L�R�Q �R�I �P�R�P�H�Q�W�X�P �D�Q�G �W�K�H
�F�R�Q�V�H�U�Y�D�W�L�R�Q �R�I �H�Q�H�U�J�\�� �7�K�H�V�H �F�R�Q�V�H�U�Y�D�W�L�R�Q �D�V�V�X�P�S�W�L�R�Q�V �U�H�V�X�O�W �L�Q �D �V�H�W �R�I �S�D�U�W�L�D�O �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V
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�W�R �V�R�O�Y�L�Q�J �W�K�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�� �7�K�H �X�S�F�R�P�L�Q�J �V�H�F�W�L�R�Q �Z�L�O�O �G�L�V�F�X�V�V �W�K�H �W�K�H�R�U�\ �E�H�K�L�Q�G �W�K�H �.�L�Q�H�W�L�F
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�.�L�Q�H�W�L�F �W�K�H�R�U�\ �L�V �D �P�H�V�R�V�F�D�O�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�� �W�K�D�W �X�W�L�O�L�]�H�V �D �S�D�U�W�L�F�O�H �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Q �W�R �G�H�V�F�U�L�E�H
�W�K�H �E�H�K�D�Y�L�R�U �R�I �F�R�O�O�H�F�W�L�R�Q�V �R�I �D�W�R�P�V �R�U �P�R�O�H�F�X�O�H�V �L�Q �J�D�V�V�H�V �D�Q�G �O�L�T�X�L�G�V�� �7�K�L�V �S�D�U�W�L�F�O�H �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Q
�L�V �U�H�S�U�H�V�H�Q�W�H�G �E�\f (x ; � ; t) �Y�D�U�\�L�Q�J �R�Y�H�U �V�S�D�F�H�� �W�L�P�H �D�Q�G �Y�H�O�R�F�L�W�\ �G�L�U�H�F�W�L�R�Q�� �,�W �L�V �G�H�I�L�Q�H�G �L�Q �V�X�F�K �D �Z�D�\
�W�K�D�Wf (x ; � ; t)d� dx �U�H�S�U�H�V�H�Q�W�V �W�K�H �Q�X�P�E�H�U �R�I �S�D�U�W�L�F�O�H�V �D�W �W�L�P�Ht �L�Q �Y�R�O�X�P�H �H�O�H�P�H�Q�Wdx �D�U�R�X�Q�G �S�R�V�L�W�L�R�Q
x �� �Z�K�L�F�K �K�D�Y�H �S�D�U�W�L�F�O�H �Y�H�O�R�F�L�W�L�H�V �L�Q �D �U�D�Q�J�Hd� �D�U�R�X�Q�G �Y�H�O�R�F�L�W�\ �G�L�U�H�F�W�L�R�Q� �>���@�� �:�K�L�O�V�W �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q
�I�X�Q�F�W�L�R�Q �G�H�V�F�U�L�E�H�V �W�K�H �I�O�X�L�G �D�W �D �P�H�V�R�V�F�D�O�H�� �P�D�F�U�R�V�F�R�S�L�F �I�O�X�L�G �S�U�R�S�H�U�W�L�H�V �F�D�Q �E�H �U�H�F�R�Y�H�U�H�G �I�U�R�P �L�W �Y�L�D
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�D�V �D �S�H�U�W�X�U�E�D�W�L�R�Q �H�[�S�D�Q�V�L�R�Q �D�U�R�X�Q�Gf eq
i ��

f i = f eq
i + �f (1) + � 2f (2) + ::: ������������

�7�K�H� �U�H�S�U�H�V�H�Q�W�V �D �V�P�D�O�O�Q�H�V�V �S�D�U�D�P�H�W�H�U �D�Q�G �D�F�W�V �D�V �D �O�D�E�H�O �W�R �O�D�W�H�U �U�H�P�R�Y�H �K�L�J�K�H�U �R�U�G�H�U �W�H�U�P�V �I�U�R�P
�W�K�H �H�T�X�D�W�L�R�Q�� �7�K�L�V �S�H�U�W�X�U�E�H�Gf i �L�V �V�X�E�V�W�L�W�X�W�H�G �L�Q �W�K�H �I�L�U�V�W �R�U�G�H�U �H�[�S�D�Q�V�L�R�Q �R�I �W�K�H �/�%�0 �H�T�X�D�W�L�R�Q ������������
�Z�K�L�F�K �W�D�N�H�V �W�K�H �I�R�U�P �R�I��

@t f i = 
 i (f ) � ci � r f i ������������

�,�I �W�K�H �W�L�P�H �V�F�D�O�H@t �D�Q�G �V�S�D�W�L�D�O �V�F�D�O�H�Vr �D�U�H �D�O�V�R �H�[�S�D�Q�G�H�G �D�Q�G �R�Q�O�\ �W�K�H �I�L�U�V�W �W�Z�R �R�U�G�H�U�V �R�If i �D�U�H
�F�R�Q�V�L�G�H�U�H�G�� �W�K�H �V�R�O�X�W�L�R�Q �I�R�Uf neq

i �F�D�Q �E�H �I�R�X�Q�G �>���� �@�� �7�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Q �L�Q�F�R�U�S�R�U�D�W�L�Q�J �Y�L�V�F�R�X�V
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�G�L�V�V�L�S�D�W�L�R�Q �W�K�H�Q �E�H�F�R�P�H�V

f i = �w i

�
1 +

ci � u
c2

s
+

(ci � u )2

2c4
s

�
u � u
2c2

s
� �

�
(ci � r )(ci � u )

c4
s

� (1 +
2
D

� B )
r � u

c2
s

��
������������

�Z�K�H�U�H �W�K�H �Y�L�V�F�R�X�V �W�H�U�P �U�H�S�U�H�V�H�Q�W�Vf neq
i �>���� �@�� �,�Q ������������ �W�K�HB = � / � �U�H�S�U�H�V�H�Q�W�V �W�K�H �O�D�W�W�L�F�H �E�X�O�N �Y�L�V�F�R�V�L�W�\

�R�Y�H�U �W�K�H �O�R�F�D�O �O�D�W�W�L�F�H �N�L�Q�H�P�D�W�L�F �Y�L�V�F�R�V�L�W�\��D �U�H�S�U�H�V�H�Q�W�V �W�K�H �V�S�D�W�L�D�O �G�L�P�H�Q�V�L�R�Q �R�I �W�K�H �V�F�K�H�P�H�� �7�K�L�VB �L�V
�X�V�X�D�O�O�\ �F�K�R�V�H�Q �W�R �E�H �H�T�X�D�O �W�R �� �E�X�W �D�V �G�L�V�F�X�V�V�H�G �L�Q �F�K�D�S�W�H�U�� �L�W �F�D�Q �E�H �V�H�H�Q �D�V �D �I�U�H�H �S�D�U�D�P�H�W�H�U �D�L�G�L�Q�J
�L�Q �Q�X�P�H�U�L�F�D�O �V�W�D�E�L�O�L�W�\ �>���� �@��

�8�V�L�Q�J �W�K�H �F�R�Q�V�H�U�Y�D�W�L�R�Q �F�U�L�W�H�U�L�D �I�R�U �W�K�H �F�R�O�O�L�V�L�R�Q �R�S�H�U�D�W�R�U ������������ �L�W �F�D�Q �E�H �V�K�R�Z�Q �W�K�D�Wf i �U�H�F�R�Y�H�U�V
�W�K�H �I�X�O�O �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q ������������ �X�S �W�R �V�H�F�R�Q�G �R�U�G�H�U �D�F�F�X�U�D�F�\ �>���� �@�� �6�R�O�Y�L�Q�J �W�K�H �/�%�0 �X�V�L�Q�J �D�Q
�D�S�S�U�R�S�U�L�D�W�H �F�R�O�O�L�V�L�R�Q �R�S�H�U�D�W�R�U �O�H�D�G�V �W�R �W�K�H �P�D�F�U�R�V�F�R�S�L�F �T�X�D�Q�W�L�W�L�H�V �L�Q �W�K�H �F�R�Q�W�L�Q�X�X�P �G�R�P�D�L�Q

� (x ; t) =
X

i

f i (x ; t) � (x ; t)u (x ; t) =
X

i

ci f i (x ; t) p = �c 2
s ������������

�������������7�X�V�I�E�Q �E�R�H �'�S�P�P�M�W�M�S�R �7�X�I�T
�7�R �V�R�O�Y�H �W�K�H �/�D�W�W�L�F�H �%�R�O�W�]�P�D�Q�Q �H�T�X�D�W�L�R�Q �������������� �D�Q�G �W�K�H�U�H�I�R�U�H �I�L�Q�G�L�Q�J �K�R�Zf �F�K�D�Q�J�H�V �R�Y�H�U �W�L�P�H �D�Q�G
�V�S�D�F�H�� �W�Z�R �L�W�H�U�D�W�L�Y�H �V�W�H�S�V �Q�H�H�G �W�R �E�H �W�D�N�H�Q�� �7�K�H�V�H �W�Z�R �V�W�H�S�V �D�U�H �W�K�H �V�W�U�H�D�P �D�Q�G �F�R�O�O�L�V�L�R�Q �V�W�H�S �D�V
�V�H�H�Q �L�Q �I�L�J�X�U�H�������� �,�Q �W�K�H �V�W�U�H�D�P �V�W�H�S �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Q�V �D�U�H �S�U�R�S�D�J�D�W�H�G �W�R �W�K�H �Q�H�L�J�K�E�R�U�L�Q�J
�Q�R�G�H�V �D�O�R�Q�J �W�K�H�L�U �Y�H�O�R�F�L�W�\ �G�L�U�H�F�W�L�R�Q�V�� �,�Q �W�K�H �F�R�O�O�L�V�L�R�Q �V�W�H�S �W�K�H �S�D�U�W�L�F�O�H �G�H�Q�V�L�W�L�H�V �D�U�H �U�H�G�L�V�W�U�L�E�X�W�H�G �R�Y�H�U
�W�K�H �Y�H�O�R�F�L�W�L�H �V�X�F�K �W�K�D�W �P�D�V�V�� �P�R�P�H�Q�W�X�P �D�Q�G �H�Q�H�U�J�\ �D�U�H �F�R�Q�V�H�U�Y�H�G�� �7�K�H�U�H�I�R�U�H�� �W�R �F�O�R�V�H �W�K�H �V�\�V�W�H�P �D
�F�R�O�O�L�V�L�R�Q �R�S�H�U�D�W�R�U�� �L�Q�F�R�U�S�R�U�D�W�L�Q�J �W�K�H �P�D�F�U�R�V�F�R�S�L�F �I�O�X�L�G �S�U�R�S�H�U�W�L�H�V�� �Q�H�H�G�V �W�R �E�H �I�R�X�Q�G��

�'�L�I�I�H�U�H�Q�W �N�L�Q�G�V �R�I �F�R�O�O�L�V�L�R�Q �R�S�H�U�D�W�R�U�V �K�D�Y�H �E�H�H�Q �G�H�Y�H�O�R�S�H�G �Z�L�W�K �W�K�H �P�R�V�W �F�R�P�P�R�Q �R�Q�H�V �E�H�L�Q�J �W�K�H
�%�K�D�W�Q�D�J�D�U �*�U�R�V�V �&�U�R�R�N ���%�*�.�� ���� �0�X�O�W�L�S�O�H �5�H�O�D�[�V�D�W�L�R�Q �7�L�P�H ���0�5�7�� �� �D�Q�G �W�K�H �)�L�O�W�H�U �0�D�W�U�L�[ ���)�0�� �� �/�D�W�W�L�F�H
�%�R�O�W�]�P�D�Q�Q �0�H�W�K�R�G �>���� �@�� �,�Q �W�K�L�V �V�W�X�G�\�� �W�K�H �)�0���/�%�0 �Z�L�O�O �E�H �X�V�H�G�� �,�Q �V�H�F�W�L�R�Q������ �W�K�H �G�H�U�L�Y�D�W�L�R�Q �D�Q�G
�L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�L�V �P�R�G�H�O �Z�L�O�O �E�H �G�L�V�F�X�V�V�H�G��

�)�L�J�X�U�H ���������6�W�U�H�D�P �D�Q�G �&�R�O�O�L�V�L�R�Q �V�W�H�S

���������2�S�R���2�I�[�X�S�R�M�E�R �*�P�Y�M�H�W
�$�V �P�H�Q�W�L�R�Q�H�G �L�Q �V�H�F�W�L�R�Q�����������W�K�H �D�T�X�H�R�X�V �&�D�U�E�R�Q �%�O�D�F�N �V�X�V�S�H�Q�V�L�R�Q �L�Q�V�L�G�H �W�K�H �S�U�R�S�R�V�H�G �6�H�P�L���6�R�O�L�G
�)�O�R�Z �%�D�W�W�H�U�\ �G�H�V�L�J�Q �H�[�K�L�E�L�W�V �V�W�U�R�Q�J �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �E�H�K�D�Y�L�R�X�U�� �1�R�Q���1�H�Z�W�R�Q�L�D�Q �I�O�X�L�G�V �G�L�V�W�L�Q�J�X�L�V�K �W�K�H�P��
�V�H�O�Y�H�V �I�U�R�P �1�H�Z�W�R�Q�L�D�Q �I�O�X�L�G�V �E�\ �W�K�H�L�U �Y�D�U�L�D�E�O�H �P�R�O�H�F�X�O�D�U �Y�L�V�F�R�V�L�W�\�� �7�K�L�V �L�V �G�X�H �W�R �W�K�H �D�S�S�D�U�H�Q�W �Y�L�V�F�R�V�L�W�\
� �R�I �V�X�F�K �Q�R�Q���1�H�Z�W�R�Q�L�D�Q ���1�1�� �I�O�X�L�G�V �E�H�L�Q�J �G�H�S�H�Q�G�H�Q�W �R�Q �W�K�H �Y�H�O�R�F�L�W�\ �J�U�D�G�L�H�Q�W�V �L�Q �W�K�H �I�O�X�L�G �D�Q�G �L�Q �V�R�P�H
�F�D�V�H�V �D�O�V�R �H�O�D�V�W�L�F �H�I�I�H�F�W�V �>���@�� �,�Q �V�H�F�W�L�R�Q������������ �D �V�K�R�U�W �R�Y�H�U�Y�L�H�Z �L�V �J�L�Y�H�Q �R�Q �W�K�H �G�L�V�W�L�Q�F�W�L�R�Q �E�H�W�Z�H�H�Q �1�H�Z��
�W�R�Q�L�D�Q �D�Q�G �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �D�Q�G �W�K�H �G�L�I�I�H�U�H�Q�W �W�\�S�H�V �R�I �1�1���I�O�X�L�G�V �Z�L�O�O �E�H �G�L�V�F�X�V�V�H�G�� �$�I�W�H�U �W�K�L�V �L�Q�W�U�R�G�X�F�W�L�R�Q
�L�Q�W�R �1�1���I�O�X�L�G�V�� �W�K�H �S�R�Z�H�U���O�D�Z �Y�L�V�F�R�V�L�W�\ �P�R�G�H�O �D�S�S�U�R�[�L�P�D�W�L�Q�J �W�K�H �&�D�U�E�R�Q �%�O�D�F�N �Y�L�V�F�R�V�L�W�\ �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V
�Z�L�O�O �E�H �L�Q�W�U�R�G�X�F�H�G �L�Q �V�H�F�W�L�R�Q������������
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�)�L�J�X�U�H ������ �)�L�J�X�U�H ������

�)�L�J�X�U�H������ �U�H�S�U�H�V�H�Q�W �W�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �G�L�I�I�H�U�H�Q�W �W�L�P�H �L�Q���G�H�S�H�Q�G�H�Q�W �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �I�O�X�L�G�V �Z�K�H�U�H �I�L�J�X�U�H������ �G�R�H�V �V�R �I�R�U �W�L�P�H
�G�H�S�H�Q�G�H�Q�W �I�O�X�L�G�V �>���� �@��

�������������(�M�J�J�I�V�I�R�X �'�P�E�W�W�I�W �S�J �R�S�R���2�I�[�X�S�R�M�E�R �*�P�Y�M�H�W
�0�R�V�W �I�O�X�L�G�V �W�K�D�W �F�R�Q�V�L�V�W �R�I �S�D�U�W�L�F�O�H�V �Z�L�W�K �O�R�Z �P�R�O�H�F�X�O�D�U �Z�H�L�J�K�W �O�L�N�H �I�R�U �H�[�D�P�S�O�H �Z�D�W�H�U�� �P�R�O�W�H�Q �P�H�W�D�O�V��
�D�O�F�R�K�R�O �D�Q�G �G�L�V�V�R�O�Y�H�G �V�D�O�W�V�� �H�[�K�L�E�L�W �1�H�Z�W�R�Q�L�D�Q �I�O�R�Z �E�H�K�D�Y�L�R�X�U �>���@�� �7�K�L�V �P�H�D�Q�V �W�K�D�W �W�K�H �V�K�H�D�U �V�W�U�H�V�V�
�O�L�Q�H�D�U�O�\ �V�F�D�O�H�V �Z�L�W�K �W�K�H �V�K�H�D�U �U�D�W�H_


� = � _
 ������������

�Z�L�W�K� �U�H�S�U�H�V�H�Q�W�L�Q�J�W�K�H �Y�L�V�F�R�V�L�W�\ �>���� �@�� �+�R�Z�H�Y�H�U�� �Z�L�W�K �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �I�O�R�Z�V �O�L�N�H �V�X�V�S�H�Q�V�L�R�Q�V ���H���J�� �T�X�L�F�N��
�V�D�Q�G���� �H�P�X�O�V�L�R�Q�V ���H���J�� �E�X�W�W�H�U�� �D�Q�G �S�R�O�\�P�H�U�L�F �V�R�O�X�W�L�R�Q�V ���H���J�� �P�R�O�W�H�Q �S�O�D�V�W�L�F�V�� �W�K�L�V �V�K�H�D�U �V�W�U�H�V�V �D�Q�G
�V�K�H�D�U �U�D�W�H �U�H�O�D�W�L�R�Q �L�V �V�W�U�L�F�W�O�\ �Q�R�Q���O�L�Q�H�D�U�� �7�K�H�V�H �Y�D�U�\�L�Q�J �Y�L�V�F�R�V�L�W�\ �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V�� �R�U �V�R �F�D�O�O�H�G �U�K�R�O�R�J�L�H�V��
�J�H�Q�H�U�D�W�H �Q�R�Q���O�L�Q�H�D�U �V�W�U�H�V�V �U�H�V�S�R�Q�V�H�V �L�Q �W�K�H �I�O�X�L�G��

�'�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �W�\�S�H �R�I �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �I�O�X�L�G�� �W�K�H �D�S�S�D�U�H�Q�W �Y�L�V�F�R�V�L�W�\ �L�Q�F�U�H�D�V�H�V �R�U �G�H�F�U�H�D�V�H�V �I�R�U
�L�Q�W�H�Q�V�L�I�\�L�Q�J �V�K�H�D�U �U�D�W�H�V�� �)�R�U �D �V�S�H�F�L�I�L�F �F�O�D�V�V �R�I �I�O�X�L�G �W�K�L�V �V�K�H�D�U���W�K�L�F�N�H�Q�L�Q�J �D�Q�G �V�K�H�D�U���W�K�L�Q�Q�L�Q�J �E�H�K�D�Y�L�R�X�U
�F�D�Q �R�Q �W�R�S �R�I �W�K�D�W �D�O�V�R �F�K�D�Q�J�H �R�Y�H�U �W�L�P�H�� �7�K�H �W�L�P�H �L�Q�G�H�S�H�Q�G�H�Q�W �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �I�O�X�L�G�V �D�U�H �F�D�O�O�H�G �S�X�U�H�O�\
�Y�L�V�F�R�X�V �R�U �J�H�Q�H�U�D�O�L�V�H�G �1�H�Z�W�R�Q�L�D�Q �I�O�R�Z�V �Z�K�H�U�H�D�V �W�K�H �W�L�P�H �G�H�S�H�Q�G�H�Q�W �R�U �S�D�U�W�L�D�O�O�\ �W�L�P�H �G�H�S�H�Q�G�H�Q�W �Q�R�Q��
�1�H�Z�W�R�Q�L�D�Q �I�O�X�L�G�V �D�U�H �F�D�O�O�H�G �Y�L�V�F�R�H�O�D�V�W�L�F �R�U �H�O�D�V�W�L�F�R���Y�L�V�F�R�X�V �I�O�X�L�G�V �>���� �@��

�7�K�H �I�O�R�Z �F�X�U�Y�H�V �R�I �W�K�H �G�L�I�I�H�U�H�Q�W �N�L�Q�G�V �R�I �W�L�P�H �L�Q�G�H�S�H�Q�G�H�Q�W �I�O�X�L�G�V �F�D�Q �E�H �I�R�X�Q�G �L�Q �I�L�J�X�U�H�������� �,�Q �W�K�L�V
�I�L�J�X�U�H �L�W �F�D�Q �E�H �V�H�H�Q �W�K�D�W �I�R�U �S�V�H�X�G�R���S�O�D�V�W�L�F�V ���D�O�V�R �F�D�O�O�H�G �S�R�O�\�P�H�U�L�F �I�O�X�L�G�V�� �W�K�H �Y�L�V�F�R�V�L�W�\ �G�H�F�U�H�D�V�H�V �Z�L�W�K
�L�Q�F�U�H�D�V�H�G �V�K�H�D�U �U�D�W�H �F�R�Q�V�W�L�W�X�W�L�Q�J �V�K�H�D�U���W�K�L�Q�Q�L�Q�J �E�H�K�D�Y�L�R�X�U�� �)�R�U �G�L�O�D�W�D�Q�W �I�O�X�L�G�V �W�K�H �Y�L�V�F�R�V�L�W�\ �L�Q�F�U�H�D�V�H�V
�Z�L�W�K �V�K�H�D�U �U�D�W�H�� �F�R�Q�V�W�L�W�X�W�L�Q�J �V�K�H�D�U���W�K�L�F�N�H�Q�L�Q�J �E�H�K�D�Y�L�R�X�U�� �,�Q �I�L�J�X�U�H������ �W�K�H �W�Z�R �N�L�Q�G�V �R�I �W�L�P�H���G�H�S�H�Q�G�H�Q�W
�I�O�X�L�G �W�\�S�H�V �D�U�H �G�L�V�S�O�D�\�H�G�� �7�K�H �G�L�V�W�L�Q�F�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �L�V �W�K�D�W �W�K�H �Y�L�V�F�R�V�L�W�\ �R�I �W�K�L�[�R�W�U�R�S�L�F �I�O�X�L�G�V
�G�H�F�U�H�D�V�H�V �R�Y�H�U �W�L�P�H �Z�K�L�O�V�W �L�W �L�Q�F�U�H�D�V�H�V �R�Y�H�U �W�L�P�H �I�R�U �U�K�H�R�S�H�F�W�L�F �I�O�X�L�G�V��

�������������4�S�[�I�V���P�E�[ �:�M�W�G�S�W�M�X�] �1�S�H�I�P
�1�R�Q���D�T�X�H�R�X�V �&�D�U�E�R�Q �%�O�D�F�N �V�X�V�S�H�Q�V�L�R�Q�V �H�[�K�L�E�L�W �V�W�U�R�Q�J �V�K�H�D�U���W�K�L�Q�Q�L�Q�J �D�Q�G �W�L�P�H �G�H�S�H�Q�G�H�Q�W �U�K�H�R�O�R�J�L�F�D�O
�F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �>���� �@�>���� �@�� �7�R �V�W�X�G�\ �W�K�H �W�X�U�E�X�O�H�Q�W �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �W�K�L�V �I�O�X�L�G�� �R�Q�O�\ �W�K�H �V�K�H�D�U���W�K�L�Q�Q�L�Q�J �E�H��
�K�D�Y�L�R�X�U �Z�L�O�O �E�H �F�R�Q�V�L�G�H�U�H�G �L�Q �W�K�L�V �U�H�V�H�D�U�F�K�� �7�K�H �I�O�X�L�G �U�K�H�R�O�R�J�\ �L�V �W�K�H�U�H�I�R�U�H �D�V�V�X�P�H�G �W�R �E�H �L�Q�G�H�S�H�Q�G�H�Q�W
�R�I �L�W�V �V�K�H�D�U �U�D�W�H �K�L�V�W�R�U�\�� �7�R �I�X�U�W�K�H�U �J�H�Q�H�U�D�O�L�V�H �W�K�H �U�K�H�R�O�R�J�L�F�D�O �S�U�R�S�H�U�W�L�H�V �D �P�R�G�H�O �Z�L�O�O �E�H �X�V�H�G �W�R �D�S�S�U�R�[��
�L�P�D�W�H �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O�O�\ �R�E�W�D�L�Q�H�G �Y�L�V�F�R�V�L�W�\ �G�H�S�H�Q�G�H�Q�F�H �R�Q �V�K�H�D�U �U�D�W�H�� �7�K�L�V �D�S�S�U�R�[�L�P�D�W�L�R�Q�� �X�V�L�Q�J �W�K�H
�S�R�Z�H�U���O�D�Z �Y�L�V�F�R�V�L�W�\ �P�R�G�H�O �L�V �G�R�Q�H �W�R �V�W�X�G�\ �W�K�H �W�X�U�E�X�O�H�Q�F�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �V�K�H�D�U �W�K�L�Q�Q�L�Q�J �I�O�X�L�G�V �L�Q �D
�P�R�U�H �J�H�Q�H�U�D�O �Z�D�\��

�7�K�H �S�R�Z�H�U���O�D�Z �Y�L�V�F�R�V�L�W�\ �P�R�G�H�O �L�V �D �W�L�P�H �L�Q�G�H�S�H�Q�G�H�Q�W �R�U �J�H�Q�H�U�D�O�L�V�H�G �1�H�Z�W�R�Q�L�D�Q �I�O�X�L�G �P�R�G�H�O�� �,�W �X�V�H�V
�D �V�W�U�H�V�V �W�H�Q�V�R�U� �L�Q �D �V�L�P�S�O�L�I�L�H�G �Z�D�\ �Z���U���W �W�K�H �I�X�O�O �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q ������������ �E�\ �O�H�D�Y�L�Q�J �R�X�W �W�K�H
�F�R�P�S�U�H�V�V�L�R�Q �W�K�H�U�P�V�� �+�H�U�H� = 2 � ( _
 )S �R�Q�O�\ �G�H�S�H�Q�G�V �R�Q �D �Y�D�U�L�D�E�O�H �Y�L�V�F�R�V�L�W�\� ( _
 ) �D�Q�G �W�K�H �S�X�U�H �V�K�H�D�U
�U�D�W�H���R�I���V�W�U�D�L�Q �W�H�Q�V�R�US = 1

2 (r u + ( r u )T ) �>���� �@�>���� �@�>���� �@�� �7�K�H �V�K�H�D�U �U�D�W�H_
 �L�V �G�H�I�L�Q�H�G �D�V �W�K�H �V�H�F�R�Q�G
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�)�L�J�X�U�H ���������1�R�Q���D�T�X�H�R�X�V �&�% �V�X�V�S�H�Q�V�L�R�Q �Y�L�V�F�R�V�L�W�\ �G�H�S�H�Q�G�H�Q�F�H �R�Q �V�K�H�D�U �U�D�W�H �D�V �I�R�X�Q�G �E�\ �<�R�X�V�V�U�\�H�W �D�O���>���� �@�� �7�R �G�L�I�I�H�U�H�Q�W
�V�K�H�D�U �U�D�W�H �U�D�Q�J�H�V �L�Q �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O �G�D�W�D �W�K�H �S�R�Z�H�U���O�D�Z �Y�L�V�F�R�V�L�W�\ �L�V �I�L�W�W�H�G��

�L�Q�Y�D�U�L�D�Q�W �R�I �W�K�H �U�D�W�H���R�I���V�W�U�D�L�Q �W�H�Q�V�R�U
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�7�K�H �S�R�Z�H�U���O�D�Z ���2�V�W�Z�D�O�G�±�G�H �:�D�H�O�H�� �P�R�G�H�O �L�V �W�K�H�Q �X�V�H�G �W�R �H�[�S�U�H�V�V �W�K�H �D�S�S�D�U�H�Q�W �P�R�O�H�F�X�O�D�U �Y�L�V�F�R�V�L�W�\ �L�Q
�W�K�H�U�P�V �R�I �V�K�H�D�U �U�D�W�H �Y�L�D

� ( _
 ) = �� ( _
 ) = K _
 n � 1 ������������

�Z�L�W�KK �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �F�R�Q�V�L�V�W�H�Q�F�\ �L�Q�G�H�[ �L�Q �X�Q�L�W�V �R�I[kg/ ; m� 1s2� n ] �D�Q�Gn �W�K�H �S�R�Z�H�U���O�D�Z �L�Q�G�H�[ �>���� �@��
�)�L�J�X�U�H������ �V�K�R�Z�V �K�R�Z �G�L�I�I�H�U�H�Q�W �S�D�U�W�V �R�I �W�K�H �H�[�S�H�U�L�P�H�Q�W�D�O�O�\ �R�E�W�D�L�Q�H�G �Y�L�V�F�R�V�L�W�\ �F�X�U�Y�H �R�I �W�K�H �&�% �V�X�V��

�S�H�Q�V�L�R�Q �F�D�Q �E�H �I�L�W�W�H�G �W�R �G�L�I�I�H�U�H�Q�W �S�R�Z�H�U���O�D�Z �L�Q�G�L�F�H�Vn�� �,�Q �W�K�H �F�X�U�U�H�Q�W �U�H�V�H�D�U�F�K �W�K�H �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �V�K�H�D�U
�W�K�L�Q�Q�L�Q�J �E�H�K�D�Y�L�R�X�U �R�I �W�K�H �&�% �V�X�V�S�H�Q�V�L�R�Q �Z�L�O�O �E�H �D�S�S�U�R�[�L�P�D�W�H�G �Z�L�W�K �W�K�H �S�R�Z�H�U���O�D�Z �Y�L�V�F�R�V�L�W�\ �P�R�G�H�O�� �7�K�H
�Q�H�[�W �V�H�F�W�L�R�Q �Z�L�O�O �G�L�V�F�X�V�V �K�R�Z �W�K�H �I�O�X�L�G �I�O�R�Z �R�I �W�K�H �V�L�P�S�O�L�I�L�H�G �&�% �U�K�H�R�O�R�J�\ �L�Q �D �W�X�U�E�X�O�H�Q�W �V�W�D�W�H �Z�L�O�O �E�H
�F�K�D�U�D�F�W�H�U�L�V�H�G��

���������8�Y�V�F�Y�P�I�R�G�I
�7�K�L�V �U�H�V�H�D�U�F�K �D�L�P�V �W�R �T�X�D�Q�W�L�I�\ �W�K�H �W�X�U�E�X�O�H�Q�W �F�K�D�Q�Q�H�O �I�O�R�Z �S�U�R�I�L�O�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �W�K�H �V�K�H�D�U �W�K�L�Q�Q�L�Q�J �&�%
�V�X�V�S�H�Q�V�L�R�Q �Y�L�D �Q�X�P�H�U�L�F�D�O �V�L�P�X�O�D�W�L�R�Q �V�X�F�K �W�R �G�H�W�H�U�P�L�Q�H �L�W�V �H�I�I�H�F�W �R�Q �W�K�H �L�Q�W�H�U�Q�D�O �U�H�V�L�V�W�D�Q�F�H �R�I �D �6�6�)�%��
�7�R �T�X�D�Q�W�L�I�\ �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I �W�X�U�E�X�O�H�Q�F�H �R�Q �W�K�H �L�Q�W�H�U�Q�D�O �U�H�V�L�V�W�D�Q�F�H �L�W �L�V �L�P�S�R�U�W�D�Q�W �W�R �W�D�N�H �D �O�R�R�N �D�W �Z�K�D�W
�W�X�U�E�X�O�H�Q�F�H �L�V�� �K�R�Z �L�W �F�D�Q �E�H �V�L�P�X�O�D�W�H�G �Q�X�P�H�U�L�F�D�O�O�\ �D�Q�G �K�R�Z �L�W �F�D�Q �E�H �F�K�D�U�D�F�W�H�U�L�V�H�G �V�W�D�W�L�V�W�L�F�D�O�O�\�� �7�K�L�V
�V�H�F�W�L�R�Q �Z�L�O�O �J�L�Y�H �D�Q �R�Y�H�U�Y�L�H�Z �R�I �W�K�H �L�P�S�R�U�W�D�Q�W �F�R�Q�F�H�S�W�V �D�Q�V�Z�H�U�L�Q�J �W�K�H�V�H �W�K�U�H�H �T�X�H�V�W�L�R�Q�V�� �$�P�R�Q�J �R�W�K�H�U
�W�K�L�Q�J�V �W�K�H �'�1�6 �V�L�P�X�O�D�W�L�R�Q �W�H�F�K�Q�L�T�X�H �Z�L�O�O �E�H �G�L�V�F�X�V�V�H�G �L�Q �V�H�F�W�L�R�Q������������ �7�K�H �W�X�U�E�X�O�H�Q�W �V�W�D�W�L�V�W�L�F�V �D�Q�G
�5�H�\�Q�R�O�G�V �Q�X�P�E�H�U�� �F�K�D�U�D�F�W�H�U�L�V�L�Q�J �W�X�U�E�X�O�H�Q�W �I�O�R�Z�� �Z�L�O�O �E�H �G�L�V�F�X�V�V�H�G �L�Q �V�H�F�W�L�R�Q�����������D�Q�G������������

�������������;�L�E�X �M�W �8�Y�V�F�Y�P�I�R�G�I
�7�X�U�E�X�O�H�Q�F�H �L�V �D �F�R�P�S�O�H�[ �D�Q�G �F�K�D�R�W�L�F �I�O�R�Z �R�I �I�O�X�L�G �W�K�D�W �L�V �F�K�D�U�D�F�W�H�U�L�]�H�G �E�\ �G�L�V�R�U�G�H�U�H�G�� �X�Q�S�U�H�G�L�F�W�D�E�O�H �D�Q�G
�I�O�X�F�W�X�D�W�L�Q�J �P�R�W�L�R�Q�� �,�W �L�V �D �F�R�P�P�R�Q �S�K�H�Q�R�P�H�Q�R�Q �W�K�D�W �F�D�Q �E�H �R�E�V�H�U�Y�H�G �L�Q �D �Z�L�G�H �U�D�Q�J�H �R�I �I�O�X�L�G �I�O�R�Z�V��
�L�Q�F�O�X�G�L�Q�J �L�Q �W�K�H �D�W�P�R�V�S�K�H�U�H�� �R�F�H�D�Q�V�� �U�L�Y�H�U�V�� �D�Q�G �L�Q �W�K�H �S�L�S�H�V �D�Q�G �G�X�F�W�V �W�K�D�W �W�U�D�Q�V�S�R�U�W �I�O�X�L�G�V �L�Q �L�Q�G�X�V�W�U�L�D�O
�V�H�W�W�L�Q�J�V �V�X�F�K �D�V �L�Q �D �6�H�P�L���6�R�O�L�G �)�O�R�Z �%�D�W�W�H�U�\��

�,�Q �H�V�V�H�Q�F�H�� �W�X�U�E�X�O�H�Q�W �I�O�R�Z �D�G�K�H�U�H�V �W�R �W�K�H �H�[�D�F�W �V�D�P�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q�V ������������ �D�V �O�D�P�L�Q�D�U �I�O�R�Z��
�7�K�H�V�H �H�T�X�D�W�L�R�Q�V �V�H�H�P �G�H�W�H�U�P�L�Q�L�V�W�L�F�� �P�H�D�Q�L�Q�J �W�K�D�W �L�I �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V �D�Q�G �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �D�U�H
�N�Q�R�Z�Q�� �W�K�H �I�X�W�X�U�H �E�H�K�D�Y�L�R�U �R�I �W�K�H �I�O�X�L�G �F�D�Q �E�H �S�U�H�G�L�F�W�H�G �D�Q�G �G�H�V�F�U�L�E�H�G �E�\ �D �X�Q�L�T�X�H �V�R�O�X�W�L�R�Q�� �+�R�Z�H�Y�H�U��
�D�V �W�K�H �P�D�W�K�H�P�D�W�L�F�L�D�Q �+�D�U�G�D�P�D�U�G �S�R�L�Q�W�H�G �R�X�W �L�Q �K�L�V ���� �F�H�Q�W�X�U�\ �S�D�S�H�U�� �W�K�H�U�H �L�V �R�Q�H �H�[�W�U�D �F�R�Q�G�L�W�L�R�Q �W�K�D�W
�G�H�W�H�U�P�L�Q�H�V �L�I �D �V�H�W �R�I �S�D�U�W�L�D�O �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V �G�H�I�L�Q�H �D �I�X�O�O�\ �G�H�W�H�U�P�L�Q�L�V�W�L�F �S�U�R�E�O�H�P �>���� �@�� �7�K�H �W�K�L�U�G
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�F�R�Q�G�L�W�L�R�Q �V�W�D�W�H�V �W�K�D�W �I�R�U �D �V�R �F�D�O�O�H�G �Z�H�O�O �S�R�V�H�G �S�U�R�E�O�H�P �V�P�D�O�O �G�L�V�W�X�U�E�D�Q�F�H�V �L�Q �W�K�H �L�Q�L�W�L�D�O �R�U �E�R�X�Q�G�D�U�\
�F�R�Q�G�L�W�L�R�Q�V �R�Q�O�\ �O�H�D�G �W�R �V�P�D�O�O �Y�D�U�L�D�W�L�R�Q�V �L�Q �W�K�H �I�L�Q�D�O �V�R�O�X�W�L�R�Q��
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�7�K�H �)�L�O�W�H�U �0�D�W�U�L�[ �/�D�W�W�L�F�H �%�R�O�W�]�P�D�Q�Q �0�H�W�K�R�G ���)�0���/�%�0�� �L�V �D �P�H�W�K�R�G �G�H�Y�H�O�R�S�H�G �E�\ �6�R�P�H�U�V�H�W �D�O���>���� �@
�D�Q�G �V�X�E�V�H�T�X�H�Q�W�O�\ �H�[�W�H�Q�G�H�G �W�R �'���4���� �E�\ �=�K�R�X �D�Q�G �=�K�R�Q�J �>���� �@�>���� �@��

�7�R �I�L�Q�G �W�K�H �F�R�O�O�L�V�L�R�Q �R�S�H�U�D�W�R�U
( N i ) �W�K�D�W �P�L�P�L�F�V �W�K�H �D�Y�H�U�D�J�H �H�I�I�H�F�W �R�I �F�R�O�O�L�V�L�R�Q�� �W�K�H �)�0���/�%�0 �P�D�N�H�V
�X�V�H �R�I �D �V�W�D�J�J�H�U�H�G �J�U�L�G�� �7�K�L�V �V�W�D�J�J�H�U�H�G �J�U�L�G �V�K�L�I�W�V �W�K�H �/�D�W�W�L�F�H �%�R�O�W�]�P�D�Q�Q �H�T�X�D�W�L�R�Q ������������ �K�D�O�I �D �J�U�L�G
�Q�R�G�H �D�Q�G �W�L�P�H �V�W�H�S

f i

�
x +

ci �t
2

; t +
�t
2

�
� f i

�
x �

ci �t
2

; t �
�t
2

�
= 
 i (x ; t) ����������

�6�X�E�V�H�T�X�H�Q�W�O�\ �W�K�L�V �V�K�L�I�W�H�G �H�T�X�D�W�L�R�Q �L�V �7�D�\�O�R�U �H�[�S�D�Q�G�H�G �D�U�R�X�Q�Gf i (x; t )

f i

�
x �

ci �t
2

; t �
�t
2

�
= f i (x ; t) �

�t
2

ci � r f i (x ; t) �
�t
2

@t f i (x ; t) + O(�t 2) ����������

�Z�K�H�U�H �W�K�H �K�L�J�K�H�U �R�U�G�H�U �W�H�U�P�V �D�U�H �R�P�L�W�W�H�G�� �%�\ �V�X�E�V�W�L�W�X�W�L�Q�J �W�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Qf i = f eq
i + f neq

i ��������������
�I�R�X�Q�G �X�V�L�Q�J �W�K�H �&�K�D�S�P�D�Q���(�Q�V�N�R�J �H�[�S�D�Q�V�L�R�Q�� �L�Q�W�R ���������� �R�Q�H �I�L�Q�G�V �W�K�H �F�R�O�O�L�V�L�R�Q �R�S�H�U�D�W�R�U


 i (f ) =
�w i

c2
s

�
(ci � r )(ci � u ) � c2

sr � u + ci � g
�

����������

�Z�K�H�U�Hg �U�H�S�U�H�V�H�Q�W�V �W�K�H �E�R�G�\ �I�R�U�F�H �W�H�U�P�� �,�Q �W�K�L�V �G�H�U�L�Y�D�W�L�R�Q�� �W�K�H �P�D�V�V �F�R�Q�V�H�U�Y�D�W�L�R�Q �H�T�X�D�W�L�R�Q ������������ �L�V
�X�V�H�G�� �D�V �Z�H�O�O �D�V �D �V�L�P�S�O�L�I�L�F�D�W�L�R�Q �R�I �W�K�H �1�D�Y�L�H�U���6�W�R�N�H�V �H�T�X�D�W�L�R�Q �L�Q �W�K�H �I�R�U�P �R�I@t � �X � �r p + F =
� 1

c2
s
r � + F �>���� �@��
�&�R�P�E�L�Q�L�Q�J �W�K�H �I�L�U�V�W �R�U�G�H�U �7�D�\�O�R�U �H�[�S�D�Q�V�L�R�Q �R�I �W�K�H �/�%�0 �H�T�X�D�W�L�R�Q ������������ �Z�L�W�K �W�K�H �V�H�F�R�Q�G �R�U�G�H�U �7�D�\�O�R�U

�H�[�S�D�Q�V�L�R�Q �R�I �W�K�H �V�W�D�J�J�H�U�H�G �/�%�0 �H�T�X�D�W�L�R�Q ���������� �R�Q�H �F�D�Q �Q�R�Z �G�H�U�L�Y�H �W�K�H �)�0���/�%�0

f i

�
x �

ci �t
2

; t �
�t
2

�
= f i (x ; t) +

�t
2


( f i ) ����������

����
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�6�X�E�V�W�L�W�X�W�L�Q�J ������������ �D�Q�G ���������� �L�Q�W�R �W�K�L�V �H�T�X�D�W�L�R�Q �O�H�D�G�V �W�R �W�K�H �I�X�O�O �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Q��
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x �

ci �t
2

; t �
�t
2

�
=

8
>>>><

>>>>:

�! i
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1 + ~ci �~u

c2
s

+ 1
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�
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s
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�
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c4

s
�

�
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�
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�
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s
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s

�
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�$ �U�H�Y�H�U�V�L�E�O�H �I�L�O�W�H�U �P�D�W�U�L�[E ik �F�D�Q �E�H �L�Q�W�U�R�G�X�F�H�G �W�R �W�U�D�Q�V�I�R�U�P �W�K�L�V �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Q �W�R �P�R�P�H�Q�W �V�S�D�F�H
� �� �7�K�H �G�L�V�W�U�L�E�X�W�L�R�Q �W�K�H�Q �W�D�N�H�V �W�K�H �I�R�U�P �R�I

f i
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x �

ci �t
2

; t �
�t
2

�
=

X

k

wi E ik � �
k (x ) ����������

�Z�L�W�K! i E ik = E � 1
ki �D�Q�G �W�K�H �P�R�P�H�Q�W �V�S�D�F�H �U�H�S�U�H�V�H�Q�W�H�G �E�\��

� �
k =

X

i

Eki f i

�
x �

ci �t
2

; t �
�t
2

�
����������

�'�X�H �W�R �W�K�H �� �G�L�P�H�Q�V�L�R�Q�D�O �Q�D�W�X�U�H �R�I �W�X�U�E�X�O�H�Q�W �I�O�R�Z�� �W�K�L�V �W�K�H�V�L�V �X�V�H�V �W�K�H �'���4���� �V�F�K�H�P�H �R�I �W�K�H �)�0���/�%�0��
�$�V �G�H�V�F�U�L�E�H�G �E�\ �=�K�X�R �D�Q�G �=�K�R�Q�J �>���� �@ �W�K�H �I�L�O�W�H�U �P�D�W�U�L�[E ik �F�D�Q �E�H �F�K�R�V�H�Q �D�V

Eki =

2

6
6
6
6
6
6
6
6
6
4

1; cix ; ciy ; ciz ; 3c2
ix � 1; 3c2

iy � 1; 3c2
iz � 1; 3ciy ciz ; 3cix ciz ;

3cix ciy ; 3cix
�
c2

iy � c2
iz

�
; 3ciy

�
c2

iz � c2
ix

�
; 3ciz

�
c2

ix � c2
iy

�
;

cix
�
3c2

iy + 3c2
iz � 2

�
; ciy

�
3c2

ix + 3c2
iz � 2

�
;

ciz
�
3c2

ix + 3c2
iy � 2

�
; 3

�
2c2

ix � c2
iy � c2

iz

� �
jci j

2 � 1:5
�

3
�
c2

iy � c2
iz

� �
jci j

2 � 1:5
�

; 3 jci j
2

�
jci j

2 � 2
�

+ 1

3

7
7
7
7
7
7
7
7
7
5

�7

����������

�D�Q�G �E�\ �X�V�L�Q�J �H�T�X�D�W�L�R�Q�V ���������� �D�Q�G ���������� �W�K�H �P�R�P�H�Q�W �Y�H�F�W�R�U�V �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �D�V��

� �
k =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

�
�u x � �tF x /2
�u y � �tF y /2
�u z � �tF z /2

3�u 2
x + � (� 6v � �t ) @x ux + (2 � 3B )�v r � u

3�u 2
y + � (� 6v � �t ) @y uy + (2 � 3B )�v r � u

3�u 2
z + � (� 6v � �t ) @zuz + (2 � 3B )�v r � u

3�u y uz + � (� 3v � 0:5�t ) (@y uz + @zuy )
3�u x uz + � (� 3v � 0:5�t ) (@x uz + @zux )
3�u x uy + � (� 3v � 0:5�t ) (@x uy + @y ux )

0; k = 10; : : : ; 15
0; k = 16; 17; 18

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5
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�7�K�H� �
10� 15 �W�H�U�P�V �U�H�S�U�H�V�H�Q�W �W�K�H �V�L�[ �W�K�L�U�G �K�L�J�K�H�U �R�U�G�H�U �W�H�U�P�V �D�Q�G �F�D�Q �E�H �D�S�S�O�L�H�G �Z�L�W�K �D �I�U�H�H �S�D�U�D�P�H�W�H�U#1

�Y�L�D� +
10� 15 = � #1� �

10� 15�� �7�K�H �W�K�U�H�H �I�R�X�U�W�K �K�L�J�K�H�U���R�U�G�H�U �W�H�U�P�V� �
10� 15 �F�D�Q �E�H �D�S�S�O�L�H�G �L�Q �W�K�H �V�D�P�H �Z�D�\

�X�V�L�Q�J �W�K�H �I�U�H�H �S�D�U�D�P�H�W�H�U#2�� �7�R �L�Q�F�U�H�D�V�H �Q�X�P�H�U�L�F�D�O �V�W�D�E�L�O�L�W�\�� �W�K�H �V�D�P�H �I�U�H�H �S�D�U�D�P�H�W�H�U�VB = 3 ��#1 = 0 :8��
�D�Q�G#2 = 0 :95 �D�U�H �F�K�R�V�H�Q �D�V �L�Q �W�K�H �W�X�U�E�X�O�H�Q�W �V�L�P�X�O�D�W�L�R�Q �Z�R�U�N �G�R�Q�H �L�Q �>���� �@��

���������&�S�Y�R�H�E�V�] �'�S�R�H�M�X�M�S�R�W
�7�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q �L�Q �Z�K�L�F�K �W�K�H �W�X�U�E�X�O�H�Q�W �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �I�O�X�L�G �I�O�R�Z �Z�L�O�O �E�H �V�L�P�X�O�D�W�H�G �L�V �U�H�S�U�H��
�V�H�Q�W�H�G �E�\ �D �U�H�F�W�D�Q�J�X�O�D�U �F�K�D�Q�Q�H�O �V�K�R�Z�Q �L�Q �I�L�J�X�U�H�������� �7�K�H �G�R�P�D�L�Q �L�V �E�R�X�Q�G�H�G �E�\ �S�H�U�L�R�G�L�F �E�R�X�Q�G�D�U�\
�F�R�Q�G�L�W�L�R�Q�V �L�Q �W�K�H �V�S�D�Q �D�Q�G �V�W�U�H�D�P�Z�L�V�H �G�L�U�H�F�W�L�R�Q�V �D�Q�G �D �Q�R���V�O�L�S �E�R�X�Q�G�D�U�\ �D�W �W�K�H �W�R�S �D�Q�G �E�R�W�W�R�P �R�I �W�K�H
�F�K�D�Q�Q�H�O�� �7�K�L�V �Z�D�O�O���E�R�X�Q�G�H�G �I�O�R�Z �F�D�Q �U�H�S�U�H�V�H�Q�W �H�L�W�K�H�U �W�K�H �D�Q�R�G�H �R�U �F�D�W�K�R�G�H �R�I �D�Q �6�6�)�% �Z�K�H�Q �W�K�H
�K�H�L�J�K�W �R�I �W�K�H �H�O�H�F�W�U�R�G�H2Hphy �L�V �P�X�F�K �V�P�D�O�O�H�U �W�K�D�Q �W�K�H �O�H�Q�J�W�KL phy �D�Q�G �Z�L�G�W�KWphy �R�I �W�K�H �H�O�H�F�W�U�R�G�H�� �,�Q
�W�K�L�V �F�D�V�H�� �L�W �F�D�Q �E�H �D�V�V�X�P�H�G �W�K�D�W �W�K�H �L�Q�O�H�W �D�Q�G �H�O�H�F�W�U�R�G�H �Z�D�O�O�V �L�Q �W�K�H �V�W�U�H�D�P �G�L�U�H�F�W�L�R�Qx �D�Q�G �W�K�H �V�S�D�Q
�G�L�U�H�F�W�L�R�Qy �K�D�Y�H �Y�H�U�\ �O�L�W�W�O�H �H�I�I�H�F�W �R�Q �W�K�H �W�R�W�D�O �V�W�U�H�D�P �S�U�R�I�L�O�H �L�Q�V�L�G�H �W�K�H �6�6�)�%�� �7�K�H �F�X�U�U�H�Q�W �F�R�O�O�H�F�W�R�U �D�Q�G
�P�H�P�E�U�D�Q�H�� �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �W�R�S �D�Q�G �E�R�W�W�R�P �R�I �W�K�H �H�O�H�F�W�U�R�G�H�� �D�U�H �D�V�V�X�P�H�G �W�R �E�H �I�O�D�W �S�D�U�D�O�O�H�O �S�O�D�W�H�V��
�7�K�H�U�H�I�R�U�H�� �W�K�H �V�X�U�I�D�F�H �U�R�X�J�K�Q�H�V�V �R�I �E�R�W�K �P�D�W�H�U�L�D�O�V �L�V �Q�R�W �W�D�N�H�Q �L�Q�W�R �D�F�F�R�X�Q�W��
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�)�L�J�X�U�H ���������&�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q �Z�L�W�K �S�H�U�L�R�G�L�F �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �L�Q �W�K�H �V�W�U�H�D�P�� �D�Q�G �V�S�D�Q���Z�L�V�H �G�L�U�H�F�W�L�R�Q�V �D�Q�G �D �Q�R �V�O�L�S
�E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �D�W �W�K�H �S�D�U�D�O�O�H�O �S�O�D�W�H�V��

�2�S �7�P�M�T �&�S�Y�R�H�E�V�] �'�S�R�H�M�X�M�S�R
�7�K�H �Q�R �V�O�L�S �Y�H�O�R�F�L�W�\ �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �L�V �D�S�S�O�L�H�G �W�R �V�H�W �W�K�H �I�O�X�L�G �Y�H�O�R�F�L�W�\ �W�R �]�H�U�R �D�W �W�K�H �Z�D�O�O�V�� �,�Q �W�K�H
�O�D�W�W�L�F�H �%�R�O�W�]�P�D�Q�Q �P�H�W�K�R�G�� �W�K�H �E�R�X�Q�F�H �E�D�F�N �P�H�W�K�R�G �L�V �F�R�P�P�R�Q�O�\ �X�V�H�G �I�R�U �L�P�S�O�H�P�H�Q�W�L�Q�J �W�K�L�V �F�R�Q�G�L�W�L�R�Q
�>���� �@�� �7�K�L�V �P�H�W�K�R�G �U�H�Y�H�U�V�H�V �W�K�H �Y�H�O�R�F�L�W�L�H�V �R�I �S�D�U�W�L�F�O�H�V �W�K�D�W �F�R�O�O�L�G�H �Z�L�W�K �W�K�H �Z�D�O�O�� �F�D�X�V�L�Q�J �W�K�H�P �W�R �E�H
�U�H�I�O�H�F�W�H�G �E�D�F�N �W�R �W�K�H�L�U �R�U�L�J�L�Q�D�O �Q�R�G�H�� �7�K�H �Z�D�O�O �L�V �W�\�S�L�F�D�O�O�\ �S�R�V�L�W�L�R�Q�H�G �K�D�O�I�Z�D�\ �E�H�W�Z�H�H�Q �W�Z�R �O�D�W�W�L�F�H �Q�R�G�H�V��

�7�K�H�U�H �D�U�H �W�Z�R �D�S�S�U�R�D�F�K�H�V �W�R �W�K�H �E�R�X�Q�F�H �E�D�F�N �P�H�W�K�R�G�� �W�K�H �I�X�O�O���Z�D�\ �D�Q�G �W�K�H �K�D�O�I�Z�D�\ �E�R�X�Q�F�H �E�D�F�N
�P�H�W�K�R�G�V�� �7�K�H �I�X�O�O���Z�D�\ �P�H�W�K�R�G �U�H�I�O�H�F�W�V �S�R�S�X�O�D�W�L�R�Q�V �G�L�U�H�F�W�H�G �D�W �W�K�H �Z�D�O�O �W�R �Q�R�G�H�V �L�Q�V�L�G�H �W�K�H �Z�D�O�O �D�Q�G
�U�H�Y�H�U�V�H�V �W�K�H�L�U �G�L�U�H�F�W�L�R�Q�V �L�Q �W�K�H �Q�H�[�W �F�R�O�O�L�V�L�R�Q �V�W�H�S�� �Z�K�L�F�K �W�D�N�H�V �W�Z�R �W�L�P�H �V�W�H�S�V �D�Q�G �L�V �I�L�U�V�W �R�U�G�H�U �D�F�F�X�U�D�W�H
�>���� �@�� �,�Q �W�K�H �K�D�O�I�Z�D�\ �P�H�W�K�R�G�� �S�D�U�W�L�F�O�H�V �D�U�H �D�V�V�X�P�H�G �W�R �K�L�W �W�K�H �Z�D�O�O �K�D�O�I�Z�D�\ �W�K�U�R�X�J�K �W�K�H �V�W�U�H�D�P�L�Q�J �V�W�H�S��
�W�K�H�L�U �G�L�U�H�F�W�L�R�Q�V �D�U�H �L�P�P�H�G�L�D�W�H�O�\ �U�H�Y�H�U�V�H�G�� �D�Q�G �W�K�H �V�W�U�H�D�P�L�Q�J �V�W�H�S �L�V �F�R�P�S�O�H�W�H�G�� �7�K�L�V �P�H�W�K�R�G �L�V �V�H�F�R�Q�G��
�R�U�G�H�U �D�F�F�X�U�D�W�H �>���� �@��

�,�Q �W�K�L�V �U�H�V�H�D�U�F�K�� �W�K�H �K�D�O�I�Z�D�\ �E�R�X�Q�F�H �E�D�F�N �P�H�W�K�R�G �Z�D�V �S�U�H�I�H�U�U�H�G �E�H�F�D�X�V�H �R�I �L�W�V �K�L�J�K�H�U �D�F�F�X�U�D�F�\��
�7�K�L�V �P�H�W�K�R�G �L�V �U�H�S�U�H�V�H�Q�W�H�G �Z�L�W�K �W�K�H �G�D�U�N �J�U�D�\ �D�U�U�R�Z�V �L�Q �)�L�J�X�U�H��������

�4�I�V�M�S�H�M�G �&�S�Y�R�H�E�V�] �'�S�R�H�M�X�M�S�R
�7�K�H �S�H�U�L�R�G�L�F �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V�� �D�S�S�O�L�H�G �L�Q �W�K�L�V �U�H�V�H�D�U�F�K�� �U�H�S�U�H�V�H�Q�W �W�K�H �G�R�P�D�L�Q �W�K�D�W �H�[�W�H�Q�G�V �W�R �L�Q�I�L�Q�L�W�\
�L�Q �W�K�H �V�S�D�Q �D�Q�G �V�W�U�H�D�P �G�L�U�H�F�W�L�R�Q�V�� �+�R�Z�H�Y�H�U�� �G�X�H �W�R �W�K�H �S�H�U�L�R�G�L�F�L�W�\ �R�I �W�K�H �G�R�P�D�L�Q�� �L�W �L�V �L�P�S�R�U�W�D�Q�W �W�K�D�W �W�K�H
�F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q �L�V �O�D�U�J�H �H�Q�R�X�J�K �W�R �Q�R�W �H�I�I�H�F�W �W�K�H �W�X�U�E�X�O�H�Q�F�H �L�Q �D�Q �X�Q�S�K�\�V�L�F�D�O �P�D�Q�Q�H�U�� �7�R �W�K�L�V �H�Q�G��
�W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q �P�X�V�W �H�Q�F�R�P�S�D�V�V �W�K�H �O�D�U�J�H���V�F�D�O�H �W�X�U�E�X�O�H�Q�W �V�W�U�X�F�W�X�U�H�V�� �7�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q
�R�I �W�K�H �S�H�U�L�R�G�L�F �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �L�V �U�H�S�U�H�V�H�Q�W�H�G �L�Q �W�K�H �O�L�J�K�W �J�U�D�\ �D�U�U�R�Z�V �L�Q �I�L�J�X�U�H��������

���������-�R�M�X�M�E�P�M�W�E�X�M�S�R
�7�R �V�W�X�G�\ �W�K�H �W�X�U�E�X�O�H�Q�W �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �R�I �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �W�X�U�E�X�O�H�Q�F�H �L�Q�V�L�G�H �D �6�6�)�%�� �W�K�H �V�L�P�X�O�D�W�L�R�Q �L�V
�L�Q�L�W�L�D�W�H�G �L�Q �V�X�F�K �D �Z�D�\ �W�R �W�K�D�W �L�W �F�U�H�D�W�H�V �W�K�H �G�H�V�L�U�H�G �F�K�D�R�W�L�F �W�X�U�E�X�O�H�Q�W �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �L�Q �D �V�X�V�W�D�L�Q�H�G
�P�D�W�W�H�U�� �7�R �W�K�L�V �H�Q�G�� �W�Z�R �W�K�L�Q�J�V �Q�H�H�G �W�R �E�H �G�R�Q�H�� �)�L�U�V�W�� �D �E�R�G�\ �I�R�U�F�H �D�Q�G �Y�L�V�F�R�V�L�W�\ �F�K�D�U�D�F�W�H�U�L�V�W�L�F �D�U�H
�F�K�R�V�H�Q �L�Q �V�X�F�K �D �Z�D�\ �D�V �W�R �R�E�W�D�L�Q �W�K�H �G�H�V�L�U�H�G �V�W�D�W�L�V�W�L�F�D�O �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �U�H�S�U�H�V�H�Q�W�H�G �E�\ �W�K�H �5�H�\�Q�R�O�G�V
�Q�X�P�E�H�U �R�I �J�H�Q�H�U�D�O �Z�D�O�O �V�K�H�D�U �V�W�U�H�V�VReG

� �� �6�H�F�R�Q�G�� �D �U�D�Q�G�R�P �I�O�X�F�W�X�D�W�L�Q�J �L�Q�L�W�L�D�O �Y�H�O�R�F�L�W�\ �I�L�H�O�G �L�V �F�K�R�V�H�Q
�W�R �L�Q�G�X�F�H �D �W�X�U�E�X�O�H�Q�W �I�L�H�O�G �W�K�D�W �L�V �O�D�V�W�L�Q�J�� �7�K�H�V�H �W�Z�R �V�W�H�S�V �Z�L�O�O �E�H �H�O�D�E�R�U�D�W�H�G �R�Q �L�Q �W�K�L�V �V�H�F�W�L�R�Q��

�4�E�V�E�Q�I�X�I�V �-�R�T�Y�X
�)�L�U�V�W �W�K�H �F�K�R�L�F�H �R�I �W�K�H �E�R�G�\ �I�R�U�F�H �D�Q�G �Y�L�V�F�R�V�L�W�\ �I�L�H�O�G �L�V �H�O�D�E�R�U�D�W�H�G �R�Q�� �7�K�H �P�R�V�W �L�P�S�R�U�W�D�Q�W �I�D�F�W�R�U �L�Q �W�K�L�V
�F�K�R�L�F�H �L�V �W�K�H �Q�X�P�H�U�L�F�D�O �V�W�D�E�L�O�L�W�\ �O�L�P�L�W�V �W�K�D�W �U�H�V�W�U�L�F�W �W�K�H �P�D�[�L�P�X�P �Y�H�O�R�F�L�W�\Umax �� �)�R�U �W�K�H �%�*�. �P�H�W�K�R�G��
�W�K�H�R�U�H�W�L�F�D�O �V�W�D�E�L�O�L�W�\ �D�Q�D�O�\�V�L�V �U�H�V�X�O�W�V �L�Q �D �P�D�[�L�P�X�P �O�D�W�W�L�F�H �Y�H�O�R�F�L�W�\ �R�IUmax � 1

2
�x
�t �>���� �@�� �Z�K�H�U�H �S�U�D�F�W�L�F�D�O

�V�W�D�E�L�O�L�W�\ �O�L�H�V �Z�H�O�O �E�H�O�R�Z �W�K�L�V �Y�D�O�X�H �>���� �@�� �7�K�H �S�U�D�F�W�L�F�D�O �V�W�D�E�L�O�L�W�\ �O�L�P�L�W �I�R�U �W�K�H �)�0���/�%�0 �L�V �O�H�V�V �Z�H�O�O �G�R�F�X��
�P�H�Q�W�H�G�� �:�K�H�Q �F�R�Q�V�L�G�H�U�L�Q�J �W�X�U�E�X�O�H�Q�W �F�K�D�Q�Q�H�O �I�O�R�Z �V�L�P�X�O�D�W�L�R�Q�V�� �S�U�H�Y�L�R�X�V �U�H�V�H�D�U�F�K �K�D�V �I�R�X�Q�G �W�K�D�W �I�R�U �D�Q



�������� �-�R�M�X�M�E�P�M�W�E�X�M�S�R ����

�)�L�J�X�U�H ���������+�D�O�I�Z�D�\ �E�R�X�Q�F�H�E�D�F�N �D�Q�G �S�H�U�L�R�G�L�F �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �I�R�U �W�K�H �Q�R �V�O�L�S �Z�D�O�O �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �D�Q�G �W�K�H �V�W�U�H�D�P �D�Q�G
�V�S�D�Q���Z�L�V�H �S�H�U�L�R�G�L�F �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V��

�D�Y�H�U�D�J�H �P�D�[�L�P�X�P �Y�H�O�R�F�L�W�\ �R�Iumax � 0:13 [ls lt � 1] �W�K�H �V�L�P�X�O�D�W�L�R�Q �U�H�P�D�L�Q�V �V�W�D�E�O�H �>���� �@�>���� �@�� �8�V�L�Q�J �W�K�L�V
umax �D�Q�G �D �G�H�V�L�U�H�GReG

� �D�Q�G �S�R�Z�H�U �L�Q�G�H�[n �R�Q�H �F�D�Q �R�E�W�D�L�Q �W�K�H �J�U�L�G �G�L�P�H�Q�V�L�R�Q�VD�� �E�R�G�\ �I�R�U�F�Hg �D�Q�G
�F�R�Q�V�L�V�W�H�Q�F�\ �L�Q�G�H�[K �I�R�O�O�R�Z�L�Q�J �W�K�H �Q�H�[�W �V�W�H�S�V��

���� �'�H�W�H�U�P�L�Q�Hu+
max �H�L�W�K�H�U �I�U�R�P �N�Q�R�Z�Q �W�X�U�E�X�O�H�Q�W �V�L�P�X�O�D�W�L�R�Q �G�D�W�D �R�U �I�U�R�P �W�K�H �N�Q�R�Z�Q �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q

�L�Q �W�K�H �O�D�P�L�Q�D�U �U�H�J�L�P�H��
���� �8�V�Hu+

max �D�Q�G �W�K�H �N�Q�R�Z�Q �V�W�D�E�L�O�L�W�\ �F�R�Q�V�W�U�D�L�Q�Wumax �W�R �R�E�W�D�L�Qu� �X�V�L�Q�J �I�R�U�P�X�O�D ��������������
���6�L�P�X�O�D�W�L�R�Q �W�L�S���1�R�W�H �W�K�D�W �Z�H �Z�D�Q�W �W�R �W�D�N�Hu� �D�V �K�L�J�K �D�V �S�R�V�V�L�E�O�H �V�L�Q�F�H �W�K�L�V �L�Q�F�U�H�D�V�H�Vt+ �D�Q�G��
�F�R�Q�V�H�T�X�H�Q�W�O�\�� �G�H�F�U�H�D�V�H�V �W�K�H �Q�X�P�E�H�U �R�I �V�L�P�X�O�D�W�L�R�Q �V�W�H�S�V �Q�H�H�G�H�G �W�R �R�E�W�D�L�Q �W�K�H �G�H�V�L�U�H�G �W�X�U�E�X�O�H�Q�W
�V�W�D�W�L�V�W�L�F�V��

���� �,�Q �W�K�H�R�U�\�� �W�K�H �G�L�P�H�Q�V�L�R�Q �R�I �W�K�H �J�U�L�GD = ( Nx ; Ny ; Nz ) �V�K�R�X�O�G �Q�R�Z �E�H �G�H�W�H�U�P�L�Q�H�G �I�U�R�P �W�K�H �5�H�\�Q�R�O�G�V
�Q�X�P�E�H�U �X�V�L�Q�J �W�K�H �D�S�S�U�R�[�L�P�D�W�L�R�Q �J�L�Y�H�Q �E�\ �H�T�X�D�W�L�R�Q �������������� �+�R�Z�H�Y�H�U�� �L�Q �S�U�D�F�W�L�F�H�� �W�K�H �G�R�P�D�L�Q �L�V
�F�K�R�V�H�Q �Z�L�W�K �P�H�P�R�U�\ �F�R�Q�V�W�U�D�L�Q�W�V �L�Q �P�L�Q�G�� �D�V �Z�L�O�O �E�H �H�[�W�H�Q�V�L�Y�H�O�\ �G�L�V�F�X�V�V�H�G �L�Q �W�K�H �U�H�V�X�O�W�V �F�K�D�S�W�H�U
����

���� �8�V�L�Q�J �W�K�H �F�K�R�V�H�QD �D�Q�G �Z�L�W�K �W�K�D�WH = 1
2 Nz �R�Q�H �F�D�Q �Q�R�Z �G�H�W�H�U�P�L�Q�Hg �I�U�R�Pu� �X�V�L�Q�J �W�K�H �G�H�I�L�Q�L�W�L�R�Q

�R�Iu� ������������ �F�R�P�E�L�Q�H�G �Z�L�W�K �W�K�H �N�Q�R�Z�Q �H�[�S�U�H�V�V�L�R�Q �R�Itw ��������������
���� �8�V�L�Q�J �W�K�H �G�H�V�L�U�H�GReG

� �I�R�U �D �J�L�Y�H�Qn �R�Q�H �F�D�Q �R�E�W�D�L�Q �W�K�H �F�R�Q�V�L�V�W�H�Q�F�\ �L�Q�G�H�[K �I�U�R�P �H�T�X�D�W�L�R�Q ��������������
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ReG
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� n �
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gn � 2
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�Z�K�H�U�HK / � = � �I�R�Un = 1 ��

�7�K�H�V�H �V�W�H�S�V �U�H�V�X�O�W �L�Q �D�O�O �W�K�H �L�Q�S�X�W �S�D�U�D�P�H�W�H�U�V �Q�H�H�G�H�G �I�R�U �W�K�H �W�X�U�E�X�O�H�Q�W �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �V�L�P�X�O�D�W�L�R�Q��

�-�R�H�Y�G�I�H �8�Y�V�F�Y�P�I�R�G�I
�7�R �F�U�H�D�W�H �W�K�H �V�X�V�W�D�L�Q�H�G �W�X�U�E�X�O�H�Q�W �I�O�R�Z �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �J�L�Y�H�Q �W�K�H �L�Q�S�X�W �S�D�U�D�P�H�W�H�U�V�� �U�D�Q�G�R�P �I�O�X�F�W�X�D�W�L�R�Q�V
�P�X�V�W �E�H �L�Q�G�X�F�H�G�� �7�R �W�K�L�V �H�Q�G�� �W�K�H�U�H �D�U�H �W�Z�R �S�R�V�V�L�E�O�H �U�R�X�W�H�V�� �(�L�W�K�H�U �D �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Qf start

i �Z�L�W�K
�N�Q�R�Z�Q �W�X�U�E�X�O�H�Q�W �F�K�D�Q�Q�H�O �I�O�R�Z �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �L�V �X�V�H�G �R�U �D �I�O�X�F�W�X�D�W�L�Q�J �Y�H�O�R�F�L�W�\ �W�R�J�H�W�K�H�U �Z�L�W�K �D �Y�L�V�F�R�V�L�W�\
�D�Q�G �G�H�Q�V�L�W�\ �I�L�H�O�G �L�V �X�V�H�G �W�R �F�U�H�D�W�Hf start

i �� �7�K�H �V�H�F�R�Q�G �P�H�W�K�R�G �Z�L�O�O �E�H �G�L�V�F�X�V�V�H�G �K�H�U�H��
�7�R �E�X�L�O�G �W�K�H �L�Q�L�W�L�D�O �Y�H�O�R�F�L�W�\ �I�L�H�O�G�� �I�L�U�V�W �D �O�D�P�L�Q�D�U �S�D�U�D�E�R�O�L�F �I�O�R�Z �I�L�H�O�G �L�V �W�D�N�H�Q �Z�L�W�KUmax = 0 :12 [ls lt � 1]��

�7�R �W�K�L�V �I�O�R�Z �I�L�H�O�G�� �G�L�Y�H�U�J�H�Q�F�H �I�U�H�H �U�D�Q�G�R�P �I�O�X�F�W�X�D�W�L�R�Q�V �D�U�H �D�G�G�H�G�� �L�Q �W�K�H �I�R�U�P �R�I �D �V�X�P �R�I �V�L�Q�H �Z�D�Y�H�V �Z�L�W�K
�U�D�Q�G�R�P �I�U�H�T�X�H�Q�F�L�H�V�� �$�Q �X�S�S�H�U �O�L�P�L�W �R�I �W�K�H�V�H �I�U�H�T�X�H�Q�F�L�H�V �L�V �G�H�I�L�Q�H�G�� �V�X�F�K �W�K�D�W �W�K�H �Y�H�O�R�F�L�W�\ �G�H�U�L�Y�D�W�L�Y�H�V
�R�Y�H�U �W�K�H �L�Q�L�W�L�D�O �Y�H�O�R�F�L�W�\ �I�L�H�O�G �G�R �Q�R�W �E�H�F�R�P�H �W�R�R �K�L�J�K�� �7�K�L�V �U�H�V�X�O�W�V �L�Q �D �G�D�P�S�L�Q�J �H�I�I�H�F�W �R�Q �W�K�H �W�X�U�E�X�O�H�Q�F�H
�D�Q�G �W�K�H�U�H�I�R�U�H �D �U�H�G�X�F�H�G �F�K�D�Q�F�H �R�I �L�Q�G�X�F�L�Q�J �V�X�V�W�D�L�Q�H�G �W�X�U�E�X�O�H�Q�F�H�� �,�Q �S�U�D�F�W�L�F�H�� �D�Q �X�S�S�H�U �O�L�P�L�W �R�I �W�K�H
�I�U�H�T�X�H�Q�F�\ �L�V �G�H�I�L�Q�H�G �D�Vamax 2� / N i �Z�L�W�Kamax = 50��

�7�K�H �L�Q�L�W�L�D�O �Y�H�O�R�F�L�W�\ �I�L�H�O�G�� �W�R�J�H�W�K�H�U �Z�L�W�K �W�K�H �G�H�Q�V�L�W�\ �D�Q�G �Y�L�V�F�R�V�L�W�\ �I�L�H�O�G�� �L�V �X�V�H�G �W�R �I�L�U�V�W �G�H�U�L�Y�H� �
k �X�V�L�Q�J

������������ �7�K�L�V �L�V �W�K�H�Q �L�Q �W�X�U�Q �X�V�H�G �W�R �G�H�U�L�Y�H �W�K�H �L�Q�L�W�L�D�O �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Qf �
i = f start

i �X�V�L�Q�J �H�T�X�D�W�L�R�Q ������������



�������� �8�Y�V�F�Y�P�I�R�X �7�X�E�X�M�W�X�M�G�W �-�Q�T�P�I�Q�I�R�X�E�X�M�S�R ����

���������8�Y�V�F�Y�P�I�R�X �7�X�E�X�M�W�X�M�G�W �-�Q�T�P�I�Q�I�R�X�E�X�M�S�R
�7�K�H �W�X�U�E�X�O�H�Q�W �I�O�X�L�G �I�O�R�Z �V�L�P�X�O�D�W�L�R�Q �F�R�Q�V�L�V�W�V �R�I �W�K�U�H�H �G�L�V�W�L�Q�F�W �S�K�D�V�H�V�� �)�L�U�V�W�� �W�K�H �V�L�P�X�O�D�W�L�R�Q �L�V �L�Q�L�W�L�D�O�L�]�H�G��
�D�V �G�L�V�F�X�V�V�H�G �D�E�R�Y�H�� �6�X�E�V�H�T�X�H�Q�W�O�\�� �W�K�H �V�L�P�X�O�D�W�L�R�Q �S�U�R�J�U�H�V�V�H�V �W�R�Z�D�U�G�V �D �V�W�D�W�L�V�W�L�F�D�O�O�\ �F�R�Q�Y�H�U�J�H�G �V�W�D�W�H��
�D�Q�G �I�L�Q�D�O�O�\�� �W�K�H �V�W�D�W�L�V�W�L�F�D�O �T�X�D�Q�W�L�W�L�H�V �R�I �W�K�H �I�O�R�Z �D�U�H �G�H�W�H�U�P�L�Q�H�G�� �7�K�H �S�U�R�F�H�V�V �R�I �R�E�W�D�L�Q�L�Q�J �W�K�H �V�W�D�W�L�V�W�L�F�D�O
�T�X�D�Q�W�L�W�L�H�V�� �Z�K�L�F�K �D�U�H �G�L�V�F�X�V�V�H�G �L�Q �6�H�F�W�L�R�Q������������ �L�V �H�[�S�O�D�L�Q�H�G �I�L�U�V�W�� �7�K�L�V �N�Q�R�Z�O�H�G�J�H �L�V �W�K�H�Q �D�S�S�O�L�H�G �W�R
�G�H�V�F�U�L�E�H �W�K�H �V�W�D�W�L�V�W�L�F�D�O �F�R�Q�Y�H�U�J�H�Q�F�H �S�K�D�V�H��

�1�I�E�R �E�R�H �6�S�S�X �1�I�E�R �7�U�Y�E�V�I �-�Q�T�P�I�Q�I�R�X�E�X�M�S�R
�)�L�U�V�W�O�\ �W�K�H �P�H�W�K�R�G �E�H�K�L�Q�G �R�E�W�D�L�Q�L�Q�J �W�K�H �V�W�D�W�L�V�W�L�F�D�O �G�D�W�D �Z�L�O�O �V�K�R�U�W�O�\ �E�H �G�L�V�F�X�V�V�H�G�� �7�K�H �I�R�X�Q�G�D�W�L�R�Q �R�I �D�O�O
�W�X�U�E�X�O�H�Q�W �V�W�D�W�L�V�W�L�F�V �O�L�H�V �L�Q �W�K�H �F�D�O�F�X�O�D�W�L�R�Q �R�I �D�Y�H�U�D�J�H �Y�D�O�X�H�V �D�Q�G �5�R�R�W �0�H�D�Q �6�T�X�D�U�H ���5�0�6�� �I�O�X�F�W�X�D�W�L�R�Q�V��
�:�K�H�Q �W�K�H �V�L�P�X�O�D�W�H�G �W�X�U�E�X�O�H�Q�F�H �L�V �V�W�D�W�L�V�W�L�F�D�O�O�\ �F�R�Q�Y�H�U�J�H�G�� �W�K�L�V �D�Y�H�U�D�J�H �L�V �R�E�W�D�L�Q�H�G �E�\ �D�Y�H�U�D�J�H �R�Y�H�U
�V�S�D�F�H �D�Q�G �W�L�P�H�� �7�K�H�U�H�I�R�U�H�� �W�K�L�V �D�Y�H�U�D�J�H �U�H�V�H�P�E�O�H�V �W�K�H �D�V�V�H�P�E�O�H�G �D�Y�H�U�D�J�H �>���� �@��

�6�S�H�F�L�I�L�F�D�O�O�\�� �W�K�H �D�Y�H�U�D�J�H �R�I �D �R�E�V�H�U�Y�D�E�O�H� �� �I�R�U �H�[�D�P�S�O�H �W�K�H �V�W�U�H�D�P�Z�L�V�H �Y�H�O�R�F�L�W�\u �R�U �V�K�H�D�U �U�D�W�H_
 ��
�L�V �F�D�O�F�X�O�D�W�H�G �Y�L�D

� (z) =
1

NpNx Ny

N pX

t s = t p 0

N xX

x =0

N yX

y=0

� (x; y; z; � tpts) ������������

�Z�L�W�KNp �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �Q�X�P�E�H�U �R�I �W�L�P�H�V �W�K�H �R�E�V�H�U�Y�D�E�O�H �I�L�H�O�G �L�V �V�D�Y�H�G �R�Y�H�U �W�L�P�H��tp0 �W�K�H �V�L�P�X�O�D�W�L�R�Q
�W�L�P�H �V�W�H�S �R�I �W�K�H �I�L�U�V�W �V�D�Y�H�G �I�L�H�O�G �D�Q�G� tp �W�K�H �Q�X�P�E�H�U �V�L�P�X�O�D�W�L�R�Q �V�W�H�S�V �E�H�W�Z�H�H�Q �H�D�F�K �V�D�Y�H�� �7�K�H �5�0�6
�I�O�X�F�W�X�D�W�L�R�Q �R�I �D�Q �R�E�V�H�U�Y�D�E�O�H� �L�V �Y�H�U�\ �V�L�P�L�O�D�U�O�\ �F�R�P�S�X�W�H�G �Y�L�D

� 0
RMS (z) =

vu
u
u
t

1
NpNx Ny

N pX

t s = t p 0

N xX

x =0

N yX

y=0

[� (x; y; z; � tpts) � � (z)]2 ������������

�Z�L�W�K� �W�K�H �D�Y�H�U�D�J�H �R�I �W�K�H �R�E�V�H�U�Y�D�E�O�H�� �,�Q �D�O�O �W�K�H �V�L�P�X�O�D�W�L�R�Q�V �S�U�H�V�H�Q�W�H�G �L�Q �W�K�L�V �V�W�X�G�\Np = 80 �D�Q�G
� tp = 10 000��

�)�L�J�X�U�H ���������6�F�K�H�P�D�W�L�F �G�H�S�L�F�W�L�R�Q �R�I �W�K�H �V�W�D�W�L�V�W�L�F�D�O �F�R�Q�Y�H�U�J�H�Q�F�H �F�K�H�F�N �L�P�S�O�H�P�H�Q�W�H�G �L�Q �W�K�L�V �V�W�X�G�\ �X�V�L�Q�J �W�K�HL conv
2 �H�U�U�R�U �Q�R�U�P

�U�H�S�U�H�V�H�Q�W�H�G �L�Q �H�T�X�D�W�L�R�Q ��������������

�7�X�E�X�M�W�X�M�G�E�P �'�S�R�Z�I�V�K�I�R�G�I �-�Q�T�P�I�Q�I�R�X�E�X�M�S�R
�7�R �G�H�W�H�U�P�L�Q�H �W�K�H �V�L�P�X�O�D�W�L�R�Q �W�L�P�Htconv �D�I�W�H�U �Z�K�L�F�K �W�K�H �V�L�P�X�O�D�W�L�R�Q �H�[�K�L�E�L�W�V �V�W�D�W�L�V�W�L�F�D�O�O�\ �F�R�Q�Y�H�U�J�H�G �W�X�U�E�X��
�O�H�Q�F�H�� �W�K�HL 2 �H�U�U�R�U �Q�R�U�P �L�V �X�V�H�G �>���� �@�� �6�S�H�F�L�I�L�F�D�O�O�\�� �W�K�HL 2 �H�U�U�R�U �Q�R�U�P �L�V �X�V�H�G �L�Q �W�K�L�V �U�H�V�H�D�U�F�K �W�R �F�R�P�S�D�U�H
�W�K�H �D�Y�H�U�D�J�H �V�W�U�H�D�P���Z�L�V�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�Hui (z) �Z�L�W�K �D�Q�R�W�K�H�U �V�W�U�H�D�P���Z�L�V�H �Y�H�O�R�F�L�W�\ui +1 (z)�� �R�E�W�D�L�Q�H�G �I�U�R�P
�G�D�W�D �O�D�W�H�U �L�Q �W�L�P�H�� �,�I �W�K�H �V�L�P�X�O�D�W�L�R�Q �L�V �V�W�D�W�L�V�W�L�F�D�O�O�\ �F�R�Q�Y�H�U�J�H�G�� �W�K�H �D�Y�H�U�D�J�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H�Vui (z) �D�Q�G
ui +1 (z) �Z�L�O�O �E�H �W�K�H �V�D�P�H�� �D�Q�G �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �H�U�U�R�U �Q�R�U�PL conv

2 �Z�L�O�O �J�R �W�R �]�H�U�R��



�������� �+�4�9 �-�Q�T�P�I�Q�I�R�X�E�X�M�S�R ����

�7�K�H �D�Y�H�U�D�J�H�G �Y�H�O�R�F�L�W�L�H�V �D�U�H �R�E�W�D�L�Q�H�G �X�V�L�Q�J �H�T�X�D�W�L�R�Q ������������ �Z�L�W�KNp = Nc �D�Q�G� tp = � tc�� �7�K�H
�F�R�Q�Y�H�U�J�H�Q�F�H �H�U�U�R�U �Q�R�U�P �F�D�Q �W�K�H�U�H�I�R�U�H �E�H �G�H�I�L�Q�H�G �D�V

L conv
2 (t i +2 ) :=

s P
z [ui (z; t i ! t i +1 ) � ui +1 (z; t i +1 ! t i +2 )]2

P
z u2

i +1 (z)
������������

�Z�K�H�U�Ht i +1 = t i + Nc� tc�� �7�K�L�V �L�V �D�O�V�R �V�F�K�H�P�D�W�L�F�D�O�O�\ �G�H�S�L�F�W�H�G �L�Q �I�L�J�X�U�H��������

���������+�4�9 �-�Q�T�P�I�Q�I�R�X�E�X�M�S�R
�,�Q �W�K�L�V �U�H�V�H�D�U�F�K�� �W�K�H �S�U�R�J�U�D�P�P�L�Q�J �O�D�Q�J�X�D�J�H �3�\�W�K�R�Q �L�V �F�K�R�V�H�Q �E�H�F�D�X�V�H �R�I �L�W�V �O�D�U�J�H �X�V�H�U �E�D�V�H�� �S�U�R�G�X�F�L�Q�J
�D �Y�D�V�W �D�P�R�X�Q�W �R�I �G�R�F�X�P�H�Q�W�D�W�L�R�Q�� �P�D�N�L�Q�J �W�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�H �F�R�G�H �H�D�V�L�H�U�� �+�R�Z�H�Y�H�U�� �3�\�W�K�R�Q��
�E�H�L�Q�J �D �K�L�J�K���O�H�Y�H�O �O�D�Q�J�X�D�J�H�� �L�V �Y�H�U�\ �V�O�R�Z �F�R�P�S�D�U�H�G �W�R �F�R�P�S�L�O�H�G �O�D�Q�J�X�D�J�H�V �O�L�N�H �&���� �D�Q�G �)�2�5�7�5�$�1��
�7�R �D�F�K�L�H�Y�H �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �V�S�H�H�G �Q�H�H�G�H�G �I�R�U �W�K�H �'�1�6 �V�L�P�X�O�D�W�L�R�Q�V �U�H�T�X�L�U�H�G �L�Q �W�K�L�V �V�W�X�G�\�� �W�K�H �1�8�0�%�$��
�&�8�'�$ �S�D�F�N�D�J�H �L�V �X�V�H�G �W�R �F�R�P�S�L�O�H �W�K�H �*�3�8 �S�D�U�W �R�I �W�K�H �F�R�G�H �W�R �&���&�8�'�$�� �X�V�L�Q�J �M�X�V�W �L�Q �W�L�P�H �F�R�P�S�L�O�D�W�L�R�Q
���M�L�W���� �D�I�W�H�U �Z�K�L�F�K �L�W �F�D�Q �E�H �U�H�D�G �E�\ �W�K�H �*�3�8 �>���� �@�� �$�I�W�H�U �F�R�P�S�L�O�D�W�L�R�Q �L�W �L�V �I�R�X�Q�G �W�K�D�W �W�K�H �S�H�U�I�R�U�P�D�Q�F�H
�R�I �1�8�0�%�$���&�8�'�$ �D�Q�G �&���&�8�'�$ �D�U�H �F�R�P�S�D�U�D�E�O�H�� �Z�K�H�Q �L�P�S�O�H�P�H�Q�W�H�G �F�R�U�U�H�F�W�O�\ �>���� �@�� �7�K�H �3�\�W�K�R�Q �*�3�8
�L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �S�U�R�S�R�V�H�G �K�H�U�H �W�K�H�U�H�I�R�U�H �K�D�V �W�K�H �S�R�W�H�Q�W�L�D�O �W�R �I�X�O�O�\ �P�D�N�H �X�V�H �R�I �W�K�H �*�3�8 �S�R�Z�H�U�� �7�R
�R�S�W�L�P�L�]�H �W�K�H �1�8�0�%�$���&�8�'�$ �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�H �)�0���/�%�0 �R�Q �W�K�H �*�3�8�� �V�R�P�H �L�P�S�R�U�W�D�Q�W �G�H�F�L�V�L�R�Q�V
�Z�H�U�H �P�D�G�H�� �7�K�H�V�H �G�H�F�L�V�L�R�Q�V �Z�L�O�O �E�H �H�O�D�E�R�U�D�W�H�G �R�Q �K�H�U�H�� �$ �I�X�O�O �R�Y�H�U�Y�L�H�Z �R�I �W�K�H �D�O�J�R�U�L�W�K�P�� �X�V�H�G �W�R
�V�L�P�X�O�D�W�H �W�K�H �W�X�U�E�X�O�H�Q�W �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �I�O�X�L�G �I�O�R�Z�� �Z�L�O�O �E�H �J�L�Y�H�Q �L�Q �W�K�H �Q�H�[�W �V�H�F�W�L�R�Q��

�3�T�X�M�Q�M�^�M�R�K �8�L�V�I�E�H�W �T�I�V �&�P�S�G�O �E�R�H �&�P�S�G�O�W �T�I�V �+�V�M�H
�7�K�H �I�L�U�V�W �R�S�W�L�P�L�]�D�W�L�R�Q �K�D�V �W�R �G�R �Z�L�W�K �R�S�W�L�P�L�]�L�Q�J �W�K�H �X�V�H �R�I �*�3�8 �U�H�V�R�X�U�F�H�V�� �7�R �W�K�L�V �H�Q�G �W�K�H �I�R�O�O�R�Z�L�Q�J
�R�S�W�L�P�L�]�D�W�L�R�Q �Z�D�V �P�D�G�H��

�‡�7�K�H �W�K�U�H�D�G�V �S�H�U �E�O�R�F�N ���W�S�E�� �D�Q�G �E�O�R�F�N�V �S�H�U �J�U�L�G ���E�S�J�� �R�U�L�H�Q�W�D�W�L�R�Q �L�V �W�D�N�H�Q �D�V �V�X�F�K �W�K�D�W �W�K�H �W�S�E �D�U�H
�D �P�X�O�W�L�S�O�H �R�I ������ �$�V �P�H�Q�W�L�R�Q�H�G�� �W�K�H �Z�D�U�S �V�F�K�H�G�X�O�H�U �F�O�X�V�W�H�U�V ���� �W�K�U�H�D�G�V �W�R �E�H �H�[�H�F�X�W�H�G �R�Q �W�K�H
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NcNx y + NcNx Ny z) �D�Q�G �D �V�F�D�O�D�U� (x; y; z) �L�V �U�H�S�U�H�V�H�Q�W�H�G �D�V� (x + Nx y + Nx Ny z)��



�������� �*�1���0�&�1 �+�4�9 �%�P�K�S�V�M�X�L�Q ����

�‡�2�S�W�L�P�L�]�L�Q�J �W�K�H �P�H�P�R�U�\ �D�F�F�H�V�V �S�D�W�W�H�U�Q �L�V �P�R�U�H �G�L�I�I�L�F�X�O�W �I�R�U �W�K�H �V�W�U�H�D�P �V�W�H�S�� �D�V �W�K�L�V �V�W�H�S �L�V �L�Q�K�H�U��
�H�Q�W�O�\ �X�Q�F�R�D�O�H�V�F�H�G �>���� �@�� �'�L�I�I�H�U�H�Q�W �S�D�S�H�U�V �S�U�H�V�H�Q�W �P�H�W�K�R�G�V �R�I �X�V�L�Q�J �V�K�D�U�H�G �P�H�P�R�U�\ �W�R �R�S�W�L�P�L�]�H
�W�K�H �P�H�P�R�U�\ �D�F�F�H�V�V �S�D�W�W�H�U�Q �R�I �W�K�U�H�D�G�V �L�Q�V�L�G�H �D �E�O�R�F�N �>���� �@�>���� �@�� �+�R�Z�H�Y�H�U�� �W�K�H�V�H �P�H�W�K�R�G�V �F�U�H�D�W�H �D
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���� �6�W�U�H�D�P �6�W�H�S �.�H�U�Q�H�O�>�*�3�8�@ �7�R �O�H�W �W�K�H �Q�H�L�J�K�E�R�U�L�Q�J �Q�R�G�H�V �L�Q�W�H�U�D�F�W �Z�L�W�K �H�D�F�K �R�W�K�H�U �W�K�H �I�R�O�O�R�Z�L�Q�J
�V�W�U�H�D�P �V�W�H�S�V �D�U�H �W�D�N�H�Q �S�H�U �Q�R�G�H��

�‡�3�X�O�O �L�Q �W�K�H �Q�H�L�J�K�E�R�U�L�Q�J �G�L�V�W�U�L�E�X�W�L�R�Q �I�X�Q�F�W�L�R�Q�V �L�Q�W�R �W�K�Hf post
i �D�U�U�D�\ �L�Q �J�O�R�E�D�O �P�H�P�R�U�\��

�‡�$�S�S�O�\ �E�R�X�Q�F�H �E�D�F�N �D�Q�G �R�U �S�H�U�L�R�G�L�F �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q �L�I �W�K�H �Q�R�G�H �V�L�W�V �R�Q �D �E�R�X�Q�G�D�U�\��

�$�I�W�H�U �W�K�H �6�W�U�H�D�P �.�H�U�Q�H�O �L�V �G�R�Q�H �Z�R�U�N�L�Q�J �W�K�U�R�X�J�K �D�O�O �W�K�H �W�K�U�H�D�G�V�� �W�K�H �V�L�P�X�O�D�W�L�R�Q �L�V �V�\�Q�F�K�U�R�Q�L�V�H�G��
���� �&�R�O�O�L�V�L�R�Q �6�W�H�S �.�H�U�Q�H�O�>�*�3�8�@ �7�K�H �N�H�U�Q�H�O �L�V �H�[�H�F�X�W�H�G �I�R�U �H�Y�H�U�\ �S�R�L�Q�W �L�Q �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q

�X�V�L�Q�J �W�K�H �W�S�E �D�Q�G �E�S�J �W�R �G�H�I�L�Q�H �L�W�V �O�R�F�D�W�L�R�Q �L�Q �P�H�P�R�U�\��
�D�3�U�H���F�R�O�O�L�V�L�R�Q �P�R�P�H�Q�W�>�*�3�8�@� �

k �L�V �R�E�W�D�L�Q�H�G �I�U�R�Pf �
i �X�V�L�Q�J �H�T�X�D�W�L�R�Q ���������� �Z�K�H�U�H �W�K�H �L�Q�I�R�U�P�D�W�L�R�Q

�R�If �
i �L�V �H�[�W�U�D�F�W�H�G �I�U�R�P �J�O�R�E�D�O �P�H�P�R�U�\ �D�Q�G� �

k �L�V �V�W�R�U�H�G �L�Q �O�R�F�D�O �P�H�P�R�U�\��
�E �)�O�X�L�G �S�U�R�S�H�U�W�L�H�V �H�[�W�U�D�F�W�L�R�Q�>�*�3�8�@ �)�U�R�P� �

k �D�Q�G �W�K�H �Y�L�V�F�R�V�L�W�\ �R�I �W�K�H �S�U�H�Y�L�R�X�V �W�L�P�H �V�W�H�S�� �W�K�H �Q�H�Z
�N�L�Q�H�P�D�W�L�F �Y�L�V�F�R�V�L�W�\� �� �G�H�Q�V�L�W�\� �D�Q�G �W�K�H �I�O�X�L�G �Y�H�O�R�F�L�W�L�H�V �D�Q�G �W�K�H�L�U �G�H�U�L�Y�D�W�L�Y�H�V �D�U�H �H�[�W�U�D�F�W�H�G �X�V�L�Q�J
�H�T�X�D�W�L�R�Q ����������

�‡�'�H�Q�V�L�W�\ �L�V �R�E�W�D�L�Q�H�G �I�U�R�P� �
0

�‡�9�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W�V �D�U�H �H�[�W�U�D�F�W�H�G �I�U�R�P� �
1� 3

�‡�9�H�O�R�F�L�W�\ �G�L�Y�H�U�J�H�Q�F�H �F�R�P�S�R�Q�H�Q�W�V �D�U�H �H�[�W�U�D�F�W�H�G �I�U�R�P� �
4� 6 �D�Q�G �F�U�R�V�V �G�H�U�L�Y�D�W�L�Y�H�V �D�U�H �H�[�W�U�D�F�W�H�G

�I�U�R�P� �
6� 9��

�‡�8�V�L�Q�J �W�K�H �Y�H�O�R�F�L�W�\ �G�H�U�L�Y�D�W�L�Y�H�V �W�K�H �V�K�H�D�U �U�D�W�H_
 �L�V �G�H�U�L�Y�H�G �X�V�L�Q�J �H�T�X�D�W�L�R�Q ������������
�‡�:�L�W�K_
 �W�K�H �Y�L�V�F�R�V�L�W�\ �L�V �G�H�W�H�U�P�L�Q�H�G �D�Q�G �X�S�G�D�W�H�G �L�Q �J�O�R�E�D�O �P�H�P�R�U�\

�F �3�R�V�W���F�R�O�O�L�V�L�R�Q �P�R�P�H�Q�W�>�*�3�8�@ �8�V�L�Q�J �W�K�H �I�O�X�L�G �S�U�R�S�H�U�W�L�H�V �D�Q�G� �
k �W�K�H �S�R�V�W���F�R�O�O�L�V�L�R�Q �P�R�P�H�Q�W �Y�H�F�W�R�U

� +
k �L�V �E�X�L�O�W �D�F�F�R�U�G�L�Q�J �W�R ���������� �D�Q�G �V�D�Y�H�G �L�Q �W�K�H �O�R�F�D�O �P�H�P�R�U�\ �R�I� �

k ��



�������� �*�1���0�&�1 �+�4�9 �%�P�K�S�V�M�X�L�Q ����

�G�3�R�V�W���F�R�O�O�L�V�L�R�Q �G�L�V�W�U�L�E�X�W�L�R�Q�>�*�3�8�@ �8�V�L�Q�J �H�T�X�D�W�L�R�Q ���������� �W�K�H �S�R�V�W���F�R�O�O�L�V�L�R�Q �G�L�V�W�U�L�E�X�W�L�R�Qf +
i �L�V �X�S��

�G�D�W�H�G �L�Q �J�O�R�E�D�O �P�H�P�R�U�\��
���� �&�R�Q�Y�H�U�J�H�Q�F�H �&�K�H�F�N�>�*�3�8���&�3�8�@ �5�X�Q�Q�L�Q�J �V�W�H�S�V �� �D�Q�G �� �X�Q�W�L�O �W�K�H �V�L�P�X�O�D�W�L�R�Q �L�V �V�W�D�W�L�V�W�L�F�D�O�O�\ �F�R�Q��

�Y�H�U�J�H�G�� �Z�K�L�F�K �L�V �F�K�H�F�N�H�G �X�V�L�Q�J �W�K�HL conv
2 �H�U�U�R�U �Q�R�U�P ��������������

�‡�>�*�3�8�@ �$�G�G �W�K�H �V�W�U�H�D�P�Z�L�V�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�Hu �I�U�R�P �U�H�J�L�V�W�H�U �P�H�P�R�U�\ �W�R �W�K�H �J�O�R�E�D�O �D�U�U�D�\usum

�H�Y�H�U�\� tc �V�L�P�X�O�D�W�L�R�Q �W�L�P�H �V�W�H�S�V��
�‡�>�*�3�8�@ �:�K�H�Q �W�K�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H�V �D�U�H �V�X�P�P�H�G �X�SNc �W�L�P�H�V�� �W�K�Husum �D�U�U�D�\ �L�V �V�H�Q�W �I�U�R�P �J�O�R�E�D�O

�W�R �&�3�8 �P�H�P�R�U�\��
�‡�>�&�3�8�@ �7�K�H �D�Y�H�U�D�J�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�Hui +1 (z) �L�V �P�D�G�H �I�U�R�Pusum �X�V�L�Q�J �H�T�X�D�W�L�R�Q ��������������
�‡�>�&�3�8�@ �7�K�HL conv

2 �L�V �G�H�W�H�U�P�L�Q�H�G �X�V�L�Q�Jui +1 (z) �D�Q�G �W�K�H �D�Y�H�U�D�J�H �Y�H�O�R�F�L�W�\ui (z) �G�H�W�H�U�P�L�Q�H�G
Nc� tc �W�L�P�H �V�W�H�S�V �E�D�F�N �X�V�L�Q�J �H�T�X�D�W�L�R�Q ��������������

�‡�>�&�3�8�@ �$�Y�H�U�D�J�H �Y�H�O�R�F�L�W�\ �L�V �V�D�Y�H�G �W�R �&�3�8 �P�H�P�R�U�\ �W�R �E�H �X�V�H�G �I�R�U �Q�H�[�WL conv
2 �F�D�O�F�X�O�D�W�L�R�Q��

���� �'�D�W�D �6�D�Y�H�>�*�3�8���&�3�8�@ �$�I�W�H�U �W�K�H �V�L�P�X�O�D�W�L�R�Q �L�V �V�W�D�W�L�V�W�L�F�D�O�O�\ �F�R�Q�Y�H�U�J�H�G ��tp0 �� �V�W�H�S�V �� �D�Q�G �� �D�U�H �U�H��
�S�H�D�W�H�G �W�R �R�E�W�D�L�Q �W�K�H �V�W�D�W�L�V�W�L�F�D�O �G�D�W�D�� �7�R �W�K�L�V �H�Q�G �W�K�H �I�O�X�L�G �S�U�R�S�H�U�W�L�H�V �D�U�H �V�D�Y�H�GNp �W�L�P�H�V �W�R �D �E�L�Q�D�U�\
�I�L�O�H �R�Q�F�H �H�Y�H�U�\� tp �V�L�P�X�O�D�W�L�R�Q �W�L�P�H �V�W�H�S�V��

�‡�>�*�3�8�@ �/�R�D�G �W�K�H �I�O�X�L�G �S�U�R�S�H�U�W�L�H�V �I�U�R�P �U�H�J�L�V�W�H�U �P�H�P�R�U�\ �W�R �J�O�R�E�D�O �P�H�P�R�U�\��
�‡�>�*�3�8�@ �6�\�Q�F�K�U�R�Q�L�V�H �W�K�H �N�H�U�Q�H�O �V�X�F�K �W�R �P�D�N�H �V�X�U�H �D�O�O �W�K�H �W�K�U�H�D�G�V �K�D�Y�H �X�S�G�D�W�H�G �W�K�H �V�F�D�O�D�U

�D�U�U�D�\ �L�Q �J�O�R�E�D�O �P�H�P�R�U�\��
�‡�>�*�3�8�@ �6�H�Q�G �W�K�H �I�L�O�O�H�G �V�F�D�O�D�U �D�U�U�D�\�¶�V �W�R �W�K�H �&�3�8 �U�D�P �P�H�P�R�U�\��
�‡�>�&�3�8�@ �6�D�Y�H �W�K�H �V�F�D�O�D�U �D�U�U�D�\ �L�Q �D �E�L�Q�D�U�\ �I�L�O�H �R�Q �W�K�H �K�R�V�W �K�D�U�G �G�U�L�Y�H��



�������� �*�1���0�&�1 �+�4�9 �%�P�K�S�V�M�X�L�Q ����

�)�L�J�X�U�H ���������$�O�J�R�U�L�W�K�P �I�R�U �W�K�H �)�0���/�%�0 �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�Q �D �*�3�8�� �&�3�8���P�H�P�R�U�\ �L�V �U�H�S�U�H�V�H�Q�W�H�G �L�Q �J�U�H�H�Q�� �*�O�R�E�D�O���P�H�P�R�U�\ �L�V
�U�H�S�U�H�V�H�Q�W�H�G �L�Q �U�H�G �D�Q�G �/�R�F�D�O���5�H�J�L�V�W�H�U���P�H�P�R�U�\ �L�V �U�H�S�U�H�V�H�Q�W�H�G �L�Q �R�U�D�Q�J�H



��
�)�P�I�G�X�V�M�G �4�S�X�I�R�X�M�E�P �1�S�H�I�P

�7�K�L�V �F�K�D�S�W�H�U �L�V �G�H�Y�R�W�H�G �W�R �W�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�H �P�R�G�H�O �G�H�V�F�U�L�E�L�Q�J �W�K�H �H�O�H�F�W�U�L�F �S�R�W�H�Q�W�L�D�O �L�Q�V�L�G�H �W�K�H
�&�D�U�E�R�Q �%�O�D�F�N �V�X�V�S�H�Q�V�L�R�Q �I�O�R�Z�L�Q�J �W�K�U�R�X�J�K �D �6�6�)�%�� �$�V �G�H�V�F�U�L�E�H�G �L�Q �V�H�F�W�L�R�Q�����������W�K�H �H�O�H�F�W�U�L�F �S�R�W�H�Q�W�L�D�O
�H�T�X�D�W�L�R�Q ������������ �W�D�N�H�V �W�K�H �I�R�U�P �R�I �D �F�R�Q�V�H�U�Y�D�W�L�R�Q �O�D�Z�� �7�K�H �)�L�Q�L�W�H �9�R�O�X�P�H �0�H�W�K�R�G ���)�9�0�� �L�V �D �Z�H�O�O��
�H�V�W�D�E�O�L�V�K�H�G �W�H�F�K�Q�L�T�X�H �X�V�H�G �W�R �V�R�O�Y�H �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V �U�H�O�D�W�H�G �W�R �F�R�Q�V�H�U�Y�D�W�L�R�Q �O�D�Z�V �L�Q �Y�D�U�L�R�X�V �I�L�H�O�G�V
�V�X�F�K �D�V �I�O�X�L�G �G�\�Q�D�P�L�F�V�� �K�H�D�W �W�U�D�Q�V�I�H�U�� �D�Q�G �H�O�H�F�W�U�R�P�D�J�Q�H�W�L�F�V�� �7�K�H�U�H�I�R�U�H�� �W�K�L�V �U�H�V�H�D�U�F�K �Z�L�O�O �X�V�H �W�K�H �)�9�0
�W�R �V�R�O�Y�H �W�K�H �H�O�H�F�W�U�L�F �S�R�W�H�Q�W�L�D�O �W�R �G�H�W�H�U�P�L�Q�H �W�K�H �W�R�W�D�O �L�Q�W�H�U�Q�D�O �U�H�V�L�V�W�D�Q�F�H �D�Q�G �H�I�I�H�F�W�L�Y�H �F�R�Q�G�X�F�W�L�Y�L�W�\ �L�Q�V�L�G�H
�D�Q �6�6�)�%�� �6�S�H�F�L�I�L�F�D�O�O�\�� �W�K�H ���' �P�H�W�K�R�G �G�H�Y�H�O�R�S�H�G �E�\ �3�H�W�H�U�V �Z�L�O�O �E�H �H�[�W�H�Q�G�H�G �W�R ���' �W�R �L�Q�F�R�U�S�R�U�D�W�H �W�K�H
���' �H�I�I�H�F�W�V �R�I �W�X�U�E�X�O�H�Q�F�H �>���� �@��

�,�Q �W�K�L�V �F�K�D�S�W�H�U�� �Z�H �Z�L�O�O �H�O�D�E�R�U�D�W�H �R�Q �K�R�Z �W�K�H �)�9�0 �L�V �X�V�H�G �W�R �V�R�O�Y�H �W�K�H �S�R�W�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q �L�Q�V�L�G�H �D�Q
�6�6�)�% �X�Q�G�H�U �H�T�X�L�O�L�E�U�L�X�P �F�R�Q�G�L�W�L�R�Q�V�� �)�L�U�V�W�� �V�H�F�W�L�R�Q������ �Z�L�O�O �G�H�V�F�U�L�E�H �K�R�Z �W�K�H �J�R�Y�H�U�Q�L�Q�J �F�R�Q�V�H�U�Y�D�W�L�R�Q �O�D�Z
�L�V �U�H�Z�U�L�W�W�H�Q �W�R �)�L�Q�L�W�H �9�R�O�O�X�P�H �I�R�U�P �D�Q�G �G�L�V�F�U�H�W�L�]�H�G �L�Q ���'�� �7�K�H�Q�� �V�H�F�W�L�R�Q������ �Z�L�O�O �G�L�V�F�X�V�V �W�K�H �J�H�R�P�H�W�U�\
�D�Q�G �K�R�Z �W�K�H �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �D�U�H �L�P�S�O�H�P�H�Q�W�H�G�� �+�R�Z �W�K�L�V �V�\�V�W�H�P �R�I �H�T�X�D�W�L�R�Q�V �L�V �F�R�Q�Y�H�U�W�H�G �W�R
�P�D�W�U�L�[ �I�R�U�P �D�Q�G �V�R�O�Y�H�G �L�V �W�K�H�Q �G�L�V�F�X�V�V�H�G �L�Q �V�H�F�W�L�R�Q�������� �)�L�Q�D�O�O�\�� �V�H�F�W�L�R�Q������ �G�H�V�F�U�L�E�H�V �K�R�Z �W�K�H �L�Q�W�H�U�Q�D�O
�U�H�V�L�V�W�D�Q�F�H �L�V �R�E�W�D�L�Q�H�G �I�U�R�P �W�K�H �H�O�H�F�W�U�L�F �S�R�W�H�Q�W�L�D�O��

���������*�M�R�M�X�I �:�S�P�Y�Q�I �(�M�W�G�I�X�M�^�E�X�M�S�R
�:�L�W�K �I�L�Q�L�W�H �Y�R�O�X�P�H �P�R�G�H�O�V�� �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q �L�V �G�L�Y�L�G�H�G �L�Q�W�R �F�R�Q�W�L�J�X�R�X�V�� �Q�R�Q���R�Y�H�U�O�D�S�S�L�Q�J �Y�R�O��
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�Z�K�H�U�H
 �U�H�S�U�H�V�H�Q�W�V �D �Y�R�O�X�P�H �H�O�H�P�H�Q�W�� �7�K�H �P�H�D�Q�L�Q�J �E�H�K�L�Q�G �W�K�L�V �F�K�D�U�J�H �F�R�Q�V�H�U�Y�D�W�L�R�Q �H�T�X�D�W�L�R�Q �L�V �W�K�D�W
�L�I �D �F�O�R�V�H�G �V�X�U�I�D�F�H �G�R�H�V �Q�R�W �H�Q�F�O�R�V�H �D�Q�\ �F�X�U�U�H�Q�W �V�R�X�U�F�H ��@�c/ @t= 0 ���� �W�K�H �V�X�P �R�I �W�K�H �F�X�U�U�H�Q�W�V �S�D�V�V�L�Q�J
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�Z�K�H�U�H �W�K�H �O�R�Z�H�U �F�D�V�H �F�K�D�U�D�F�W�H�U�V �U�H�S�U�H�V�H�Q�W �W�K�H �S�R�V�L�W�L�R�Q �D�W �W�K�H �U�H�V�S�H�F�W�L�Y�H �E�R�X�Q�G�D�U�\ �R�I �W�K�H �Y�R�O�X�P�H �H�O��
�H�P�H�Q�W�� �,�Q �W�K�L�V �G�H�U�L�Y�D�W�L�R�Q �W�K�H �Y�R�O�X�P�H �H�O�H�P�H�Q�W�V �D�U�H �D�V�V�X�P�H�G �W�R �E�H �H�T�X�D�O�O�\ �V�L�]�H�G�� �V�L�Q�F�H �W�K�L�V �F�K�R�L�F�H �L�V
�P�D�G�H �L�Q �W�K�H �U�H�V�W �R�I �W�K�L�V �U�H�V�H�D�U�F�K�� �7�K�H �R�U�G�H�U �R�I �D�F�F�X�U�D�F�\ �U�H�V�X�O�W�V �I�U�R�P �W�K�H �W�U�X�Q�F�D�W�L�R�Q �H�U�U�R�U �W�K�D�W �R�U�L�J�L�Q�D�W�H�V
�I�U�R�P �W�K�H �F�H�Q�W�U�D�O �G�L�I�I�H�U�H�Q�F�H �P�H�W�K�R�G �>���� �@��

�$�S�D�U�W �I�U�R�P �W�K�L�V �F�K�R�L�F�H �D�Q�G �W�K�H �F�K�R�L�F�H �R�I �D �V�T�X�D�U�H �Y�R�O�X�P�H �H�O�H�P�H�Q�W�� �W�K�L�V �G�L�V�F�U�H�W�L�]�D�W�L�R�Q �L�V �I�X�O�O�\ �J�H�Q�H�U�D�O��
�+�R�Z �L�W �L�V �L�P�S�O�H�P�H�Q�W�H�G �L�Q �W�K�H �G�R�P�D�L�Q �U�H�S�U�H�V�H�Q�W�L�Q�J �D �6�6�)�% �L�V �G�L�V�F�X�V�V�H�G �L�Q �W�K�H �Q�H�[�W �V�H�F�W�L�R�Q��

�)�L�J�X�U�H ���������7�K�H �I�O�R�Z �F�K�D�Q�Q�H�O �D�Q�G �V�X�U�U�R�X�Q�G�L�Q�J �G�R�P�D�L�Q �G�L�V�F�U�H�W�L�]�H�G �X�V�L�Q�J �W�K�H �I�L�Q�L�W�H �Y�R�O�X�P�H �P�H�W�K�R�G �Z�L�W�K �H�T�X�D�O�O�\ �V�L�]�H�G �Y�R�O�X�P�H
�H�O�H�P�H�Q�W�V��

���������+�I�S�Q�I�X�V�] �E�R�H �&�S�Y�R�H�E�V�] �'�S�R�H�M�X�M�S�R�W
�7�K�L�V �V�H�F�W�L�R�Q �Z�L�O�O �G�L�V�F�X�V�V �W�K�H �J�H�R�P�H�W�U�\ �D�Q�G �V�X�E�V�H�T�X�H�Q�W �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �X�V�H�G �W�R �V�R�O�Y�H �W�K�H �S�R�W�H�Q�W�L�D�O
�I�L�H�O�G �L�Q �D �6�6�)�%�� �$�V �G�L�V�F�X�V�V�H�G �L�Q �V�H�F�W�L�R�Q������������ �W�K�H �D�V�V�X�P�S�W�L�R�Q �L�V �P�D�G�H �W�K�D�W �D�O�O �W�K�H �U�H�D�F�W�L�R�Q�V �W�D�N�H �S�O�D�F�H
�Q�H�D�U �W�K�H �P�H�P�E�U�D�Q�H�� �7�K�H �I�O�R�Z �F�K�D�Q�Q�H�O �F�D�Q �W�K�H�U�H�I�R�U�H �E�H �V�H�H�Q �D�V �D �F�X�E�R�L�G�D�O �F�R�Q�G�X�F�W�R�U �Z�L�W�K �Y�D�U�L�D�E�O�H
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�F�R�Q�G�X�F�W�L�Y�L�W�\� (x ; t)�� �7�K�H �I�O�R�Z �S�U�R�I�L�O�H �L�Q �W�K�H �D�Q�R�G�H �D�Q�G �W�K�H �F�D�W�K�R�G�H �L�V �D�V�V�X�P�H�G �W�R �E�H �W�K�H �V�D�P�H�� �P�D�N�L�Q�J
�W�K�H� (x ; t) �S�U�R�I�L�O�H �L�Q �E�R�W�K �K�D�O�I �F�H�O�O�V �W�K�H �V�D�P�H�� �$�V �D �U�H�V�X�O�W�� �W�K�H �L�Q�W�H�U�Q�D�O �S�R�W�H�Q�W�L�D�O �I�L�H�O�G� �Z�L�O�O �D�O�V�R �E�H �H�T�X�D�O
�X�S �W�R �D �P�L�Q�X�V �V�L�J�Q�� �7�K�H�U�H�I�R�U�H�� �R�Q�O�\ �R�Q�H �F�H�O�O �Z�L�O�O �E�H �F�R�Q�V�L�G�H�U�H�G �D�Q�G �W�K�H �H�[�W�H�U�Q�D�O �S�R�W�H�Q�W�L�D�O �Z�L�O�O �E�H �D�S�S�O�L�H�G
�R�Y�H�U �W�K�H �F�R�Q�G�X�F�W�L�Q�J �S�O�D�W�H �O�R�F�D�W�H�G �D�W �W�K�H �W�R�S �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �F�X�U�U�H�Q�W �F�R�O�O�H�F�W�R�U �D�Q�G �D �L�Q�V�X�O�D�W�R�U �S�O�D�W�H �D�W �W�K�H
�E�R�W�W�R�P �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �P�H�P�E�U�D�Q�H�� �6�L�Q�F�H �W�K�H �S�R�W�H�Q�W�L�D�O �Z�L�O�O �Q�R�W �E�H �]�H�U�R �D�U�R�X�Q�G �W�K�H �F�X�E�R�L�G�D�O �F�R�Q�G�X�F�W�R�U��
�D �V�X�U�U�R�X�Q�G�L�Q�J �P�H�G�L�X�P �L�V �D�G�G�H�G �W�R �F�O�R�V�H �W�K�H �V�\�V�W�H�P �R�I �H�T�X�D�W�L�R�Q�V�� �$ �V�F�K�H�P�D�W�L�F ���' �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I
�W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q �L�V �I�R�X�Q�G �L�Q �I�L�J�X�U�H�������� �,�Q �W�K�H �I�L�J�X�U�H �I�R�X�U �G�L�V�W�L�Q�F�W �U�H�J�L�R�Q�V �D�U�H �I�R�X�Q�G��

�‡�)�O�R�Z �F�K�D�Q�Q�H�O ���E�O�X�H�����7�K�L�V �U�H�J�L�R�Q �U�H�S�U�H�V�H�Q�W�V �W�K�H �I�O�R�Z �F�K�D�Q�Q�H�O �Z�K�H�U�H �W�K�H �W�X�U�E�X�O�H�Q�W �/�%�0 �V�L�P�X��
�O�D�W�L�R�Q �J�H�Q�H�U�D�W�H�V �D �V�K�H�D�U �U�D�W�H �S�U�R�I�L�O�H ��_
 LBM �� �Z�K�L�F�K �U�H�V�X�O�W�V �L�Q �D �V�S�D�W�L�D�O �F�R�Q�G�X�F�W�L�Y�L�W�\ �S�U�R�I�L�O�H� =
� ( _
 LBM (x )) ��

�‡�3�D�U�D�O�O�H�O �S�O�D�W�H�V ���G�D�U�N �J�U�D�\�����7�K�H �W�R�S �S�O�D�W�H �U�H�S�U�H�V�H�Q�W�V �W�K�H �P�H�P�E�U�D�Q�H �Z�K�H�U�H �W�K�H �U�H�D�F�W�L�R�Q�V �W�D�N�H
�S�O�D�F�H�� �U�H�V�X�O�W�L�Q�J �L�Q� = Vmax �D�Q�G �W�K�H �E�R�W�W�R�P �S�O�D�W�H �U�H�S�U�H�V�H�Q�W�V �W�K�H �F�D�W�K�R�G�L�F �F�X�U�U�H�Q�W �F�R�O�O�H�F�W�R�U �V�H�W �W�R
�]�H�U�R �S�R�W�H�Q�W�L�D�O� = 0 �� �7�K�H �S�R�W�H�Q�W�L�D�O �G�L�I�I�H�U�H�Q�F�H �L�V �W�K�H�U�H�I�R�U�H� V = Vmax �7�K�H �K�H�L�J�K�W �R�U �W�K�L�F�N�Q�H�V�V �R�I
�W�K�H �S�O�D�W�H �L�V �G�H�I�L�Q�H�G �E�\Tplate

�‡�6�X�U�U�R�X�Q�G�L�Q�J �P�H�G�L�X�P ���Z�K�L�W�H�����,�Q �W�K�L�V �U�H�J�L�R�Q �W�K�H �F�R�Q�G�X�F�W�L�Y�L�W�\ �L�V �V�H�W �W�R �D �V�P�D�O�O �Y�D�O�X�H� ! 0 �W�R
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�6�L�Q�F�H �W�K�H�U�H �L�V �Q�R �F�K�D�U�J�H �J�H�Q�H�U�D�W�H�G �L�Q�V�L�G�H �W�K�H �F�K�D�Q�Q�H�O �D�Q�G �W�K�H �F�K�D�U�J�H �L�V �F�R�Q�V�H�U�Y�H�G�� �W�K�H �Q�H�W �F�X�U�U�H�Q�W

�I�O�R�Z�L�Q�J �W�K�U�R�X�J�K �W�K�H �F�K�D�Q�Q�H�O �L�V �F�R�Q�V�W�D�Q�W�� �7�K�L�V �P�H�D�Q�V �W�K�D�W �W�K�H �W�R�W�D�O �F�X�U�U�H�Q�WI �F�D�Q �E�H �F�R�P�S�X�W�H�G �E�\
�V�X�P�P�L�Q�J �X�S �W�K�H �F�X�U�U�H�Q�W �G�H�Q�V�L�W�\�¶�Vj z �E�H�W�Z�H�H�Q �D�Q�\ �F�R�Q�W�R�X�U �L�Q �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �S�D�U�D�O�O�H�O �S�O�D�W�H�V�� �7�K�H �W�R�W�D�O
�U�H�V�L�V�W�D�Q�F�HRtot �F�D�Q �W�K�H�Q �E�H �H�D�V�L�O�\ �F�R�P�S�X�W�H�G �X�V�L�Q�J �W�K�H �S�R�W�H�Q�W�L�D�O �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Q �W�K�H �S�D�U�D�O�O�H�O �S�O�D�W�H�V
� V �� �8�V�L�Q�J �3�R�X�L�O�O�H�W�¶�V �O�D�Z ������������ �W�K�H �H�I�I�H�F�W�L�Y�H �F�R�Q�G�X�F�W�L�Y�L�W�\ �F�D�Q �W�K�H�Q �H�D�V�L�O�\ �E�H �F�R�P�S�X�W�H�G �Z�L�W�KA �W�K�H �D�U�H�D
�R�I �W�K�H �S�D�U�D�O�O�H�O �S�O�D�W�H�V �G�H�I�L�Q�H�G �D�VA = L � W
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�W�K�H �W�X�U�E�X�O�H�Q�W �I�O�R�Z �S�U�R�I�L�O�H �R�I �D �V�K�H�D�U���W�K�L�Q�Q�L�Q�J �I�O�X�L�G�� �7�K�H �V�H�F�R�Q�G �S�D�U�W �Z�L�O�O �X�V�H �W�K�H �G�D�W�D �I�U�R�P �W�K�H�V�H �W�X�U�E�X�O�H�Q�W
�V�L�P�X�O�D�W�L�R�Q�V �W�R �G�H�W�H�U�P�L�Q�H �F�R�Q�G�X�F�W�L�Y�L�W�\ �R�I �W�K�H �F�D�U�E�R�Q �E�O�D�F�N �V�X�V�S�H�Q�V�L�R�Q�� �D�I�W�H�U �Z�K�L�F�K �W�K�H �H�O�H�F�W�U�L�F�D�O �U�H�V�L�V��
�W�D�Q�F�H �Z�L�O�O �E�H �G�H�W�H�U�P�L�Q�H�G �E�\ �F�R�P�S�X�W�L�Q�J �W�K�H �S�R�W�H�Q�W�L�D�O �L�Q�V�L�G�H �W�K�H �6�6�)�%�� �7�K�L�V �F�K�D�S�W�H�U �Z�L�O�O �I�R�F�X�V �R�Q �W�K�H
�I�L�U�V�W �S�D�U�W �Z�K�H�U�H �W�K�H �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �I�O�R�Z �Z�L�O�O �E�H �V�L�P�X�O�D�W�H�G �X�V�L�Q�J �W�K�H �)�0���/�%�0 �L�P�S�O�H�P�H�Q�W�H�G �R�Q �D �1�9�,�'�,�$
�*�3�8��

�%�H�I�R�U�H �W�K�H �S�U�R�S�R�V�H�G �V�L�P�X�O�D�W�L�R�Q �P�H�W�K�R�G �L�V �X�V�H�G �W�R �R�E�W�D�L�Q �W�K�H �W�X�U�E�X�O�H�Q�W �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �F�K�D�Q�Q�H�O �I�O�R�Z
�F�K�D�U�D�F�W�H�U�L�V�W�L�F�V�� �W�K�L�V �F�K�D�S�W�H�U �G�H�V�F�U�L�E�H�V �K�R�Z �W�K�H �V�H�W�X�S �Z�D�V �Y�D�O�L�G�D�W�H�G�� �7�K�H �Y�D�O�L�G�D�W�L�R�Q �U�H�V�X�O�W�V �R�I �W�K�H �/�%�0
�R�Q �W�K�H �*�3�8 �D�U�H �G�H�V�F�U�L�E�H�G �L�Q �6�H�F�W�L�R�Q�V�������� ������ �D�Q�G�������� �U�H�V�S�H�F�W�L�Y�H�O�\�� �G�H�D�O�L�Q�J �Z�L�W�K �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O
�S�H�U�I�R�U�P�D�Q�F�H�� �O�D�P�L�Q�D�U �I�O�R�Z�� �D�Q�G �1�H�Z�W�R�Q�L�D�Q �W�X�U�E�X�O�H�Q�W �I�O�R�Z �U�H�V�X�O�W�V�� �$�I�W�H�U �E�H�Q�F�K�P�D�U�N�L�Q�J �W�K�H �/�%�0 �L�P�S�O�H��
�P�H�Q�W�D�W�L�R�Q�� �L�W �L�V �X�V�H�G �W�R �V�L�P�X�O�D�W�H �W�X�U�E�X�O�H�Q�W �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �S�R�Z�H�U���O�D�Z �I�O�R�Z �L�Q �V�H�F�W�L�R�Q�������� �,�Q �V�H�F�W�L�R�Q������
�W�K�H �V�K�H�D�U �U�D�W�H �S�U�R�I�L�O�H�V �R�I �W�K�H �1�H�Z�W�R�Q�L�D�Q �D�Q�G �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �V�L�P�X�O�D�W�L�R�Q�V �D�U�H �D�Q�D�O�\�]�H�G�� �V�H�W�W�L�Q�J �W�K�H �V�W�D�J�H
�I�R�U �&�K�D�S�W�H�U���� �L�Q �Z�K�L�F�K �W�K�H �F�R�Q�G�X�F�W�L�Y�L�W�\ �P�H�D�V�X�U�H�P�H�Q�W�V �Z�K�L�F�K �Z�L�O�O �P�D�N�H �X�V�H �R�I �W�K�H�V�H �V�K�H�D�U �U�D�W�H �S�U�R�I�L�O�H�V��

���������4�E�V�E�P�P�I�P �4�I�V�J�S�V�Q�E�R�G�I �+�4�9
�,�Q �W�K�L�V �V�W�X�G�\ �W�K�H �)�0�/�%�0���'���4���� �P�R�G�H�O �Z�D�V �L�P�S�O�H�P�H�Q�W�H�G �L�Q �3�\�W�K�R�Q�� �7�K�H �F�R�G�H �Z�D�V �S�D�U�D�O�O�H�O�L�]�H�G �X�V�L�Q�J
�W�K�H �&�8�'�$ �S�U�R�J�U�D�P�P�L�Q�J �O�D�Q�J�X�D�J�H �V�X�F�K �W�K�D�W �L�W �F�R�X�O�G �U�X�Q �R�Q �D �1�9�,�'�,�$ �7�H�V�O�D �$������ �*�3�8�� �I�D�F�L�O�L�W�D�W�H�G �E�\
�'�H�O�I�W �%�O�X�H �>���@�� �7�K�H �K�D�U�G�Z�D�U�H �V�S�H�F�L�I�L�F�D�W�L�R�Q�V �R�I �W�K�H �*�3�8 �X�V�H�G �D�U�H �J�L�Y�H�Q �L�Q �W�D�E�O�H�������� �,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �W�K�H
�S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�L�V �F�R�G�H�� �X�V�H�G �I�R�U �D�O�O �R�W�K�H�U �V�L�P�X�O�D�W�L�R�Q�V�� �L�V �H�O�D�E�R�U�D�W�H�G �R�Q��

�7�R �R�E�W�D�L�Q �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �S�H�U�I�R�U�P�D�Q�F�H �R�I �W�K�H �F�X�U�U�H�Q�W �)�0���/�%�0 �*�3�8 �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�� �W�K�H �V�L�P�X�O�D��
�W�L�R�Q �V�S�H�H�G �L�V �W�H�V�W�H�G �R�Q �D �V�T�X�D�U�H �J�U�L�G�� �$�V �D �P�H�D�V�X�U�H �R�I �N�H�U�Q�H�O �S�H�U�I�R�U�P�D�Q�F�H�� �W�K�H �Q�X�P�E�H�U �R�I106 �J�U�L�G
�Q�R�G�H�V �W�K�D�W �D�U�H �X�S�G�D�W�H�G �S�H�U �V�H�F�R�Q�G ���0�/�8�3�6�� �L�V �X�V�H�G �W�R �F�R�P�S�D�U�H �W�K�H �G�D�W�D �Z�L�W�K �R�W�K�H�U �/�%�0 �*�3�8 �L�P�S�O�H��
�P�H�Q�W�D�W�L�R�Q�V�� �$�V �F�D�Q �E�H �V�H�H�Q �L�Q �)�L�J�X�U�H�������� �W�K�H �V�L�P�X�O�D�W�L�R�Q �S�H�U�I�R�U�P�D�Q�F�H �S�O�D�W�H�D�X�V �D�U�R�X�Q�G350 �0�/�8�3�6��
�$�V �H�[�S�H�F�W�H�G�� �W�K�H �V�L�P�X�O�D�W�L�R�Q �W�L�P�H �I�R�U �D �V�L�P�X�O�D�W�L�R�Q �V�W�H�S �Z�K�H�U�H �D�O�O �W�K�H �V�F�D�O�D�U �S�D�U�D�P�H�W�H�U�V �D�U�H �V�W�R�U�H�G �R�Q
�&�3�8 �P�H�P�R�U�\ �L�V �D�S�S�U�R�[�L�P�D�W�H�O�\ �� �W�L�P�H�V �V�O�R�Z�H�U��

�6�L�Q�F�H �W�K�H �/�%�0 �L�V �F�R�Q�V�W�U�D�L�Q�H�G �E�\ �L�W�V �P�H�P�R�U�\ �X�V�H�� �W�K�H �W�K�H�R�U�H�W�L�F�D�O �P�D�[�L�P�X�P �/�8�3�6 �F�D�Q �E�H �G�H�U�L�Y�H�G
�I�U�R�P

�/�8�3�6=
�%�:SDK

NA
����������

�Z�L�W�K �%�:SDK �W�K�H �P�H�P�R�U�\ �E�D�Q�G�Z�L�G�W�K �R�I �W�K�H �*�3�8�� �D�Q�GNA �W�K�H �Q�X�P�E�H�U �R�I �P�H�P�R�U�\ �D�F�F�H�V�V�H�V �S�H�U �Q�R�G�H
�>���� �@�� �,�Q �W�K�L�V �U�H�V�H�D�U�F�KNA �L�V �P�D�G�H �X�S �R�I �R�Q�H �U�H�D�G �D�Q�G �R�Q�H �Z�U�L�W�H �R�I �W�K�HNc = 19 �G�L�V�W�U�L�E�X�W�L�R�Q�V �I�R�U �W�K�H
�V�W�U�H�D�P �D�Q�G �F�R�O�O�L�G�H �N�H�U�Q�H�O�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �W�K�H �Y�L�V�F�R�V�L�W�\ �D�U�U�D�\ �L�V �U�H�D�G �I�U�R�P �D�Q�G �Z�U�L�W�W�H�Q �W�R �H�Y�H�U�\ �F�R�O�O�L�V�L�R�Q
�V�W�H�S �W�R �H�Q�D�E�O�H �W�K�H �Q�R�Q���1�H�Z�W�R�Q�L�D�Q �E�H�K�D�Y�L�R�X�U�� �8�V�L�Q�J �V�L�Q�J�O�H �S�U�H�F�L�V�L�R�Q�� �H�Y�H�U�\ �H�O�H�P�H�Q�W �L�V �P�D�G�H �X�S �R�I4
�E�\�W�H�V�� �V�R �L�Q �W�R�W�D�ONA = 4 � (4 � 19 + 2 � 1) = 312 �E�\�W�H�V �I�R�U �D �V�L�Q�J�O�H �Q�R�G�H�� �$�V �I�R�X�Q�G �E�\ �'�H�O�E�R�V�F�H�W �D�O��
�>���� �@ �D�Q�G �)�R�U�V�O�X�Q�G�H�W �D�O���>���� �@ �W�K�H �%�:SDK �L�V �D�S�S�U�R�[�L�P�D�W�H�O�\70�� �S�H�U�F�H�Q�W �R�I �W�K�H �W�K�H�R�U�H�W�L�F�D�O �E�D�Q�G�Z�L�G�W�K
�R�IBW = 1134 GB / s�� �8�V�L�Q�J �W�K�H �P�D�[�L�P�X�P �W�K�H�R�U�H�W�L�F�D�O �S�H�U�I�R�U�P�D�Q�F�H �G�H�U�L�Y�H�G �I�U�R�P �H�T�X�D�W�L�R�Q ���������� �D�Q�G
�F�R�P�S�D�U�L�Q�J �L�W �W�R �W�K�H �V�L�P�X�O�D�W�L�R�Q �S�H�U�I�R�U�P�D�Q�F�H �I�R�X�Q�G �L�Q �)�L�J�X�U�H������ �W�K�H �E�D�Q�G�Z�L�G�W�K �X�W�L�O�L�]�D�W�L�R�Q �R�I �W�K�L�V �V�H�W�X�S
�H�T�X�D�W�H�V �W�R14���� �7�K�L�V �L�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �O�R�Z�H�U �W�K�D�Q �W�K�H80�� �X�W�L�O�L�]�D�W�L�R�Q �R�W�K�H�U �*�3�8���/�%�0 �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�V
�I�L�Q�G �>���� �@�>���� �@�>���� �@��
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�G�L�P�V �R�I �J�U�L�G ��231; 216; 216��
�G�L�P�V �R�I �E�O�R�F�N ��210; 210; 26��
�1�X�P�E�H�U �R�I �6�0 ��
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�U�L�W�K�P�V �L�P�S�O�H�P�H�Q�W�H�G �L�Q �>���� �@�>���� �@�>���� �@ �L�V �W�K�H �X�V�H �R�I �V�K�D�U�H�G �P�H�P�R�U�\ �L�Q �W�K�H �V�W�U�H�D�P �D�Q�G �F�R�O�O�L�V�L�R�Q �V�W�H�S�� �$�V
�P�H�Q�W�L�R�Q�H�G �L�Q �V�H�F�W�L�R�Q������������ �W�K�L�V �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �L�P�S�U�R�Y�H�V �W�K�H �V�S�H�H�G �D�W �Z�K�L�F�K �W�K�H �N�H�U�Q�H�O�V �L�Q�V�L�G�H �D �E�O�R�F�N
�F�D�Q �D�F�F�H�V�V �W�K�H �Q�H�L�J�K�E�R�U�L�Q�J �D�Q�G �L�Q�W�U�L�Q�V�L�F �G�L�V�W�U�L�E�X�W�L�R�Q�V�� �7�K�L�V �W�K�H�U�H�I�R�U�H �H�[�S�O�D�L�Q�V �W�K�H �O�R�Z �E�D�Q�G�Z�L�G�W�K �X�W�L��
�O�L�]�D�W�L�R�Q �R�I �W�K�H �F�X�U�U�H�Q�W �D�O�J�R�U�L�W�K�P�� �)�X�U�W�K�H�U �U�H�V�H�D�U�F�K �F�D�Q �L�P�S�O�H�P�H�Q�W �V�K�D�U�H�G �P�H�P�R�U�\ �X�V�H �E�\ �H�L�W�K�H�U �Z�U�L�W�L�Q�J
�D�Q �0�3�,���O�L�N�H �D�O�J�R�U�L�W�K�P �>���� �@�>���� �@ �R�U �X�V�L�Q�J �D�Q �2�S�H�Q �*�U�D�S�K�L�F�V �/�L�E�U�D�U�\ �2�S�H�Q�*�/ �>���� �@��

�7�K�H �V�H�F�R�Q�G �G�L�V�D�G�Y�D�Q�W�D�J�H �R�I �W�K�H �F�X�U�U�H�Q�W �V�H�W�X�S �L�V �W�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�H �V�W�U�H�D�P �D�Q�G �F�R�O�O�L�V�L�R�Q
�V�W�H�S�V �L�Q �V�H�S�D�U�D�W�H �N�H�U�Q�H�O�V�� �7�K�L�V �V�H�S�D�U�D�W�L�R�Q �G�R�X�E�O�H�V �W�K�H �Q�X�P�E�H�U �R�I �U�H�D�G�V �I�U�R�P �D�Q�G �Z�U�L�W�H�V �W�R �J�O�R�E�D�O
�P�H�P�R�U�\�� �U�H�V�X�O�W�L�Q�J �L�Q �W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �0�/�8�3�6 �P�R�U�H �W�K�D�Q �K�D�O�Y�L�Q�J �Z�K�H�Q �F�R�P�S�D�U�H�G �W�R �D�Q �D�O�J�R�U�L�W�K�P
�W�K�D�W �F�R�P�E�L�Q�H�V �W�K�H �V�W�U�H�D�P �D�Q�G �F�R�O�O�L�G�H �V�W�H�S �L�Q �R�Q�H �N�H�U�Q�H�O�� �6�S�H�F�L�I�L�F�D�O�O�\�� �W�K�L�V �F�R�P�E�L�Q�H�G �D�O�J�R�U�L�W�K�P �D�F�K�L�H�Y�H�V
�D �S�O�D�W�H�D�X �R�I �D�S�S�U�R�[�L�P�D�W�H�O�\900�0�/�8�3�6�� �+�R�Z�H�Y�H�U�� �W�K�L�V �F�R�P�E�L�Q�H�G �N�H�U�Q�H�O �V�X�I�I�H�U�H�G �I�U�R�P �X�Q�U�H�V�R�O�Y�H�G �U�D�F�H
�F�R�Q�G�L�W�L�R�Q�V�� �U�H�V�X�O�W�L�Q�J �L�Q �D �V�O�L�J�K�W �D�V�\�P�P�H�W�U�\ �L�Q �W�K�H �F�K�D�Q�Q�H�O �I�O�R�Z �V�L�P�X�O�D�W�L�R�Q�V�� �7�K�L�V �H�U�U�R�U �U�H�Q�G�H�U�H�G �W�K�L�V
�L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �L�Q�H�I�I�H�F�W�L�Y�H��

�*�L�Y�H�Q �W�K�H �O�R�Z �H�I�I�L�F�L�H�Q�F�\�� �W�K�H �F�X�U�U�H�Q�W �D�O�J�R�U�L�W�K�P �L�V �Q�R�W �D�Q �R�S�W�L�P�D�O �/�%�0 �*�3�8 �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q�� �+�R�Z�H�Y�H�U��
�W�K�H �F�X�U�U�H�Q�W �*�3�8 �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �L�V �D�U�R�X�Q�G �W�K�U�H�H �W�L�P�H�V �I�D�V�W�H�U �W�K�D�Q �W�K�H �V�L�P�X�O�D�W�L�R�Q �V�S�H�H�G �I�R�X�Q�G �E�\ �W�K�H
�)�0���/�%�0 �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �U�H�S�R�U�W�H�G �E�\ �=�K�X�R �D�Q�G �=�K�R�Q�J �R�Q �D �������F�R�U�H �&�3�8 �>���� �@�� �*�L�Y�H�Q �W�K�L�V �L�P�S�U�R�Y�H�P�H�Q�W��
�Z�K�L�F�K �U�H�V�X�O�W�V �L�Q �D �P�D�[�L�P�X�P �V�L�P�X�O�D�W�L�R�Q �W�L�P�H �R�I �D�S�S�U�R�[�L�P�D�W�H�O�\30 �K�R�X�U�V�� �W�K�H �F�X�U�U�H�Q�W �V�H�W�X�S �L�V �D�G�H�T�X�D�W�H
�I�R�U �W�K�H �J�R�D�O �R�I �W�K�L�V �U�H�V�H�D�U�F�K��

���������0�E�Q�M�R�E�V �*�P�S�[
�7�R �G�H�W�H�U�P�L�Q�H �L�I �W�K�H �S�U�R�S�R�V�H�G �)�0���/�%�0 �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�Q �W�K�H �*�3�8 �F�R�Q�V�W�L�W�X�W�H�V �E�D�V�L�F �S�K�\�V�L�F�D�O �E�H�K�D�Y�L�R�U��
�W�K�H �D�O�J�R�U�L�W�K�P �L�V �I�L�U�V�W �E�H�Q�F�K�P�D�U�N�H�G �L�Q �W�K�H �O�D�P�L�Q�D�U �U�H�J�L�P�H�� �7�R �W�K�L�V �H�Q�G�� �W�K�H �O�D�P�L�Q�D�U �I�O�R�Z �V�L�P�X�O�D�W�L�R�Q �R�I
�W�K�H �V�K�H�D�U���W�K�L�Q�Q�L�Q�J �&�% �U�K�H�R�O�R�J�\�� �D�S�S�U�R�[�L�P�D�W�H�G �E�\ �W�K�H �S�R�Z�H�U���O�D�Z �Y�L�V�F�R�V�L�W�\ �P�R�G�H�O�� �L�V �F�R�P�S�D�U�H�G �Z�L�W�K
�D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�V�� �7�K�L�V �V�H�F�W�L�R�Q �Z�L�O�O �G�L�V�F�X�V�V �W�K�H�V�H �O�D�P�L�Q�D�U �I�O�R�Z �U�H�V�X�O�W�V �R�U �S�R�Z�H�U���O�D�Z �V�L�P�X�O�D�W�L�R�Q�V �Z�L�W�K
�G�H�F�U�H�D�V�L�Q�J �S�R�Z�H�U���O�D�Z �L�Q�G�H�[n��

�%�R�E�P�]�X�M�G�E�P �7�S�P�Y�X�M�S�R
�'�X�H �W�R �W�K�H �F�R�P�S�X�W�D�W�L�R�Q�D�O �G�R�P�D�L�Q �Z�L�W�K �L�W�V �S�H�U�L�R�G�L�F �E�R�X�Q�G�D�U�\ �F�R�Q�G�L�W�L�R�Q�V �L�Q �W�K�H �[ �D�Q�G �\ �G�L�U�H�F�W�L�R�Q�V�� �W�K�H
�V�L�P�X�O�D�W�L�R�Q �U�H�S�U�H�V�H�Q�W�V �D �S�D�U�D�O�O�H�O �S�O�D�W�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q �Z�K�L�F�K �V�W�U�H�W�F�K�H�V �W�R �L�Q�I�L�Q�L�W�\ �L�Q �W�K�H �[ �D�Q�G �\ �G�L�U�H�F�W�L�R�Q�V��
�)�R�U �W�K�L�V �V�L�W�X�D�W�L�R�Q�� �W�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q �F�D�Q �H�D�V�L�O�\ �E�H �F�R�P�S�X�W�H�G �I�U�R�P ������������ �E�\ �D�V�V�X�P�L�Q�J �V�W�H�D�G�\ �V�W�D�W�H��
�I�X�O�O�\ �G�H�Y�H�O�R�S�H�G �I�O�R�Z �L�Q �W�K�H �V�W�U�H�D�P�Z�L�V�H �G�L�U�H�F�W�L�R�Q�� �)�R�U �D �E�R�G�\ �I�R�U�F�Hg �G�U�L�Y�H�Q �I�O�R�Z �W�K�L�V �V�R�O�X�W�L�R�Q �W�D�N�H�V �W�K�H
�I�R�U�P �R�I
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�Z�L�W�K �W�K�H �F�K�D�Q�Q�H�O �K�D�O�I �K�H�L�J�K�WH �� �7�K�H �U�K�H�R�O�R�J�\ �L�V �U�H�S�U�H�V�H�Q�W�H�G �L�Q �W�K�H �S�R�Z�H�U���O�D�Z �L�Q�G�H�[n �D�Q�G �W�K�H �F�R�Q�V�L�V��
�W�H�Q�F�\ �L�Q�G�H�[K �R�I �H�T�X�D�W�L�R�Q �������������� �8�V�L�Q�J �W�K�L�V �H�T�X�D�W�L�R�Q �I�R�U �W�K�H �V�W�U�H�D�P�Z�L�V�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H �W�K�H �D�Q�D�O�\�W�L�F�D�O



�������� �0�E�Q�M�R�E�V �*�P�S�[ ����

�V�R�O�X�W�L�R�Q �I�R�U �W�K�H �V�K�H�D�U �U�D�W�H �F�D�Q �E�H �G�H�U�L�Y�H�G �I�U�R�P ������������ �Y�L�D
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�D�Q�G �Z�L�W�K �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �S�R�Z�H�U���O�D�Z ������������ �D�O�V�R �W�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q �I�R�U �W�K�H �Y�L�V�F�R�V�L�W�\� �E�H�F�R�P�H�V
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�-�R�T�Y�X �4�E�V�E�Q�I�X�I�V�W �E�R�H �'�S�R�Z�I�V�K�I�R�G�I
�7�R �F�K�H�F�N �L�I �W�K�H �/�%�0 �U�H�S�U�H�V�H�Q�W�V �V�K�H�D�U �W�K�L�Q�Q�L�Q�J �I�O�X�L�G�V �L�Q �D �S�K�\�V�L�F�D�O �Z�D�\�� �� �V�L�P�X�O�D�W�L�R�Q�V �Z�L�W�K �G�H�F�U�H�D�V�L�Q�J
�S�R�Z�H�U �L�Q�G�H�[n �D�U�H �V�L�P�X�O�D�W�H�G �R�Q �W�K�H �*�3�8 �D�Q�G �F�R�P�S�D�U�H�G �W�R �W�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�V �P�H�Q�W�L�R�Q�H�G �D�E�R�Y�H��
�7�K�H�V�H �V�L�P�X�O�D�W�L�R�Q�V �D�U�H �H�[�H�F�X�W�H�G �I�R�U �D �5�H�\�Q�R�O�G�V �Q�X�P�E�H�U �H�T�X�D�O �W�RRec = 100 �W�K�D�W �L�V �Z�H�O�O �L�Q �W�K�H �O�D�P�L�Q�D�U
�U�D�Q�J�H �>���� �@ �D�Q�G �D �G�R�P�D�L�Q �H�T�X�D�O �W�RD = (5 ; 5; 128)�� �7�K�L�V �G�R�P�D�L�Q �L�V �F�K�R�V�H�Q �V�X�F�K �W�R �H�T�X�D�O �W�K�H �Q�X�P�E�H�U �R�I
�Z�D�O�O �Q�R�U�P�D�O �J�U�L�G�S�R�L�Q�W�VNz �W�K�D�W �Z�L�O�O �E�H �X�V�H�G �L�Q �W�K�H �W�X�U�E�X�O�H�Q�W �V�L�P�X�O�D�W�L�R�Q�V�� �7�K�H �F�R�Q�V�L�V�W�H�Q�F�\ �L�Q�G�H�[K �D�Q�G
�V�W�U�H�D�P���Z�L�V�H �E�R�G�\ �I�R�U�F�Hg �D�U�H �F�K�R�V�H�Q �L�Q �V�X�F�K �D �P�D�Q�Q�H�U �W�K�D�WRec = 100 �D�Q�GUmax = umax

x = 0 :1 [ls lt � 1]
�Y�L�D

g =
�

n + 1
n

�
U2

max

HRec
K =

 
Umax H

Rec(gH)
n � 1

n

! n

����������

�Z�K�H�U�H �W�K�H �U�H�V�W�U�L�F�W�L�R�Q �R�I �P�D�[�L�P�X�P �O�D�W�W�L�F�H �V�S�H�H�GUmax �L�V �L�P�S�R�U�W�D�Q�W �V�L�Q�F�H �)�0���/�%�0 �E�H�F�R�P�H�V �X�Q�V�W�D�E�O�H �I�R�U
�P�X�F�K �K�L�J�K�H�U �O�D�W�W�L�F�H �Y�H�O�R�F�L�W�L�H�V �>���� �@��

�$�Q�R�W�K�H�U �L�P�S�R�U�W�D�Q�W �L�Q�S�X�W �S�D�U�D�P�H�W�H�U �F�K�R�L�F�H �L�V �W�K�H �F�X�W���R�I�I �Y�L�V�F�R�V�L�W�\�� �6�L�Q�F�H�� �I�R�U �V�K�H�D�U �W�K�L�Q�Q�L�Q�J �I�O�X�L�G�V��
�W�K�H �Y�L�V�F�R�V�L�W�\ �J�R�H�V �W�R �L�Q�I�L�Q�L�W�\ �Z�K�H�Q_
 ! 0�� �D �F�K�R�L�F�H �I�R�U� max �Q�H�H�G�V �W�R �E�H �P�D�G�H�� �'�L�I�I�H�U�H�Q�W� max �Z�H�U�H
�W�H�V�W�H�G�� �D�Q�G �I�R�U� max > 20 [ls2 lt � 1] �W�K�H �V�L�P�X�O�D�W�L�R�Q �V�K�R�Z�H�G �J�R�R�G �D�J�U�H�H�P�H�Q�W �Z�L�W�K �W�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�V��
�7�K�H�U�H�I�R�U�H�� �W�R �E�H �V�D�I�H�� �W�K�H �P�D�[�L�P�X�P �Y�L�V�F�R�V�L�W�\ �Z�D�V �V�H�W �W�R� max = 50 [ls2 lt � 1] �I�R�U �W�K�H �U�H�P�D�L�Q�G�H�U �R�I
�D�O�O �V�K�H�D�U �W�K�L�Q�Q�L�Q�J �V�L�P�X�O�D�W�L�R�Q�V�� �$�Q�R�W�K�H�U �F�K�R�L�F�H �R�I �L�Q�S�X�W �S�D�U�D�P�H�W�H�U �W�K�D�W �U�H�P�D�L�Q�V �F�R�Q�V�W�D�Q�W �I�R�U �D�O�O �R�W�K�H�U
�V�L�P�X�O�D�W�L�R�Q�V �L�V �W�K�H �O�D�W�W�L�F�H �G�H�Q�V�L�W�\� 0 = 1 [ ls� 3]��

�7�K�H �V�L�P�X�O�D�W�L�R�Q�V �D�U�H �L�Q�L�W�L�D�W�H�G �Z�L�W�K �]�H�U�R �Y�H�O�R�F�L�W�\�� �D�I�W�H�U �Z�K�L�F�K�� �G�U�L�Y�H�Q �E�\ �W�K�H �E�R�G�\ �I�R�U�F�H�� �W�K�H �I�O�R�Z �S�U�R�I�L�O�H
�W�U�D�Q�V�L�W�L�R�Q�V �W�R �D �V�W�H�D�G�\ �V�W�D�W�H�� �7�R �G�H�W�H�U�P�L�Q�H �Z�K�H�W�K�H�U �W�K�H �V�L�P�X�O�D�W�L�R�Q �F�R�Q�Y�H�U�J�H�V �W�R �W�K�L�V �V�W�H�D�G�\ �V�W�D�W�H�� �W�K�H
L conv

2 �F�R�Q�Y�H�U�J�H�Q�F�H �P�H�W�K�R�G �L�V �X�V�H�G �D�V �V�W�D�W�H�G �L�Q �V�H�F�W�L�R�Q�������� �6�S�H�F�L�I�L�F�D�O�O�\�� �H�T�X�D�W�L�R�Q ������������ �L�V �X�V�H�G �Z�L�W�K
Nc = 1 �D�Q�G� tc = 1 [ lt ] �W�R �G�H�W�H�U�P�L�Q�H �W�K�H �G�L�I�I�H�U�H�Q�F�H �E�H�W�Z�H�H�Qu(z; t) �D�Q�Gu(z; t + � t)�� �7�K�H �V�L�P�X�O�D�W�L�R�Q �L�V
�W�D�N�H�Q �W�R �U�H�S�U�H�V�H�Q�W �D �V�W�H�D�G�\ �V�W�D�W�H �I�R�UL conv

2 � 10� 7��

�6�I�W�Y�P�X�W �E�R�H �(�M�W�G�Y�W�W�M�S�R
�)�L�J�X�U�H�V������ �V�K�R�Z �W�K�H �V�L�P�X�O�D�W�L�R�Q �U�H�V�X�O�W�V �R�I �W�K�H �O�D�P�L�Q�D�U �S�R�Z�H�U �O�D�Z �V�L�P�X�O�D�W�L�R�Q�V �Z�L�W�K �S�R�Z�H�U �O�D�Z �L�Q�G�L�F�H�V
n 2 [1; 0:7; 0:5; 0:3; 0:1]�� �7�R �F�K�D�U�D�F�W�H�U�L�V�H �W�K�H �W�R�W�D�O �H�U�U�R�U �R�I �W�K�H �V�L�P�X�O�D�W�H�G �S�U�R�I�L�O�H�V �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H�L�U
�U�H�V�S�H�F�W�L�Y�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�V �W�K�HL 2 �H�U�U�R�U �Q�R�U�P �L�V �X�V�H�G �L�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �I�R�U�P

L 2(t) :=

s P
z (� �Q(z; t) � � �D(z; t))2

P
z � 2

�D(z; t)
����������

�Z�K�H�U�H� �L�V �H�L�W�K�H�U �W�K�H �Y�H�O�R�F�L�W�\�� �V�K�H�D�U �U�D�W�H �R�U �Y�L�V�F�R�V�L�W�\ �>���� �@�� �,�Q �)�L�J�X�U�H�V�������D���������F�D�Q�G�������G�L�W �F�D�Q �E�H �V�H�H�Q
�W�K�D�W �W�K�H �F�R�Q�Y�H�U�J�H�G �V�W�H�D�G�\���V�W�D�W�H �V�L�P�X�O�D�W�L�R�Q�V �P�D�W�F�K �W�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�V �U�H�S�U�H�V�H�Q�W�H�G �L�Q �W�K�H �G�R�W�W�H�G
�O�L�Q�H�V�� �(�V�S�H�F�L�D�O�O�\ �W�K�H �Y�L�V�F�R�V�L�W�\�������F�D�Q�G �V�K�H�D�U �U�D�W�H�������G�S�U�R�I�L�O�H�V �P�D�W�F�K �W�K�H�L�U �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�V �Y�H�U�\
�Z�H�O�O �Z�L�W�K �D �P�D�[�L�P�X�P �H�U�U�R�UL 2 = 5 :5 10� 5��

�)�R�U �W�K�H �V�W�U�H�D�P���Z�L�V�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H�V�� �W�K�HL 2 �H�U�U�R�U�V �D�U�H �D�S�S�U�R�[�L�P�D�W�H�O�\ �D �I�D�F�W�R�U10 �K�L�J�K�H�U �W�K�D�Q �I�R�U �W�K�H
� �D�Q�G_
 �S�U�R�I�L�O�H�V�� �7�R �I�X�U�W�K�H�U �V�R�U�W �R�X�W �Z�K�H�U�H �W�K�L�V �G�H�Y�L�D�W�L�R�Q �F�R�P�H�V �I�U�R�P�� �W�K�H �O�R�F�D�O �H�U�U�R�U �R�I �W�K�H �D�Q�D�O�\�W�L�F�D�O
�V�R�O�X�W�L�R�Q �Z���U���W�� �W�K�H �V�L�P�X�O�D�W�L�R�Q �L�V �G�H�W�H�U�P�L�Q�H�G �Y�L�D

� u (z) =

�
�
�
�
un (z) � ua(z)

ua(z)

�
�
�
� � 100�� ����������

�I�R�U �Z�K�L�F�K �W�K�H �U�H�V�X�O�W�V �D�U�H �V�K�R�Z�Q �L�Q �)�L�J�X�U�H�������E�� �7�Z�R �W�K�L�Q�J�V �F�D�Q �E�H �Q�R�W�L�F�H�G �I�U�R�P �W�K�H�V�H �H�U�U�R�U�V��
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�‡�)�L�U�V�W�O�\�� �W�K�H �H�U�U�R�U �L�Q�F�U�H�D�V�H�V �Q�H�D�U �W�K�H �E�R�X�Q�G�D�U�\ �D�Q�G �W�K�L�V �H�I�I�H�F�W �L�V �O�D�U�J�H�U �I�R�U �O�R�Z�H�U �S�R�Z�H�U �L�Q�G�L�F�H�V
n�� �7�K�L�V �E�H�K�D�Y�L�R�U �F�D�Q �E�H �H�[�S�O�D�L�Q�H�G �E�\ �W�K�H �V�H�F�R�Q�G���R�U�G�H�U �D�F�F�X�U�D�F�\ �R�I �W�K�H �K�D�O�I���Z�D�\ �E�R�X�Q�F�H���E�D�F�N
�P�H�W�K�R�G�� �6�L�Q�F�H �I�R�U �D �O�R�Z�H�Un �W�K�H �V�K�H�D�U �U�D�W�H �L�Q�F�U�H�D�V�H�V �Q�H�D�U �W�K�H �Z�D�O�O�� �W�K�H �H�U�U�R�U �D�O�V�R �L�Q�F�U�H�D�V�H�V�� �$�V �D
�U�H�V�X�O�W �R�I �W�K�L�V �H�U�U�R�U �E�H�K�D�Y�L�R�U�� �W�K�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H�Vuy �D�Q�Guz �D�U�H �Q�R�W �]�H�U�R�� �7�K�H�V�H �Q�R�Q���]�H�U�R �Y�H�O�R�F�L�W�\
�S�U�R�I�L�O�H�V �J�H�Q�H�U�D�W�H �W�K�H �H�U�U�R�U �L�Q �W�K�Hux �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H �V�H�H�Q �L�Q �)�L�J�X�U�H�������E�� �+�R�Z�H�Y�H�U�� �V�L�Q�F�H �W�K�H �H�U�U�R�U
�L�V �V�W�L�O�O �U�H�O�D�W�L�Y�H�O�\ �V�P�D�O�O �D�Q�G �H�V�S�H�F�L�D�O�O�\ �W�K�HL 2 �H�U�U�R�U �Q�R�U�P �Y�D�O�X�H �V�S�H�D�N�V �R�I �D �Y�H�U�\ �J�R�R�G �D�J�U�H�H�P�H�Q�W��
�W�K�L�V �Z�D�O�O �H�U�U�R�U �L�V �Q�R�W �F�R�Q�V�L�G�H�U�H�G �D �S�U�R�E�O�H�P��

�‡�6�H�F�R�Q�G�� �I�R�Un = 0 :1 �W�K�H�U�H �L�V �D�Q �L�Q�F�U�H�D�V�H�G �H�U�U�R�U �L�Q �W�K�H �P�L�G�G�O�H �R�I �W�K�H �F�K�D�Q�Q�H�O�� �7�K�L�V �F�D�Q �E�H �H�[�S�O�D�L�Q�H�G
�E�\ �W�K�H �F�X�W �R�I �Y�L�V�F�R�V�L�W�\ �E�H�L�Q�J �D �E�L�W �W�R�R �O�R�Z �I�R�U �V�X�F�K �D �V�K�H�D�U���W�K�L�Q�Q�L�Q�J �I�O�X�L�G�� �+�R�Z�H�Y�H�U�� �V�L�Q�F�H �L�Q �I�X�U�W�K�H�U
�U�H�V�H�D�U�F�Kn > 0:6��� max = 50 �L�V �I�R�X�Q�G �W�R �E�H �V�X�I�I�L�F�L�H�Q�W�� �D�V �W�K�L�V �H�U�U�R�U �R�Q�O�\ �R�F�F�X�U�V �I�R�Un = 0 :1��

�,�Q �F�R�Q�F�O�X�V�L�R�Q�� �W�K�H �O�D�P�L�Q�D�U �V�L�P�X�O�D�W�L�R�Q�V �V�K�R�Z �J�R�R�G �D�J�U�H�H�P�H�Q�W �Z�L�W�K �W�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q�V�� �H�V�S�H�F�L�D�O�O�\
�I�R�Un > 0:6�� �)�R�U �W�K�H �Q�X�P�E�H�U �R�I �J�U�L�G�S�R�L�Q�W�V �F�K�R�V�H�Q�� �W�K�H �O�R�F�D�O �H�U�U�R�U �L�Q �W�K�H �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H �U�H�P�D�L�Q�V �Z�L�W�K�L�Q
1�� �D�W �W�K�H �E�R�X�Q�G�D�U�\ �I�R�U �P�R�G�H�U�D�W�H�O�\ �V�P�D�O�On > 0:6 �D�Q�G �W�K�H �V�K�H�D�U �U�D�W�H �D�Q�G �Y�L�V�F�R�V�L�W�\ �S�U�R�I�L�O�H�V �V�K�R�Z �H�Y�H�Q
�E�H�W�W�H�U �D�J�U�H�H�P�H�Q�W��

�$�O�O �L�Q �D�O�O �W�K�H �O�D�P�L�Q�D�U �I�O�R�Z �F�D�Q �E�H �U�H�J�D�U�G�H�G �D�V �Y�D�O�L�G�D�W�H�G�� �7�K�H �Q�H�[�W �V�H�F�W�L�R�Q�V �Z�L�O�O �E�H �G�H�Y�R�W�H�G �W�R �1�H�Z�W�R��
�Q�L�D�Q �W�X�U�E�X�O�H�Q�W �V�L�P�X�O�D�W�L�R�Q�V �W�R �I�X�U�W�K�H�U �E�H�Q�F�K�P�D�U�N �W�K�H �Q�X�P�H�U�L�F�D�O �V�H�W�X�S �E�H�I�R�U�H �L�W �Z�L�O�O �E�H �X�V�H�G �W�R �V�L�P�X�O�D�W�H
�Q�R�Q���1�H�Z�W�R�Q�L�D�Q �I�O�R�Z��

���D���V�W�U�H�D�P�Z�L�V�H �Y�H�O�R�F�L�W�\ ��u X �� �Z�L�W�K �I�L�W ���E��Ux �H�U�U�R�U �Z���U���W�� �I�L�W �L�Q ��

���F���9�L�V�F�R�V�L�W�\ �S�U�R�I�L�O�H �Z�L�W�K �I�L�W ���G���V�K�H�D�U �U�D�W�H �S�U�R�I�L�O�H �Z�L�W�K �I�L�W

�)�L�J�X�U�H ���������)�L�J�X�U�H�V �V�K�R�Z �Q�R�U�P�D�O�L�V�H�G �Y�H�O�R�F�L�W�\ ��u�� �������D�� �Y�L�V�F�R�V�L�W�\ ��� �� �������F�D�Q�G �V�K�H�D�U �U�D�W�H ��_
 �� �������G�R�I �D �O�D�P�L�Q�D�U �I�O�R�Z �S�U�R�I�L�O�H�� �$�O
�G�D�W�D �L�V �F�R�P�S�D�U�H�G �Z�L�W�K �W�K�H �D�Q�D�O�\�W�L�F�D�O �V�R�O�X�W�L�R�Q ���������� �Z�K�H�U�H �W�K�HL 2 �H�U�U�R�U �Q�R�U�P �L�V �R�E�W�D�L�Q�H�G �Y�L�D ���������� �Z�L�W�K �W �W�K�H �V�L�P�X�O�D�W�L�R�Q �V�W�H�S �D�I�W�H�U

�Z�K�L�F�K �W�K�H �V�L�P�X�O�D�W�L�R�Q �L�V �I�X�O�O�\ �F�R�Q�Y�H�U�J�H�G�� �7�K�H �H�U�U�R�U �E�H�W�Z�H�H�Q �W�K�H �Q�X�P�H�U�L�F�D�O �D�Q�G �D�Q�D�O�\�W�L�F�D�O �Y�H�O�R�F�L�W�\ �S�U�R�I�L�O�H �D�V �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J ����������
�L�V �V�K�R�Z�Q �L�Q�������E
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