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Abstract

Semi-solid flow batteries (SSFB) have emerged as a promising electrical energy storage technology.
The performance of a SSFB is influenced by the presence of conducting carbon black (CB) particles in
its electrolyte. In particular, the pumping and electrical resistance of an SSFB are significantly affected
by the CB suspension, as its conductivity and rheology depend on the flow profile. This thesis aims
to quantify the effects of a turbulent flow profile on the conductivity and electrical resistance, given the
rheological proparties of the CB suspension. As a result, it seeks to enhance our understanding of
the impact of turbulence on the electrical and pumping resistance of the electrolyte inside an SSFB.
To this end a Filter Matrix Lattice Boltzmann Method (FM-LBM) is diploid as fluid dynamics model to
accurately simulate non-Newtonian turbulent channel flow. Additionally, a model for describing the
electric potential within a variable conductor is implemented to determine the total electrical resistance.

The implementation of the FM-LBM on a GPU allowed for efficient simulation of non-Newtonian
turbulent fluid flow. The FM-LBM demonstrates good results compared to analytical data and known
Newtonian turbulent simulations. Using the power-law viscosity model to approximate the CB rheology,
the flow and shear rate characteristics of turbulent non-Newtonian channel flow is simulated. Data was
obtained for different turbulent regimes represented by a general wall shear stress Reynolds number
Re® and different shear-thinning rheologies represented by power index n. The simulation results
reinforced the credibility of the study by demonstrating a damped turbulent effect in line with previous
pipe flow research on turbulent shear thinning flow.

Turbulent conductivity fields are obtained by utilizing the shear rate profile and a conductivity shear
rate relation obtained from previous experimental research. For large constant channel heights the
increase in Re® results in an increase in conductivity. Subsequently, by using the potential model
to determine the resistance, a decrease in total resistance is found. However, a large increase in
pumping power needed to reach the turbulent state, results in a drastic decrease of overall efficiency.
This efficiency is defined by the proposed non-dimensional power number, which relates the electrical
power over pumping power to Re®.

Additionally, the increase in conductivity for larger Re is found to show different scaling in the
laminar and turbulent regime. As a results, the laminar conductivity fields, showed higher conductivity
and lower resistance than the transitional turbulent conductivity fields when a smaller channel height
is considered. It can therefore be concluded, that the characteristic shape of the laminar conductivity
profile is preferable to its turbulent counterpart.

Additional research is needed to determine the exact channel dimensions for which turbulence in
the shear thinning CB suspension can be expected. Developing a coupled electrochemical-transport
model is also recommended to get a more complete description of the effect of turbulence on the
electrochemical performance of a SSFB.
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A electrode area [m?]
c discrete lattice speed
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D computational domain
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f distribution function
g acceleration [ms ?]
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p pressure [Nm 2]
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Abbreviation

Definition

CB
CFD
DNS
FM-LBM
FV
GPU
MLUPS
NN
RMS
SM
SSFB

Carbon Black

Computational Fluid Dynamics
Direct Numerical Simulation

Filter Matrix Lattice Boltzmann Method
Finite Volume

Graphics Processing Unit

Million Lattice Updates per Second
non-Newtonian

Root Mean Square

Streaming Multiprocessor
Semi-Solid Flow Battery
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Abbreviation Definition Formula
B bulk over dynamic viscosity B=-
Kn molecular over physical length scale Kn= -
Re inertial over viscous forces Re = Jh
Re wall shear stress Reynolds number
Re® General Reynolds number for power-law viscosity
ReTransitional Transitional Reynolds number defining the transition

from laminar to turbulent flow
Po electric over pumping power Po=Ee




Introduction

The utilization of renewable energy sources such as solar and wind has exhibited a consistent upward
trend, driven by intensified efforts by governments and industries [26][25]. In particular, solar and wind
energy production has experienced substantial growth, with a staggering thirty-fold increase in solar
power between 2010 and 2019 [74]. To meet the net zero targets set out by the IPCC, an additional
seven-fold increase in solar and wind energy production is required to supply the world with enough
carbon neutral energy sources in 2030 [68].

However, this surge in intermittent penetration of renewable energy presents a challenge from an
energy security point of view. As solar and wind power generation is dependent on weather and sea-
sonal factors, there is a need for large-scale, carbon-free energy storage to effectively balance energy
demand and the grid. The ideal energy storage system should be affordable, safe, and has a long
cycle life, while also considering factors such as power and energy density, material availability, and
recyclability. Several large-scale carbon-free energy storage technologies are currently available, in-
cluding pumped hydro storage, compressed air energy storage, hydrogen storage, and various types of
batteries. The selection of the most suitable storage method depends on factors such as the required
capacity, power output, storage duration, and geography.

Among the range of available battery options, flow batteries offer significant advantages over presently
utilized lithium-ion solutions for large-scale energy storage. In particular, ongoing advancements in re-
dox flow batteries have shown improved life cycle performance, cost effectiveness, simplified recycla-
bility and, notably, superior scalability compared to other battery technologies [46][65]. Consequently,
redox flow batteries, specifically vanadium redox flow batteries, have received substantial attention in
recent decades, with approximately 30 active installations worldwide [73].

However, the relatively high costs associated with vanadium redox flow batteries, attributed primarily
to their low energy density and expensive materials, as well as the use of potentially toxic substances,
have forced research into alternative materials for flow batteries [47]. One such alternative concept
is the semi-solid flow battery. This particular battery utilizes a solid particle suspension, resulting in
a higher energy density and the possibility of reduced storage costs. However, this concept is still
in its early stages, and the impact of internal electrical resistance and mechanical friction within the
fluid is not yet fully understood. Particularly, the potential effects of turbulence on the electrochemical
performance of such a Semi-Solid Flow Battery remain unknown.

The objective of this research is to enhance our understanding of the influence of turbulence on
the electrical and mechanical energy losses within a Semi-Solid Flow Battery. By investigating this
aspect, we aim to gain insights that will contribute to the development and optimization of Semi-Solid
Flow Battery technology.

This chapter will give an introduction to the design of the semi-solid flow battery (SSFB) and how it
compares to other battery options in section 1.1. A short overview of recent studies on the carbon black
suspension inside the SSFB as well as on the numerical simulation of turbulent non-Newtonian fluids
will be discussed in Sections 1.2 and 1.3. The research questions and the thesis outline are discussed
in section 1.4.
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Flow batteries (FB) share similarities with conventional batteries, such as those commonly found in
smartphones, because they convert and store electrical energy into chemical energy and vice versa.
In flow batteries, electrical energy is stored through a redox reaction. This reaction takes place in the
electrolytes, which are divided by a membrane, effectively separating the two half-reactions. During
discharge, one of the halves reactions release an electron which flows from the respective half cell
through an external device to reach the other half cell. In the opposite half cell, the second half reaction
accepts the electron. During this process, an ion passes through the membrane, completing the charge
loop and enabling the flow battery to supply electrical energy to an external device.

The difference in FBs from conventional batteries is their ability to constantly supply new chemical
half-reactions to the battery by pumping fresh liquid electrolytes through it. Consequently, chemical en-
ergy can be stored in tanks situated outside the electrochemical stack, which includes the membrane
and current collectors. The capacity of the battery increases with the size of these tanks, whereas its
power is determined by the characteristics of the electrochemical stack, such as the distance between
the current collector and the membrane. This decoupling of power and capacity is a significant advan-
tage of flow batteries over conventional batteries when considering large-scale energy storage [2]. The
main advantages of FB compared to conventional batteries can be further summarized as follows [49]:

A Cost-effectiveness: Less battery components, such as membranes and current collectors, are
needed for equal capacity, reducing the total cost of implementation.

A Extended life span: Flow batteries typically have a longer lifespan compared to lithium-ion bat-
teries. Continuous flow of fresh electrolytes in flow batteries helps mitigate degradation issues,
enabling them to withstand a high number of charge-discharge cycles without significant capacity
loss.

A Safety: Flow batteries have inherent safety advantages over conventional lithium ion batteries.
Because the reactants in flow batteries are stored in separate tanks, the risk of thermal runaway
or catastrophic failure is significantly reduced.

However, the main downsides of an FB are its low energy and power density compared to conventional
batteries [22]. Specifically, the low energy density of the electrolytes requires more fluid, and therefore
a larger battery. The lower power density restricts the power output and, therefore, the charge and
discharge rates of a single cell.

A Semi-Solid Flow Battery (SSFB) aims to improve these two shortcomings of a FB by replacing the
active particle solution by an active particle suspension. Utilizing an electrolyte that incorporates solid
particles dispersed within it improves both the energy and power density of an SSFB by alleviating the
solubility limitations associated with using a solution-based electrolyte [22]. Consequently, a greater
number of active particles can be dissolved within the same fluid volume, leading to an increased energy
density. Additionally, the SSFB can exploit higher potential redox couples, such as lithium, which are
insoluble in water. This characteristic further enhances the power density of the SSFB.

The downside of a SSFB is the enhanced viscosity associated with the use of suspended active
particles in the electrolyte. To this end, the porous media used in a FB to increase the reaction rate over
the full half cells is replaced by a suspension of carbon black (CB) particles to conduct the electrons [22].
The addition of this CB suspension further changes the rheological properties of the fluid, affecting the
pumping power needed during operation. The operation performance also depends significantly on the
ability of the CB suspension to conduct electrical current [86]. The main focus of this research will be on
the way the rheological and conductivity characteristics of the CB suspension affect the performance
of an SSFB.
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In order to facilitate reactions across the entire half-cells of an SSFB, carbon black particles are intro-
duced into the electrolyte to create an electron-conducting suspension. CB particles have the ability to
conduct electrons by aggregating into clusters. When the concentration of CB particles exceeds the
so called percolation threshold, these clusters form a network that spans the entire half cell, leading to
a significant enhancement in electronic conductivity [85][86].

The rheological and conductivity characteristics, such as the percolation threshold, maximum vis-
cosity, and electron conductivity, are found to differ between the choices of the CB particle, the con-
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Figure 1.1: Figures show the experimentally obtained conductivity ( ) and viscosity ( ) correlations to shear rate (_) of a
non-aqueous CB suspension [86]. The variation in conductivity and viscosity is a result of the shear rate causing the
breakdown of CB clusters, as schematically depicted above both plots.

centration of CB and the type of liquid in which the CB particles are suspended. What all CB suspen-
sions have in common is a strong shear dependence of the rheological and conductivity characteristics
[85][86][56]. This can be explained by fluid shear breaking up the CB aggregates, which changes the
viscosity and conductivity.

For both CB suspensions it was found that this braking down of the CB clusters results in a thixotropic
rheological property. This means that the fluid becomes thinner when shear is applied over a period of
time [56]. For the non-aqueous CB suspension, a time-independent shear thinning viscosity character-
istic was also experimentally defined, linking shear rate _ to viscosity as can be seen in Figure 1.1.
The same study also experimentally obtained the relation between conductivity and _, as shown in
figure 1.1. Both figures also represent the dispersion of the CB clusters due to shear rate that gives
rise to the varying viscosity and conductivity.

The fact that both viscosity and conductivity depend on the shear rate results in these properties
being dependent on the flow profile of the electrolyte in a SSFB. As a result, this has sparked research
interest in investigating the impact of various flow profiles on the electrical resistance of the CB suspen-
sion and the pumping power required to push the electrolyte through the SSFB. The important findings
can be summaries as follows:

A For aqueous CB suspensions, the effects of a laminar flow profile on CB resistance were ex-
perimentally studied [63]. Depending on the type of CB particle, the conductivity increased or
decreased with an increase in flow rate.

A For non-aqueous CB suspensions the experimentally obtained shear rate relations found by
Youssry et al. [86] where used to study the effects of different laminar flow profiles on CB re-
sistance and pumping power numerically [64]. The conductivity was found to be several orders
of magnitude lower than that of the aqueous CB suspension. This was manly attributed to the
low overall conductivity of non-aqueous CB. However, the discrepancy was enlarged by low con-
ductivity bands in the middle of the channel which result from the laminar flow profile.

Both the above mentioned studies did not consider a turbulent flow profile. A turbulent flow, due
to its drastically different shear rate profile, is assumed to change the conductivity characteristics of a
CB suspension significantly. Therefore, the main focus of this research will be to study this effect. The
next section will discuss the simulating of such non-Newtonian turbulent flow profiles.
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Figure 1.2: The figure illustrates a schematic representation of different flow regimes within a channel, including laminar flow,
non-Newtonian turbulent flow, and Newtonian turbulent flow.
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When a flow profile transitions from the orderly laminar state to the disordered turbulent state the flow
and subsequent shear rate profile changes drastically. Furthermore, modifying the rheological char-
acteristics directly affects the turbulent flow profile, as is schematically depicted in Figure 1.2. The
changes in flow profile consequently modify the shear rate profile, resulting in a corresponding change
in the conductivity of the CB suspension within a SSFB.

Non-Newtonian turbulence is of significant interest in various industrial applications, aside from in
SSFB. In recent decades, there has been a growing focus on simulating these non-Newtonian turbulent
flows, driven by the increased computational power necessary for numerical analysis of turbulence.
This section provides a concise overview of the latest advancements in the field of non-Newtonian
turbulence simulation. Additionally, it highlights the developments related to the utilization of the Lattice
Boltzmann Method, which is the chosen numerical method for this research.

I 1 T o A

Most of the numerical work done on non-Newtonian turbulence modeling has used the Direct Numerical
Simulation method. Using either the Finite Volume Method [87][30] or the Spectral Element Method
[70][71] the turbulent flow profile was simulated using the power-law viscosity model to implement the
shear-thinning rheological characteristics. The most important findings can be summarised as follows

A The shear-thinning rheology makes the turbulence weaker as compared to Newtonian flow.

A The increased apparent viscosity away from the wall leads to the damping of the wall-normal
velocity fluctuations, therefore decreasing the wall normal turbulent energy transfer. This effect
also results in a stronger anispotropy of the turbulent structures.

A Shear-thinning turbulence also exhibits drag reduction when compared to Newtonian turbulence
resulting in lower wall friction and higher fluid velocity.

All the above mentioned studies where conducted using a pipe geometry 1. Given the squared
geometry of most SSFB designs this research will aim to improve the understanding of non-Newtonian
flow in a parallel plate geometry. Also the shear-rate profiles, needed to determine the effects of turbu-
lence on the CB conductivity remain unreported requiring further research.
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The Lattice Boltzmann Method (LBM) is a novel numerical simulation technique that employs Kinetic
Theory to solve macroscopic fluid properties, such as turbulent flow profiles. Rather than directly solving

1As of the finalisation of this thesis a paper was published that studies the non-Newtonian flow characteristics in a closed
channel [36].



1.4. Research Goal 5

the governing equations, the LBM simulates fluid density on a lattice using streaming and collision
processes. This method enhances parallel capabilities and facilitates ease of implementation. Hence,
the LBM will be employed as the numerical simulation technique in this research. To accelerate the
numerical simulation process, the parallel capabilities of the LBM will be harnessed by implementing it
on a Graphics Processing Unit (GPU).

The relevant research on (GPU) implementations of the LBM used for turbulent simulations can be
summed up as follows:

A GPU Implementations using the Bhatnagar-Gross-Krook (BGK)-LBM have shown a rapid growth
in simulation speed [21]. Using this method, turbulence has been simulated in a channel flow
geometry within the time span of hours [28]. However, the BGK-LBM has shown limited numerical
stability, especially for low viscosity [89]

A To improve the numerical stability the Filter-Matrix (FM)-LBM was introduced [75]. This method
has also shown success in the simulation of Newtonian turbulent channel flows [88][69].

A Previous research on non-Newtonian laminar flow has shown good stability of the FM-LBM [64].

This research will aim to combine the separate knowledge on the FM-LBM for simulating turbulence,
the utilization of a GPU for fast numerical processing and the implementation of non-Newtonian fluid
rheology in the FM-LBM. By combining these areas of knowledge, a model will be developed with the
capability to simulate turbulent non-Newtonian flow.
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This research aims to better understand the non-Newtonian turbulent characteristics of a carbon black
suspension and through that the effects of turbulence on the internal electrical conductivity and total
resistance of a Semi-Solid Flow Battery. This section will provide an overview of the research structure
and research questions that constitute the foundation of this study.

0l0i00 OooooioU tootooaoag
The research can be structured in the following steps.

1. Implementation of the FM-LBM on a GPU to effectively simulate turbulent non-Newtonian channel
flow

2. Characterization and analysis of the shear rate profile arising from the turbulent flow profile within
the channel.

3. Extraction of the CB conductivity profile from the turbulent shear rate profile.
Calculate the potential field inside the CB conductivity profile to determine the total CB resistance.

5. Derive scaling laws for the effects of turbulence on the electrical CB conductivity and resistance
as well as the pumping power needed for operation.

»
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The goals of this research can be expressed in the following research questions.

A How can existing LBM techniques be implemented on a GPU to simulate turbulent non-Newtonian
channel flow that resembles carbon black rheology characteristics in a reasonable time frame?

T What are the numerical design choices needed to simulate non-Newtonian turbulence using
the Direct Numerical Simulation method?

I How much can the GPU implementation enhance computational efficiency without compro-
mising on accurate results?

A What is the Reynolds number effect of shear thinning non-Newtonian viscosity on the turbulent
characteristics and specifically the shear rate profile inside a channel?

T What are the effects of the shear thinning rheology on the turbulent statistics and shear rate
profile?

T How do the non-Newtonian turbulent statistics and shear rate profiles change for different
Reynolds number turbulence regimes?



1.4. Research Goal 6

A What is the effect of turbulence on the internal conductivity and subsequent electrical resistance
of a carbon black suspension as well as the pumping power needed to pump the suspension
trough the SSFB?

T How does the shear thinning rheology influence he electrical conductivity and Resistance of
a CB suspension in different Reynolds number turbulence regimes?

T What are the characteristic differences in conductivity and Resistance between laminar and
turbulent CB suspension flow fields?

T How do the resistance and pumping power scale with respect to different laminar and turbu-
lent flow regimes.
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The structure of this thesis can be outlined as follows: Chapter 2 provides a theoretical background
on electrochemical modeling, non-Newtonian turbulence simulation, and GPU programming. Chap-
ter 3 describes the numerical implementation of the FM-LBM for simulating turbulent non-Newtonian
flow. Chapter 4 explains the implementation of the electrical potential model for calculating electri-
cal resistance. The results are presented in two chapters. Chapter 5 discusses the fluid flow results
with a focus on numerical benchmarking, non-Newtonian flow simulation and the resulting shear-rate
profiles. Chapter 6 explores the results of CB conductivity derived from turbulent shear rate profiles
and subsequent electrical resistance characteristics. Lastly, Chapter 7 presents the conclusions and
recommendations for further research.



Theory

The research question exploring the impact of turbulence on the electrical resistance of a CB suspen-
sion within a SSFB through numerical simulation, spans across multiple fields of physics. Specifically,
this research is built upon three distinct theoretical fields: electrochemical modeling, fluid modeling, and
high-performance computing. This chapter will lay out the relevant theories within these fields such to
obtain the knowledge behind the modeling of the turbulent non-Newtonian fluid flow and the electrical
potential field inside the SSFB.

Firstly, Section 2.1 will delve into the comprehensive explanation of the theory behind electrochemi-
cal performance modeling. Subsequently, the focus will shift towards the theories concerning fluid flow
simulation. In particular, Sections 2.2 and 2.3 will provide an overview of fluid modeling and the lattice
Boltzmann method (LBM) respectively. Following that, Sections 2.4 and 2.5 will delve into the theories
underlying non-Newtonian fluids and turbulence respectively. Finally, the chapter will conclude with an
overview of the relevant concepts within the field of high-performance computing and programming on
a GPU.
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This chapter will discuss the relevant theory behind the modeling of the electrochemical performance of
a SSFB. Specifically the effects of the internal conductivity of the CB suspension on the total electrical
performance will be considered.

First, the operational fundamentals of a SSFB are further explained in Section 2.1.1. Subsequently
the performance metrics important to SSFB design are discussed in section 2.1.2. Then, Section 2.1.3
will consider the different forms of internal resistance associated with a SSFB. The theory and methods
behined the electrochemical modeling will be discussed in Section 2.1.4. Finally, the theory behind the
guantification of the total electrical resistance of the CB suspension will be discussed in section 2.1.5.

0i0i00 0O0000DOO0 00000 0ObonD Lo 0 0bOonoono oo 0oiotod

A Flow Battery (FB) and the more specific Semi-Solid Flow Battery both are Galvanic cells which pro-
duce electrical energy via electrochemical reactions. Figure 2.1 depicts such a (Semi-Solid) Flow Bat-
tery. In this section the working principals and differences behind both energy storing devices is dis-
cussed.

A Flow Battery (FB) is a type of battery that uses liquid active electrochemical energy carriers that
are stored outside the battery. These energy carriers are two parts of a redox couple where the re-
ducer (Red) and oxidant (Ox) together with the electrolyte make up the anodic and cathodic material
respectively. In a flow battery these materials are separately pumped through an ion-exchange/electron
extraction power stack. In this cell the anode and cathode fluids are separated by a membrane. This
membrane is a electrical insulator while being permeable for ions. When the cell is connected to an
external circuit the oxidation and reduction reactions take place in the anode and cathode respectively.
The electron is transported via the electrode of the anode through an external circuit to the electrode
of the cathode. To avoid positive and negative charge accumulation in the anode and cathode respec-
tively, the membrane acts as a salt bridge transferring positive cations (Ca™) and negative anions (An )

7



2.1. Electrochemical Performance of a Semi-Solid Flow Battery 8

Cathode

Figure 2.1: Schematic illustration of a (Semi-Solid) Flow Battery. The anodic and cathodic liquids are pumped through the
battery where the redox half reactions take place and electrical energy is produced.

from one side to the other. This closes the charge loop and makes it possible for the FB to generate
electrical power as long as new active anodic and cathodic material is pumped into the system.

The Semi-Solid Flow Batterie (SSFB) is an improvement of the above mentioned FB concept first
proposed by Duduta et al. [22]. It differs from the FB concept in two ways:

A Firstly, in a SSFB the active reducer and oxidant are solid particles suspended in a liquid elec-
trolyte. This in contrast to a FB where the active materials are dissolved in the electrolyte. The
reason for this change is the increase in energy density of the total electochemical fluid [22]. This
increase in energy density has two reasons. The first one is the freedom to use redox couples
that have a higher energy density but can not be dissolved in an electrolyte. The second reason
is the liberation of the solubility constraint of the active materials making it possible to increase
the amount of active material with respect to the electrolyte.

A The second change the SSFB design makes with respect to the the FB, has to do with the elec-
trical conductance of the electrode fluid. The FB makes use of a porous medium to increase
the conductivity and with that the reaction rate over the full flow channels/electrodes. Due to the
increased viscosity of the SSFB electrolyte solutions, the use of such a porous medium requires
much more pumping power. Therefore, in a SSFB a liquid electrical conducting medium is added
to the electrolyte. Different kinds of Carbon Black (CB) suspensions are used to generate this
conducting medium [22][86].
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As mentioned, the SSFB has at its main advantage the decoupling of battery power and capacity. To
achieve this it does however come with a possible decrease in energy efficiency due to the introduc-
tion of a mechanical pump requiring energy. The main SSFB performance metrics, considered in this
research, are therefore:

A Battery capacity is defined as the amount of electric charge that a battery can store and deliver,
typically measured in ampere-hours [Ah]. In a SSFB this is the amount of active electrolyte
material that is capable of participating in the redox reaction.

A Battery energy efficiency, describes the percentage of electrical energy [J] put into storage that is
later retrieved. In a SSFB the loss of efficiency is made up of mechanical losses due to pumping
as well as the internal energy losses associated with the electrochemical process.

A Battery power, represents the rate at which electrical energy is generated or consumed by a
battery system. In a SSFB the battery power is determined by the rate of the electrochemical
reactions as well as the potential losses due to internal resistance.

The current density j [A/m?] and cell voltage Ece lie at the base of the performance metrics defined
above. The cell voltage is defined as

Ecen = Eggn Ereactions Eelectic Eionic (2.1)
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with Effg,, the equilibrium potential of the redox couple without any current induced losses. The losses
that follow from the current flowing are:  Ereactions the voltage losses due to chemical reactions,
Eelectric the Ohmic losses due to electron resistivity and  Ejonic the losses due to ion resistivity.
Reducing these losses subsequently improves the performance metrics such as battery power. The
effects of turbulence on the conductivity of the CB suspension will have a direct influence on the elec-

trical Ohmic losses Egjectic and therefore on the performance metrics of a SSFB.

Ui0i0l dooooiddio OO todoo oooooobood
This section will discuss the internal electric and ionic Ohmic losses due to the electric and ionic resis-
tance.

Ol000o0Ooo DObmoooooo
During the charge and discharge cycles an electronic current flows from the reduction half reaction to
the oxidation half reaction. During this path the electronic current experiences resistance resulting in
the Ohmic potential. In a SSFB this potential drop can be broken down in three parts namely the charge
transfer resistance, carbon black resistance and external circuit resistance. The internal resistance is
only made up of the first two.

The resistance linked to the electron transfer between the cation and the carbon black network is
known as the charge transfer resistance. Whilst important for overall SSFB performance, there is no
available research on how this resistance changes for flow profile characteristics [53]. Modeling this
resistance will therefor lie outside of the scope of this research.

The carbon black (CB) resistance is the resistance the electrical current experiences when flowing
through the carbon black network. The CB conductivity is the reciprocal of electrical resistivity, and is
defined by and has units of [mS/cm]. Using Ohmis law, quantifies the local electric current density
J induced by the electric field via

i= E (2.2)

where the electric field is defined as
E= r (2.3)

with  being the electric potential inside the CB.

A conductive CB network is obtained when the CB suspension reaches a certain critical concentra-
tion. This concentration is called the percolation concentration and describes the moment for which the
CB suspension forms a electrical conducting network with > 0, that spans the full cell. As discussed
in section 1.2, this CB conductivity depends on a wide range of factors like the CB concentration, the
sort of CB particles used and the composition of the surrounding medium. This research will focus on
the non-aqueous Ketjen black EC-300 CB suspension with a volume fraction of ¢g = 0:021. This
choice is made due to the optimal conductivity verses viscosity characteristics [64].

Figure 2.2 shows the CB conductivity dependence on shear rate for the CB concentrations chosen
in this study. The fit to this measurement data obtained by Youssry et al. [86] can be expressed as a
fourth order polynomial described by equation (2.4)

(L) =exp(po_®+p1_?+p2_+ps) (2.4)

with coefficients po = 8:07e 3, pp = 5:22e 2, p, = 0:334 and ps = 7:55 [64]. Since it is hard
to predict what happens outside the given curve the conductivity is assumed to remain constant for
le 3[s 1Jand _ 634s '[s 1].

Due to the turbulent flow fields considered in this study, the shear rate field _(x;t) will fluctuate
over space and time. In turn this will lead to an internal conductivity field (x;t). What the turbulent
characteristics are of this conductivity field and what effect this will have on the total Ohmic losses will
be the focus of this research.

(0000 OO0moooooo

In order to maintain a balance of charge during the charge and discharge cycles of a flow battery,

ions need to transfer from one cell to the other. The ionic resistance resulting in the ionic Ohmic drop
Eionic can be contributed to the electrolyte and the ion exchange membrane ion resistance. The ease

at which ionis transfer through this media is expressed by a electrolytic conductivity =~ which, just as
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Figure 2.2: Non-aqueous CB suspension conductivity dependence on shear rate for different CB concentrations [86]

with the electric conductivity, relates the ionic current i to the ionic potential gradient r via Ohmis law.

Depending on the type of aqueous and non-aqueous electrolytes the for the membrane and elec-

trolyte differ significantly. As an example, for the non-aqueous electrolyte, the ion conductivity inside

the electrolytes itself ranges from 5 to 10 [mS/cm] corresponding to several order of magnitude higher
than [84].

The ionic conductivity is multiple orders of magnitude higher than the electronic conductivity. The
electron conductivity will therefore be a limiting factor and quantifying Egjectric Will therefore be the
key to finding the electrochemical performance of a SSFB. This will be the focus for the rest of this
research where equation (2.4) will be used to describe the effect of turbulence and subsequent shear
rate _ on the electrical conductivity and subsequent Ohmic losses.

Hi0l0l O000mbo OibiomboooOobon Doouboabooo

To determine the variable electrical Ohmic losses exactly, the path of the electron needs to be known.
Therefore the location of the reaction needs to be determined. To this end the electrochemical kinetics
inside a SSFB need to be modeled.

Qi00000000Oooon doidoioo
Modeling the current-voltage relation in a SSFB starts with Faradayis law of electrolysis

—— =negFarj~ (2.5)

linking the redox reaction rate per unit area j» [molm 2s '] to the change in local current density
< [Cm 3]. This is done via the number of electrons per reaction n, the active specific surface area
ar [m 1] and Faradayis constant F [C mol 1] [83]. In a SSFB the agr is determined by the physical
properties of the CB suspension chosen.
The reaction rate per unit area j» depends on the following factors:

A Oxidant and Reductant (Ox/Red) activation potential E3,/E&.
A Oxidant and reductant reactant concentrations Coy/Cred

A Temperature T

A Effect of activation overpotential

=( ) () (2.6)

where €9 and ©9 represent the electronic and ionic equilibrium potentials.
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When the reaction kinetics are assumed to be of first order and there is assumed to be one (dominant)
electron transfer involved, the Butler Volmer (BV) equation describes j». This equation is expressed
as

COX RedF

1 Cred o0, Rl 2.7)

“F c=®™ cu

Red Ox
with  the charge transfer coefficient, Rg the universal gas constant, T the temperature and j the
exchange current density [Am 2] [4].

The BV equation links the reaction rate to the electric and ionic potentials as well the concentrations
of the reactant species. The reaction rate goes to zero when the over potential is zero and when the
concentration reactant species Cregs0x at the electrode surface is depleted. However, both the over
potential and concentration depend on the reaction rate themselves. Combining the BV equation with
the conservation and transport equations to model the linked effects between current, potential and
concentration results a model for the full electrochemical performance of a SSFB. This will be discussed
next.

i

00000000 dooodoo Lodooibooiod
To model the full electrochemical performance of a SSFB, the effects of reaction kinetic, Ohmic resis-
tance and concentration gradients are linked in a so called tertiary current distribution [37][58]. A short
overview of this will be given here.

The reaction kinetics defined by the BV equation (2.7) can be linked to the concentration gradients
via the source therm of the convection diffusion equation

@Cr
ot

with the reactant concentration C,(x; t) [molm 3], Dy the effective diffusion coefficient [m?s 1] [44]
and z, the charge of reactant r. In a flow battery the convection will dominate the mass transfer and
the limiting factor for the reactant concentration going to zero can easily be resolved by pumping more
reactant into the elelctrochemical stack [22].

The effect of reaction kinetics on electric potential can be derived via the charge conservation
equation

Fz
RT

+r (UC)=1r (DrersrrCy)+ F(DrerfCrr )  arj-» (2.8)

. _ 0
r j= ot (2.9)
together with ohms law (2.2), Faradayis law (2.5) and the definition of the electric field (2.3). These

equations combine to the non-linear differential equation
r (r )=ncFarj>() (2.10)

where the electric potential (Xx;t) depends on space and time. When considering turbulent flow in a
SSFB the electronic conductivity (x;t) will also depend on space and time due to its dependence on
shear rate, as was mentioned in section 2.1.3.

Solving the tertiary current distribution is usually done using the COMSOL™ metaphysics engine
and results in the ionic and electronic potential fields and current distribution [55]. Using this the effective
CB Ohmic resistance  Egjectric(X) can be determined.

However, due to the combined complexities of the shear thinning rheology, variable CB conductivity
and turbulent flow profile this can not be easily implemented. This research therefore uses a simplified
method to characterise the CB Ohmic resistance. This method will be discussed next.

0I0i00 DO0oOo Oooon Dooiooodoo

To characterise the effect turbulence has on the electrical conductivity and resistance of a Carbon Black
suspension inside a SSFB, the following assumption will be made. Instead of incorporating varying
electrical current paths, all the reactions are assumed to take place at the membrane. The channel will
be considered as a variable cuboidal conductor, with a voltage difference applied from the membrane to
the current collector side, as illustrated in the figure 2.3. This hypothetical situation does not represent
the expected behaviour of a SSFB, where the reactions are expected to take place near the current
collector since the ion conductivity is way larger than the electron conductivity [64]. However, it does
provide a good measure for overall CB resistance and the effects turbulence has on it.
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RIVXFKQRQ 1HZWRQLDQ 11 IOXLGVEHLQJGHSHQGHQW RQ WKH YHORFL
FDVHV DOVR HOD@W L@ WHIFWWRPKRUW RYHUYLHZ LVJIJLYHQ RQ WKH GLVWLQ
WRQLDQ DQG QRQ 1HZWRQLDQDQG WKH GLITHUHQW W\SHV RI 11 IOXLGV Z|
LQWR 11 IOXLGV WKH SRZHU ODZ YLVFRVLW\PRGHO DSSUR[LPDWLQJ WKF
ZLOOEHLQWURGXFHG LQ VHFWLRQ



2SR 2I[XSRMER *PYMHW

YLIXUH YJLIXUH

JLIXUHUHSUHVHQW WKH FKDUDFWHULVWLFV RI GLITHUHQW WLPH LQ GRHBHQRE HRUWAQR® 1HZW
GHSHQGHQW@OXLGV >

(MJJIVIRX'PEWWIW SJRSR 2I[XSRMER *PYMHW
ORVW IOXLGV WKDW FRQVLVW RI SDUWLFOHY ZLWK ORZ PROHFXODU ZHLJ
DOFRKRODQG GLVVROYHG VDOWYV HIKLBLWHHZWRQQ D QVIKDRYZ & K K DNKLIHRDUL
OLQHDUO\VFDOHV ZLWK WKH VKHDU UDWH

ZLWKHSUHVHQWLQIJW®H ¥YRYARMUWIELWK QRQ 1HZWRQLDQIORZV OLNH V X\
VDQG HPXOVLRQV HJ EXWWHU DQG SRO\PHULF VROXWLRQV HJ PR
VKHDU UDWH UHODWLRQ LV VWULFWO\QRQ OLQHDU 7KHVH YDU\LQJ YLVF
JHQHUDWH QRQ OLQHDU VWUHVV UHVSRQVHV LQ WKH IOXLG

'"HSHQGLQJ RQ WKH W\SH RI QRQ 1HZWRQLDQ IOXLG WKH DSSDUHQW YL
LQWHQVLI\LQJ VKHDUUDWHY )RUD VSHFLILFFODVV RIIOXLG WKLV VKHDU
FDQRQWRSRIWKDWDOVR FKDQJHRYHUWLPH 7KHWLPHLQGHSHQGHQW
YLVFRXV RUJHQHUDOLVHG 1HZWRQLDQ IORZV ZKHUHDV WKH WLPH GHSHC
1HZWRQLDQ IOXLGV DUH FDOOHG YLVFRHO@VWLF RUHODVWLFR YLVFRXV

7TKHIORZ FXUYHV RI WKH GLITHUHQW NLQGV RI WLPHLQGHSHW&HWW 10X
ILIXUHLWFDQ EHVHHQ WKDW IRU SVHXGR SODVWLFV DOVRFDOOHG SRO!
LQFUHDVHG VKHDU UDWH FRQVWLWXWLQJ VKHDU WKLQQLQJ EHKDYLRXU
ZLWK VKHDU UDWH FRQVWLWXWLQJ VKHDUWWKKLWN IRNL@QIGE/HKIDW LREX G HQH
IOXLG W\SHVY DUH GLVSOD\HG 7KH GLVWLQFWLRQ EHWZHHQ WKH WZR L\
GHFUHDVHV RYHU WLPH ZKLOVW LW LQFUHDVHV RYHU WLPH IRUUKHRSHF\

4S[IV PE[ :MWGSWMX] 1SHIP
1RQ DTXHRXV &DUERQ %ODFN VXVSHQVLRQV H[KLELW VWURQJVKHDU WKL
FKDUDFWH U@ @V LIRVVAMW X G\ WKH WXUEXOHQW FKDUDFWHULVWLFV RI WKLV
KDYLRXU ZLOO EHFRQVLGHUHG LQ WKLV UHVHDUFK 7KHIOXLG UKHRORJ\
RI LWV VKHDU UDWH KLVWRU\ 7R IXUWKHU JHQHUDOLVH WKH UKHRORJLFD
LPDWH WKH H[SHULPHQWDOO\ REWDLQHG YLVFRVLW\GHSHQGHQFH RQ VK
SRZHU ODZ YLVFRVLW\ PRGHO LV GRQH WR VWXG\ WKH WXUEXOHQFH FKD!
PRUH JHQHUDO ZD\

7KH SRZHU ODZ YLVFRVLW\PRGHO LV D WLPHLQGHSHQGHQW RU JHQHUT
D VWUHVV WIQQWRUPSOLILHG ZD\ Z U W WKH IXOO 1 DEALGIKD6M R B FRWX W TVX IO M\
FRPSUHVVLRQ WKHKEERVS+HHUM GHSHQGYV RQ D Y D 1) IDEOEHW K M FSR\ILHMX K H D U
UDWH RI VWBDLHWHQVRY > @>@>@ 7KH VKHDUWGMIKEQHG DV WKH VHFR



S8YVFYPIRGI

JLIXUH 1RQ DTXHRXV &% VXVSHQVLRQ YLVFRVLW\ GHSHQ G H Q FHWREO®K AR G UIDMUHHIMWM R X Q G
VKHDU UDWH UDQJHV LQ WKH H[SHULPHQWDO GDWD WKH SRZHU ODZ YLVFRV

LQYDULDQW RI WKH UDWH RI VWUDLQ WHQVRU
S

=(2S:S)z= 2

1 @u, @ °
2 @x @x

7KH SRZHU ODZ 2VWZDOG+GH :DHOH PRGHO LV WKHQ XVHG WR H[SUHVV W
WKHUPV RI VKHDU UDWH YLD
0= (O=kKk"1*

ZLWKIHSUHVHQWLQJ WKH FRQV L K¢/ HQ K¢ NRIEGIGW® KX QO RWNWWIRODBLQGH] >

JLIXUHVKRZV KRZ GLITHUHQW SDUWV RI WKH H[SHULPHQWDOO\ REWDLQ
SHQVLRQ FDQEH ILWWHG WR GLilHQMXMSFRDWY QW D HYEDRHK WKH QRQ 1F
WKLQQLQJEHKDYLRXURIWKH &% VXVSHQVLRQ ZLOO EHDSSUR[LPDWHG Z!I
QH[W VHFWLRQ ZLOO GLVFXVV KRZ WKH IOXLG IORZ Rl WKH VLPSOLILHG &
FKDUDFWHULVHG

88YVFYPIRGI

7KLVUHVHDUFKDLPVWRTXDQWLI\WKHWXUEXOHQW FKDQQHOIORZ SURIL
VXVSHQVLRQ YLD QXPHULFDO VLPXODWLRQ VXFKWR GHWHUPLQH LWV HII
TR TXDQWLI\WKH LQIOXHQFH RI WXUEXOHQFH RQ WKHLQWHUQDO UHVLVYV
WXUEXOHQFH LV KRZLWFDQ EHVLPXODWHG QXPHULFDOO\DQG KRZ LW F
VHFWLRQ ZLOOJLYHDQ RYHUYLHZ RI WKHLPSRUWDQW FRQFHSWV DQVZHL
WKLQJV WKH '"16 VLPXODWLRQ WHFKQLTXH ZLO® & N& UERKXOWHHE LW DAM EWVW
5H\QROGV QXPEHU FKDUDFWHULVLQJWXUEXOHQWDIQ®Z ZLOO EH GLVFX\V

, LEX MW B8YVFYPIRGI
7TXUEXOHQFHLVDFRPSOH[DQG FKDRWLFIORZRIIOXLG WKDW LV FKDUDFW
IOXFWXDWLQJ PRWLRQ ,WLVDFRPPRQ SKHQRPHQRQ WKDW FDQ EH REVI
LOQFOXGLQJLQ WKHDWPRVSKHUH RFHDQV ULYHUV DQGLQ WKH SLSHV DC
VHWWLQJV VXFKDVLQDG6HPL 6ROLG )ORZ %DWWHU\

,QHVVHQFH WXUEXOHQWIORZDGKHUHVWRWKHH[DBWQDPIHQUDY LAHRIZ6 V
7TKHVH HTXDWLRQV VHHP GHWHUPLQLVWLF PHDQLQJ WKDW LI WKHLQLWLI
NQRZQ WKHIXWXUHEHKDYLRURIWKHIOXLG FDQ EH SUHGLFWHG DQG GH"®
DVWKHPDWKHPDWLFLDQ +DUGDPDUG SRLQWHG RXW LQ KLV FHQWXU\ SI
GHWHUPLQHV LI DVHW RI SDUWLDO GLITHUHQWLDO HTX DGV LRKHVWKHLIUQH D



S8YVFYPIRGI

FRQGLWLRQ VWDWHY WKDW IRUD VR FDOOHG ZHOO SRVHG SUREOHP VPD
FRQGLWLRQV RQO\OHDG WR VPDOO YDULDWLRQV LQ WKHILQDO VROXWLR

7XUEXOHQFH LV DQ H[DPSOH RIDQ LOO SRVHG SUREOHP VLQFH WKLV W
SHUWXUEDWLRQV LQ WKH LQLWLDO DQG ERXQGDU\ FRQGLWLRQ PDNH IRU
WXUEXOHQW IORZV WKHVH VPDOO VFDOH IOXFWXDWLRQV LQ WKH IOXLG
D ODUJH LQIOXHQFH RQ WKH WRWDO IORZ SURILOH 6LQFH WKH ERXQGDU\
EH GHVFULEHG LQILQLWHO\ SUHFLVH WKHILQDO VROXWLRQ IRU WXUEXO
ORGHOLQJWXUEXOHQFHWKHUHIRUH SUHVHQWV DVLJQLILFDQW FKDOOHQ
GLIILFXOW WR SUHGLFWDQG FRQWURO 'HVSLWH WKLV PXFKSURJUHVYV KI
DQG GHYHORSLQJ PHWKRGV IRU VLPXODWLQ@ | ’KAHVI RQ OWRZH. Q D W\ F W\IHRDQ
FRYHU WKH HVYVHQWLDO FRQFHSWV LQ WXUEXOHQFH VLPXODWLRQ DQG V
TXDQWLILFDWLRQ RI WKH HITHFWV RI WXUEXOHQFH RQ WKH IORZ SURILOH

(MVIGX2YQIVMGEP 7TMQYPEXMSR

7KHUH DUH VHYHUDO GLIIHUHQW PHWKRGV IRU VLPXODWLQJ WXUEXOHQW
WLRQ '16 /DUJH (GG\6LPXODWLRQ /(6 DQG 5H\QROGV $YHUDJHG 1DYLF
'16 LVD KLJK SUHFLVLRQ PHWKRG WKDW VROYHV WKH 1DYLHU 6WRNHV HT>
/(6 LVDK\EULGPHWKRG WKDW FDSWXUHV WKH ODUJH VFDOHPRWLRQ XVLQ
HTXDWLRQV ZKLOH WKH VPDOO VFDOHPRWLRQ LV PRGHOHG XVLQJ VXEJL
DSSURDFK WKDW LQYROYHV DYHUDJLQJ WKH 1DYLHU 6WRNHV HTXDWLRQ
PHQWYV 7KLV SURFHVV\LHOGV D VHW RI HTXDWLRQV WKDW FI@OUDFWHUL]JI

'16 LV FRQVLGHUHG WKH PRVW DFFXUDWH PHWKRG RI VLPXODWLQJ WX
PRGHOLQJ +RZHYHU WKLV PHWKRG UHTXLUHV WKH FRPSXWDWLRQDO GR
ODUJH VEDOH PRWLRIQVOR VOMR KDYLQJ D KLJK HQRX JKRVG B WALIDLCE H HMWKRHO
VPDOO VEDOH HGGLHV )XUWKHUPRUWH WRXO/G EXO/IP\F DROQHY RXH K/ WRS QF R |
WKH WLPH YDU\LQJ IOXFWXDWLRQV 7KH VSDWLDO DQG WLPH UHVROXWL|
k DQG WLRHDOHV JLYHQ E\

ZLWUHHSUHVHQWLQJ WKH WKHDYHUDJH UDWH RI GLVVLSDWLRQ RI WXUEXC
WKH NLQHPDWLF YLVFREGLW\LRIFAMEKRUONMD®WHG ZLWK WKH LQWHQVLW\ R
KLIKHU WXUEXOHQW LQWHQVLWNUHTXLUHYV D KLJKHU UHVROXWLRQ 7KLV

L 3 .
N= — /O (Ref)
K

ZLWKNVKH QXPEHU RIJURSVERHGWWROGY QXPEHU ZKLFK ZLOO EH IXUWKHU C

7TKHPDLQUHDVRQIRUVHOHFWLQJWKH'16 PRGHO LQ WKLV UHVHDUFK U
HOV LVDVIROORZV %RWKWKHO5$16 DQG /(6 PRGHOV UHTXLUH D WXUEXO
RIFRPSOH[UKHRORJLHVLQ WKHVHPRGHOV LV QRW\HW IXOO\PDWXUHG S
SOH[UKHRORJ\RI WKH FDUERQ EODFN VXVSHQVLRQ WKHGHFLVLRQ ZDV F
DSSURDFK

SBYVFYPIRX7XEXMWXMGW

$V PHQWLRQHG WXUEXOHQFH LV LQKHUHQWO\ XQVWDEOH FKDRWLF DQG
ZLWK WKH VDPH ERXQGDU\FRQGLWLRQV %& DQGLQLWLDO FRQGLWLRQV
VWLOO EHDEOH WR FKDUDFWHULVH WKHIORZ WXUEXOHQW VWDWLVWLFV
VLPXODWLRQV FDQ EH FRPSDUHG DQG VWDWHPHQWY DERXW WKH UHOLDE
UHVHDUFK WKUHH GLIITIHUHQW VWDWLVWLFDO FRQFHSWV DUH XVHG WR FR
YDOXHV QDPHO\ DYHUDJHV IOXFWXDWLQJFRPSRQHQWY DQG WZR SRLQ\
DOO RI WKHP

JLUVWO\ IRUWKHWXUEXOHQW IORZ ILHOG T X DI WLRNMWHIVAL X\A KE B P SVRKQIHYQ-
1, DQG VKHDUWIPRMVHVWDQWDQHRXV TXDQWLW\FDQEHVSOLWLQWRDQDYH



S8YVFYPIRGI

7KLV VR FDOOHG 5H\QROGYVY GHFRPSRVLWLRQ LV JLYHQ E\

u=u+u°
ZLWKWKHEDUGHQRWLQJWKHDYHUDJHDQG WKH |@XFaWXDWWKQ WEHPRR
SRVLWLRQ WKHIROORZLQJVWDWLVWLFDO PHDVXUHYV DUH XVHG

f7KHDYHUDJHLQVLGHD WXUEXOHQW IORZILHOG LV GHILQHG DV WKH D
LV VWDWLVWLFDOO\ FRQYHUJHG WKLV DVVHPEO\DYHUDJH FDQ EH RE
WLPH@ 7KH WLPHUPF¥FBQEHREWDLQHG E\ PHDVXULQJ WKH REVHUYDE(C(
WLPHDQG WDNLQJ WKHDYHUDJH RI WKH UHDWG COQOWKH)REWAKIN VEOW LY
DYHUDJHG RYHUD FURVV VHFWLRQDODUHD IRU ZKLFKWKHVDPHEHKD
UHVHDUFK WKDW IROORZV WKHDVVHPEO\DYHUDJH FRPELQLQJERWK
EHGHQRWHG ZLWK DQ RYHUOLQH
IT7TR TXDQWLI\ WKH IOXFWXDWLRQV WKH 5H\QROGYVY VWUHVYV WHQVRU LV
WHQVRULQ WKH5H\QROGY $YHUDJHG 1DYLHU 6WRNHV HTXDWLRQ DFF
LQIOXLG PRPHIDWRB PRQVWDQW GHQVLW\ WKH5H\QROGY VWUHVV LV
RUWKHDYHUDJH IOXFWXDWLQJ YHORFLW\ FRPSRQHQWY &ORVHO\ Ut
QHQWV DUH WKH URRW PHDQ VTXDUH YHORFLW\IOXFWXDWLRQ ZKLFK I
q:
Urms = uluf;

DQG WKH WXUEXOHQW NLQHWLF HQHUJ\ GHILQHG DV
= 2 T+ T W

ZKHWH w FRUUHVSRQEBAWRHWRHLW\TY UHVSHFWLYHO\

f7KHODVW VWDWLVWLFDO TXDQWLW\ FRQVLGHUHG LQ WKLV UHVHDUFK
WLRQ :KHUH WKHDERYHWZR VWDWLVWLFDO TXDQWLWLHYV RQO\ GHVF
FRQVWLWXWLQJILUVW RUGHU VWDWLVWLFV WKH FRUUHODWLRQ IXQ
OHQFH ZKLFK LV FDOOHG VHFR @G RKBWWSREQW%IO\DWLRQ
IXQFWLRQ WKH VH$ B WP Wk RQKYHFRVUVRFUHODWLRQ WHQVRU FDQ WKHUHIR

Rij (r) = ul(x1)ul(x2);

DQRGGHVFULEHV WKHORQJLWXGLQDO WUDQVYHUVDODQG FURVYV FRU

> @ ,Q WKLV UHVHDUFK WKH ORQJLWXGLQDO SRLQW FRUUHODWLRQ

ORQIJLWXGLQDOQ OH®IWK VFDOH
Zl

1 1

L|_ = = Rxx (rx,o, O)drx = =

u® o u®

ZKLFK LV DJRRGPHDVXUHIRUWKHODUJH VFDOH V@E@EXOHQW PRWLRC

z 1
udx)ud(x + r)dr;

6I]RSPHW 2YQFIV
7TKH5H\QROGV QXPEHULVD GLPHQVLRQOHVY SDUDPHWHU WKDW LV XVHG V
RILQHUWLDO IRUFHV WR YLVFRXV IRUFHV LQ DIOXLG IORZ ,W LV GHILQH
YLVFRVLWNIRUFHV DQGLVJLYHQ E\WKHHTXDWLRQ

UH
Re= —;

ZLWKWKH FKDUDFWHULWHWAXRKN HRBBDWWBHQGVWLF OHQJWK VFDOH
,QIOXLG G\QDPLFV WKH GLVWLQFWLRQ EHWZHHQ ODPLQDU DQG WXUE
YDOXH RI WKH5H\QROGY QXPEHU )RU GXFW |10 RR&<Z300MKVE K HOYRLO/GE R QWK P E |



4EVEPPIP 4VSKVEQQMRK SRE +VETLMGW 4VSGIWWMRK 9RMX

IRUFHV GRPLQDWH DQG WKH IORZ LV W\SLFDOO\ODPLQDU ,Q FRQWUDVW
IRUFHV GRPLQDWH DQG WKH IORZ LV W\SLFDOO\WXUEXOHQW ,QVLGH WKE
DOVR XVHG DV WKH VLQJOH QRQ GLPHQVLRQDO SDUDPHWHU WR FRPSDUH |
ZLWK RWKHU QXPHULFDO VWXGLHV DQG H[SHULPHQWV %\ YDU\LQJ WKH 5
HITHFWV RI GLIITHUHQW WXUEXOHQW FKDUDFWHULVWLFV RQ WKHLQWHUQLE

7KHUH DUH GLIIHUH G&VQXHPIE QU WWK@WRIOO GHSHQG RQ WKH FKRLFH RIF
DQG OHQJWK VFDOH ([DPSOHV DUH WKH RE,QGMH IUQ® IGQZ. BH\ Q/RK®IGAH Q RIEE W
FHQWHW=0U.(GRU WKH PHDQ YHORFLW)\ Bé}\@RW & W® K PFEHIUD =Y B,0 R BL W\
WXUEXOHQW FKDQQHO IORZ UHVHDUFK DQRWKHU FRPPRQ GHILQLWLRQ R
VWUHVV WXUEXOHQW 5H\QROGYV QXPEHU JLYHQ E\

H
Re:L

ZLWKWKH ZDOO IULFWLRQ YHORFLW\ ZKLFK LV GHILQHG DV

r
U=

ZLWKUHSUHVHQWLQJ WKH VWDWLVWLFDO@ DYHUDJHG ZDOO VKHDU VWUH

JRU QRQ 1HZWRQLDQ IOXLGYV WKH YLVFRVLW\ FDQ YDU\ RYHU VSDFH D¢
XQFOHDU ZKDW YLVFRVLW\ VFDOH WR XVH ZKHQ GHILQLQJ D QRQ 1HZWRQ
VRPH VSHFLILF QRQ 1HZWRQLDQ YLVFRVLW\ PRGHOV VXFK DV WKH SRZH!
UHVHDUFK WKHUH DUH YLVFRVLW\VFDOHV WKDW UHVXOW LQ XVHIXOO 5F
WKH ZDOO Y,LDFRWKMWUHOHYDQW YLVFRVLW\ EDVHG RQ D GL&FXWVYRQ RI
YLVERVLW\VFDOH UHVXOWYV LQ WKH VR FDOOHG JHQ@&UDOL]HG 5H\QROGYV

_UH_ UH
wooOKE

ZKLFK FDQ EHUHZULWWHQ WR WKH ZDOO VKHDU VWUHVV JHQHUDO 5H\QRC

Re®

Re® = H

1
n

E N

Ki o
XVHG LQ WKLV UHVHDUFK
7KHJHQHUDOLVHG 5H\QROGVRgXQERBHOQWREMVEGWMKMHUPLQHG LQ DGYDQ
WKH UHODWLRQ IRU ZDOO VKHDU VWUHVYV
w = gH;
ZKLFK GLUHFWO\IROORZV IURP WKH PDFURVFR@ L ELI\R K FAHK [E DKOHDOGSF Rl | VDK R
VKHDU YHORFLW\DQG YLVFRVLW\ DOO IXUWKHU SDUDPHWHUYV FDQ EH QR
+ +_zu

u
ut = — zt==— t*
u w H - w

_tu +_ _w.

8VLQJ WKLV QRQ GLPHQVLRQDOL]DWLRQ WRIJHWKHU ZLWK WKH JHQHUL
TXDQWLWLHV WKH WXUEXOHQW IORZFDQ EHIXOO\ FKDUDFWHUL]HG 7KL
IOXLG IORZ VLPXODWLRQ LQ WKLY UHVHDUFK ZLWK OLWHUDWXUH YDOXHV

4EVEPPIP 4VSKVEQQMRK SRE+VETLMGW 4VSGIW

,Q WKLV ODVW VHFWLRQ RIWKHWKHRU\FKDSWHU D VKLIWLVPDGHIURP W
DQG IOXLG IORZ PRGHOLQJ WR WKH FRPSXWHU VFLHQFH WRSLF RI LPSOH
PDQFHFRPSXWHUV 7KLV VKLIWLY QHHGHG VLQFH WKH WXUEXOHQFH VLP
UHTXLUH D ODUJH DPRXQW RI FRPSXWDWLRQV WR FRPSO\ ZLWK WKH UHVF
'16 $V DQ H[DPSOH WKH /%0 VLPN@/DWBLRMBWPDMWL UHDGV LQ D *% GL
IXQFWLRQ FKDQJHV HYHU\RQH RILWV PLOOLRQ HQWULHV DQG ILQDOO
PLOOLRQ @LPHHWHU\ HQWU\ LQ WKLV DUUD\ ZHUH FKDQJHG VHTXHQWLDOC
VXFK D VLPXODWLRQ ZRXOG VSDQ D OLIHWLPH



4EVEPPIP 4VSKVEQQMRK SRE +VETLMGW 4VSGIWWMRK 9RMX

IXENLO\ WKH /%0 LV HDVLO\ EURNHQ GRZQ LQWR VPDOO SDUWV WKDW F
UHGXFLQJ WKH WRWDO @LBROWXWRXER WKPWBEDQ EH GRQH RQ D FHQWUDO S
WKH *UDSKLFV 3URFHVVLQJ 8QLW *38 DUFKLWHFWXUH KDV VKRZQ WKUH
FRPSDUHG WR WUDGLWLRQDO &38 EDVHG /%0 LPSOHPHQWDWLRQV 7KLV L
WR WKH KLJKO\ SDUDOOHO VWUXFWXUH RI WKH *38 PDNLQJLW DQ DWWUD
PDNHV LW D FRPSHOOLQJ DOWHUQDWLYH IRU &RPSXWDW@R Q@RIOV)WXHG '\Q
RUHWLFDO VHFWLRQ DLPV WR H[SORUH WKH FRQFHSWV Rl SDUDOOHO SUF
D SDUWLFEXODU IRFXV RQ WKH 19,',$ VSHFLILF &RPSXWH 8QLILHG 'HYLFH $
ODQJXDJH

7KHDGYDQWDJHV RI SDUDOOHO SURJUDPPLQJIRUWKHWXUEXOHQW /%¢
WLRQ $IWHU WKLV DQ RYHUYLHZ RI WKH GLITHUHQFHY EHWZHHQ *38TV D
JLYHQ LQ VHFWIHFQWLRQ@LOO ILQDOL]H WKLY WKHRUHWLFDO VHEWLRQ ZLW
VSHFLILF *38 KDUGZDUH DQG VRIWZDUH KLHUDUFKLHV ,Q WKH QH[W FKDS
WLRQ RQ WKH *38 ZLOO EH GLVFXVVHG XVLQJ WKH WKHRU\ GLVFXVVHG KH U

A4EVEPPIP 4VSKVEQQMRK

3DUDOOHO SURJUDPPLQJLVDWHFKQLTXHWKDWLQYROYHVEUHDNLQJ GR:
VXEWDVNV WKDW FDQ EHH[HFXWHG VLPXOWDQHRXVO\RQPXOWLSOH SURF
WKUHDGV 7KLV DSSURDFK HQDEOHV IDVWHU H[HFXWLRQ Rl WKH WDVN E
SRZHULQ SDUDOOHO UDWKHU WKDQ UHO\LQJRQ D VLQJOH SURFHVVLQJ X

7KHUH DUH WZR PDLQ FKDOOHQJHV ZKHQ ZULWLQJ SDUDOOHO DOJRULW
VLELOLW\YV RI EUHDNLQJ XS WKH FRGH HIILFLHQWO\ WR DOORFDWH WDV
H[HFXWLRQ ,GHDOO\ XVLQJ1WLPHY PRUH SURFHVVRUV VKRXOG UHVXO\
FHVVLQJRI1WLPHV PRUHGDWD LQ D IL[HG WLPH +RZHYHU LI WKH DOJRU
RWKHU WKH\FDQQRW WDNHDGYDQWDJHRIWKHDGGLWLRQDO UHVRXUFH
RIDQ HIIHFWLYH SDUDOOHO LPSOHPHQWDWLRQ LV WKH SDUDOOHO HIILFL
FHVVRUV OHDGLQJWR DQ Q WLPH UHGIEBGF WL RQ JXNMNNVCD QVIKH L/ BLOHIQFL ®K H U
SDUDOOLVDEOH GXH WR WKH FROOLVLRQ VWHS EHLQJ WRWDOO\LQGHSH
RQO\UHTXLULQJLQIRUPDWLRQ RI LWV QH[W QHLJKERXUV 7KHUHIRUH W
LQWR PDQ\ SDUWV WKDW FDQ EH H[HFX& HG HIILFLHQWO\LQ SDUDOOHO >

7KH VHFRQG FKDOOHQJH LV PDNLQJ VXUH WKH SURJUDP DYRLGV UDFH
IRUPV RIUDFH FRQGLWLRQ® DUKHIRQVMGRIFAXAY ZKHQ PXOWLSOH WKUHDG
SDUWY RSHUDWH DW GLIITHUHQW VSHHGV DQG WKH DOJRULWKP WKDW PRY
$ JRRG DQDORJ\ IRU WKLV LV D FDU IDFWRU\ ZKHUH WKH FKDVVLV DQG HQ
OLQHV DUH FRPELQHG EHIRUH WKH HQJLQH LV IXOO\ILQLVKHG 7KH VHFR
GDWD UDFH FRQGLWLRQ LV ZKHQ WZR WKUHDGV ZULWH WR WKH VDPH SL
XQGHILQHG PHPRU\ FRUUXSWLRQ >

7KH SURJUDPPLQJ WHFKQLTXHV DQG WRROV XVHG IRURYHUFRPLQJ WK
SURJUDPPLQJSDUDOOHO VIVWHPV GHSHQGRQWKHRUJDQL]DWLRQRISUR
FRPSXWHU 7KH QH[W VHFWLRQ ZLOO GLVFXVV WKHVH GLITHUHQW SDUDOC

'49 ZW +49
,Q WKH UHDOP RI SDUDOOHO FRPSXWLQJ WKHUH H[LVW WKUHH SULPDU\ ¢
HQW DUFKLWHFWXUHV VKDUHG PHPRU\ VIVWHPV GLVWU@EXMWHGH HPRU'
GLIITHUHQW VA\VWHP DUFKLWHFWXUHV VFKHTDIOMH BRDYBHSHROWWYWEBGE Q VUR

$+6KDUHG OHPRU\ 6\VRWAVV\VWHPV FRQVLVW RI D &38 ZLWK PXOWLSOH |
WR WKH VDPH VKDUHG UDQGRP DFFHVV PHPRU\ 5%$0 7KH FRPSXWDW
FRUHV ZLWK KLJK FORFN VSHHGY DQG LQIRUPDWLRQ LV VKDUHG YLD "
DFFHVV &38TVDOVRKDYHODUJHFRQWURO XQLWV WKDW GLUHFW WK
WKH VSHHG RI WK H2S URFHPDLY DGYDQWDJH RI VKDUHG PHPRU\ VA\VWHTF
SURJUDPPLQJ XVLQJ IRU H[DPSOH WKH 2SHQO03 SURJYRERANYGULQYWHUI
PDLQ GLVDGYDQWDJH LV WKDW VFDOLQJ WR ODUJHU V\VWHPV EHFRP
QXPEHU RI SURFHVVRUV WKDW FDQ DFFHVV VKDUHG PHPRU\

IPF'"LVWULEXWHG OHPRUKHAVWMPMVHPY WU\ WR RYHUFRPH WKH FRQVWUD
RU\VA\VWHPV E\FRXSOLQJPDQ\&38fVWRIHWKHU XVLQJD PH&VDJLQJS



4EVEPPIP 4VSKVEQQMRK SRE +VETLMGW 4VSGIWWMRK 9RMX

8VLQJ WKH 03, SURWRFRO VKDUHG UHVXOWY DV ZHOO DV VIQFKURQL]
WKH GLVWULEXWHG VI\VWHPV WKURXJK D FRQQHFWLYH QHWZRUN 'LV
VFDODEOH DQG FDQ EH XVHG WR EXLOG YHU\ ODUJH V\VWHPV ZLWK Wi
WKH 03, SURWRFRO LV PRUHFRPSOH[WKDQ WKHSURWRFROV XVHG IRU
SDUDOOHO HIILFLHQF\LVY YHU\ PXFKUHVWULFWHG E\ WKHFRQQHFWLR
&38TV @&

+*38 VAIVWHBSDUW IURP VSHHGLQJ XS FRGH XVLQJFRQYHQWLRQDO SURF
XVH RIDVSHFLDOL]HG FR SURFHVVRU OLNH D *38 :KHUH D &38 LV EXL(
DVSRVVLEOH D*38LVDSURFHVVRUEXLOWIRUH[HFXWLQJDYV PDQ\ WL
*381VDUH WKHUHIRUH PDGH XS RI PXOWLSOH RUGHUV RI PDJQLWXGH |
D WDVN WR EH EURNHQ GRZQ LQ PDQ\ PRUH SDUWV WKDW FDQ DOO EF
LPSURYHV WKHLQVWUXFWLRQ WKURXJKSXW DQG PHPRU\EDQGZLGWK
GUDZEDFNRID*38Z UW WRD&38LVWKHORZFORFNVSHHGV RIWKHL
DVLIQLILFDQWO\ORZHU DPRXQW RI FDFKH PHPRU\ FUHDWLQJ PHPRU\
LQDQ QRQRSWLEBDOKWUEHIRUH WR IXOO0O\ XQORFN WKH *38V SRWHQW.
EHRYHUFRPHZLWKDQ HIILFLHQW DOJRULWKP 7R ZULWH WKLV HIILFLE
FDQ EH XVHG )RU 19,',$*38VWKH &8'$DS@ LV XVXDOO\ XVHG >

JLIXUH 'LIIHUHQFHLQ 6KDUHG OHPRU\ 6\VWHPV 'LVWULEXWHG OHPRU\6\VWHPV DQC

+49 MIVEVGLMIW
7R HQDEOH WKH *38TV IXO0 SRWHQWLDO LWLV YLWDO WRXQGHUVWDQG K
DFWV ZLWK WKH *38 KDUGZDUH 7R WKLV HQG ZH ZLOO ORRN DW WKUHH KI
XQGHUVWDQGLQJ WKH 19,',$ *38 SURJUDPPLQJ ODQJXDJH PHPRU\PDQDJ!
FDWLRQV

7SIX[EVI ,MIVEVGL]

19,',$ *389YV PDNH XVH Rl WKH &8'$ SURJUDPPLQJ ODQJXDJH 7KLV SURJUL
WKH FRGH XS LQWR NHUQHOV WKDW UHSUHWHQMR \WR A FRGCW KHRMHXIX HQ FSH
HIHFXWLRQ DQG WKHPHPRU\DFFHVVY SDWWHUQ RIHDFK HIHFXWLRQ RI WK
RXWOLQHG E\ WKH NHUQHO LV GLYLGHG LQWR WKUHH OHYHOV WKUHDGV
UHSUHVHQWHG LBQIG DUMUMHGHILQHG DVIROORZV

F7KUHDUHVSUHVHQW D VLQJOH HIHFXWLRQ RI D NHUQHO

F%ORPNVSUHVHQW D JURXS RI WKUHDGY WKDW DUH H[HFXWHG DW WKH
QXPEHU RIWKUHDGY SHU EORFN LV HTXDO

F*ULGMSUHVHQW WKH IXOO FRPSXWDWLRQDO GRPDLQ GHILQHG E\ WKH
ILJXUDWLRQV FDQ YDU\DFURVV GLITHUHQW NHUQHOYV

11QSV] ,MIVEVGL]

7KHQH[WKLHUDUFK\WKDW ZLOOEHGLVFXVVHG LV WKHPHPRU\KLHUDUFK
FRQWURO XQLW IRUHYHU\ WKUHDG DQ QRQ RSWLPDO XVH RI PHPRU\ FDQ
HIILFLHQF\ $VROLG XQGHUVWDQGLQJRIWKHPHPRU\KLHUDUFK\LVY WKHU
FRGH 7KHPRVWLPSRUWDQW PHPRU\IRUPVDUHRUGHUHG KHUH E\WKUHD
WR VORZB®VW >



4EVEPPIP 4VSKVEQQMRK SRE +VETLMGW 4VSGIWWMRK 9RMX

YLIXUH YLIXUH

JLIXUH VKRZV D VFKHPDWLF GHSLFWLRQ RI WKH WKUHDG EORFNV DQJULG KLHUDUFK\ XVHG
ZKHUH WR DFFHVV PHPRU\ 7KH PHPRU\DQG KDUGZDUH KLHUDUFK\RID *38 LV GHSLF

$+5HIJLVWHU PHPWRWH IDVWHVW PHPRU\DQG LV SULYDWH WR WKUHDGV
$+6KDUHG PHPRDOVR IDVW PHPRU\ WKDW LV DFFHVVLEOH IRUDOO WKUH
$+&RQVWDQW DQG 7H[WXUMHHPHPRO\ DQG LV SULYDWH WR D NHUQHO

¥/ RFDO PHPIRUSDUW RI JOREDO PHPRU\DQG WKHUHIRUH VORZ WLV SU
ZKHQ WKH UHJLVWHU VSLOOV

+t*OREDO PHPRVORZ PHPRU\ SULYDWH WR D NHUQHO DQG DFFHVVLEOH E

f+RVW PHPRWUWKH PHPRU\ RI WKH &38 WKDW VHQGY WKH NHUQHO WDVN V
EHWZHHQ JOREDO PHPRU\DQG KRVW PHPRU\LV YHU\ VORZ

JEVH[EVI ,MIVEVGL]
JLQDOO\HYHU\WKLQJ FRPHY WRIJHWKHU LQ WKH KDUGZD#&W WIKHHUPRIFHK\ D
RI WKH 19,"',$ *38 DUFKLWHFWXUH OLH PXOWLSOH VWUHDPLQJ PXOWLSUR
RZQ VHW RI &8'$ FRUHVY WKDW FDQ HIHFXWH WKUHDGY FRQFXUUHQWO\ 7
WKDW RUJDQL]HVY WKUHDGYV LQWR JURXSV RI FDOOHG ZDUSV DQG VFK&
DYDLODEOH &8'$@ RUHHV @XPEHU RI 60V DQG &8'$ FRUHVY SHU 60 YDU\ SHU G
H[DPSOH WKHUHDUH FRUHV SHUG60LW WDNHV FORFN F\FOHV WR H[HFX
ZDUS VFKHGXOHU RSWLPL]J]HV WKH SHUIRUPDQFH RI WKH *38 E\ PLQLPL]JLGQ
DUHVWDOOHGRULGOH UHVXOWLQJLQHIILFLHQW SURFHVVLQJRIGDWD
7TREULQJLWDOOWRJIJHWKHU WKH &38IXQFWLRQVDUHUHZULWWHQ DV N
.HUQHOVDUHH[HFXWHG IURP WKH KRVW &38DQG FDQ RQO\DFFHVV PHPRU
*38 :KHUH D IXQFWLRQ LWHUDWHY RYHU WKH FRPSXWDWLRQDO GRPDLQ >
PHQWLRQHG VRIWZDUH KLHUDUFK\ VIVWHP EXLOW XS RI WKUHDGV EORF]I
OHWV WKHNHUQHO NQRZ ZKDW SDUW RI JOREDO PHPRU\LW QHHGV WR FKI
QHOV DUH HIHFXWHG DW WKH VDPH WLPH LQ WKH 60 DQG FDQ WKHUHIRUH
WDNHV DV LQSXW WKH QXPEHU RI WKUHDGY SHU EORFN WSE DQG EORFN’
WKUHDGVY WKDW DUHH[HFXWHG DW WKH VDPHWLPHLQDQ60 'XHWR WKHC
EHWZHHQ WKH GLITHUHQW W\SHV RI PHPRU\ GHWHUPLQLQJWSEDQG ESJ
DFFHVV LV YHU\ LPSRUWDQW 7KHGHFLVLRQV PDGHLQLPSOHPHQWLQJ)
RQLQG6HFWLRQ



*PYMH (]JREQMGW 1.

7KLV FKDSWHU LV GHGLFDWHG WR WKH LPSOHPHQWDWLRQ RI WKH PRGH!
WXUEXOHQW IORZ LQVLGH DQ 66)% 7KH &% VXVSHQVLRQV LQVLGH WKLYV
QRQ 1HZWRQLDQ EHKDYLRU PDNLQJ WKH YLVFRVLWA\UDQJH IRU ZKLFK Wk
TRDFFXUDWHO\PRGHO WKLV QRQ 1HZWRQLDQ WXUEXOHQWEHKDYLRU WK
)O /%0 KDVEHHQ VKRZQ WR EHPRUHVWDEOH WKD® 5K H/96-0 HD\QSEH% t.D O\ 96 *
/%0 VKRZV SUREOHPV ZLWK @Y YWWHVHARMFYFXVVHY WKH VSHFLILFV RI WKH
PRGHO ZKHMUHFXVVHV WKHLQLWLDODQG ERXQGDU\FRQGLWLRQV XVHG

IORZV YLD WKH KLJK ILGHOLW\ '16 PHWKRG WKH ODUJH DPRXQWYV RI FDO/!
6HFWLRHYSODLQV LQ GHWDLO WKH LPSOHPHQWDWLRQ RI)0 /%0 RQ WKH *3

*MPXIVIEXVM\OEXXMGI &SPX*"QERR 1IXLSH-QTP

7KH )LOWHU ODWUL[ /DWWLFH %ROW]PDQQ OHWKRG )0 /%DW L¥O® PHWKRG
DQG VXEVHTXHQWO\H[WHQGHG WR' 4 @B@=KRX DQG =KRQJ >

7RILQG WKH FROOLN;) RVKR $HRILPKLRY WKH DYHUDJH HIITHFW RI FROOLVLR
XVH RI D VWDJJHUHG JULG 7KLV VWDJJHUHG JULG VKLIWRKDWK B JDMW @& L FH
QRGHDQG WLPH VWHS

Cit t cit t
fi X+I7;t+§ fi x ——t — = i(x;t)

6XEVHTXHQWO\ WKLYV VKLIWHG HTXDWUER®LY 7D\ORU H[SDQGHG DURXQG
T t t t
fi x %;t = =hiGD 26 ik @)+ o(t?)

ZKHUH WKH KLJKHU RUGHU WHUPV DUHRPLWWHG ®%¥YXENHLWXWLQJIWKH
IRXQG XVLQJ WKH &KDSPDQ (QVNRIRHJHDIQYER @/ KHQMRROOLVLRQ RSHUDWRI

W.
i(f)=c—2' (ci r)ci u) cr u+c g

S
ZKHYWHSUHVHQWY WKH ERG\ IRUFH WHUP ,Q WKLV GHULYDWLR/Q WKH P|
XVHG DV ZHOO DV D VLPSOLILFDWLRQ RI WKH 1D@LXUr6WRNHY HTXDWLR
ir +F> @

&RPELQLQJWKHILUVW RUGHU 7D\ORU H[SDQMLRIQ\WKW KHFR Q 8 RUBMILRT

H[SDQVLRQ RI WKH VWDJJHUH ® QHOFHDTXQRZ BB ULYH WKH )0 /%0

Gt t
fiox =

. S f O+ L (f
o5 = hean+ 3 ()



&SYRHEV]'SRHMXMSRW

6XEVWLWXWLRLQG LQWR WI§LV I?]TXDWLRQ OHDGV WR WKH IXOO GLVWULEXYV

2
1 1+ &t 4 1 (e &) [CH]
E ! c2 2 c? cZ

fx Cit;t o (eir24(eiu) 1+2 B Cp
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2
Cs

$ UHYHUVLEOHELOWRAERDWWIYURGXFHG WR WUDQVIRUP WKLV GLVWULEXW
7KH GLVWULEXWLRQ WKHQ WDNHV WKHIRUP RI
gt ot X
fi x T't 5 = k WiEik | (X)
ZL\NEik:Eki1 DQG WKHPRPHQW VSDFH UHSUHVHQWHG E\
X cit t

= Evfi x —t
Kk ki bi 2 2

i
'"XHWRWKH GLPHQVLRQDO QDWXUHRIWXUEXOHQWIORZ WKLV WKHVLV
$V GHVFULEHG E\ =KXR DQGKIKRQEHRDRDEBHIEKRVHQ DV

2 3,
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DQG E\ XVLQJ HTXI%D/‘Q_CRQWKH PRPHQW YHFWRUV3FDQ EH H[SUHVVHG DV

uy tFy/2
uy tFy/2
u, tF,/2

3u2+ (Bv t)Qux+(2 3B)vr u
_ 3u§+ (v t)Quy,+(2 3B)vr u
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3uxu,+ ( 3v 05t)(@Qu; + @Quy)
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0;k=10;:::;15
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7KHyo s WHUPV UHSUHVHQW WKH VL[ WKLUG KLJKHURUGHU WHUWPV DQG FDQ
YLDy 5= #1 1015 7KHWKUHHIRXUWK KLIKHUFRQ EHW\WSOPNG LQ WKH VDPH
XVLQJWKH IUHH,SOBRRWFWHDVH QXPHULFDO VWDELOLBVA3WKHOWBDPH IUHH S
DQ#%=0:95DUH FKRVHQ DV LQ WKH WXUEXOHQW@ LPXODWLRQ ZRUN GRQH LG

&SYRHEV]'SRHMXMSRW

7KH FRPSXWDWLRQDO GRPDLQ LQ ZKLFK WKH WXUEXOHQW QRQ 1HZWRQL
VHQWHG E\ D UHFWDQJXODU FKDQQ@KDB BRRDPQQ QM IEJIRUMGHG E\ SHULRGLF
FRQGLWLRQV LQ WKH VSDQ DQG VWUHDPZLVH GLUHFWLRQV DQG D QR VOL
FKDQQHO 7KLV ZDOO ERXQGHG IORZ FDQ UHSUHVHQW HLWKHU WKH DQR
KHLJKW RI WKBHHQ HFWNRIGMPDOOHU WD ® OV& i IDGHOR WKKH HOHFWURGH
WKLV FDVH LW FDQ EH DVVXPHG WKDW WKH LQOHW D Q® 8 G MFRAHU\RSSIHQZ D O
GLUHFWDRE YHU\ OLWWOH HIITHFW RQ WKH WRWDO VWUHDP SURILOH LQVL
PHPEUDQH UHSUHVHQWLQJ WKH WRS DQG ERWWRP RI WKH HOHFWURGH

7TKHUHIRUH WKH VXUIDFH URXJKQHVVY RI ERWK PDWHULDOV LV QRW WDNH



-RMXMEPMWEXMSR

JLIXUH &RPSXWDWLRQDO GRPDLQ ZLWK SHULRGLF ERXQGDU\FRQGLWLRQV LQ WKH VWUHD
ERXQGDU\FRQGLWLRQ DW WKH SDUDOOHO SODWHYV

2S7TPMT &SYRHEV] 'SRHMXMSR
7KH QR VOLS YHORFLW\ ERXQGDU\ FRQGLWLRQ LV DSSOLHG WR VHW WKH
ODWWLFH %ROW]PDQQ PHWKRG WKHERXQFHEDFNPHWKRGLVY FRPPRQO\
> @ 7KLV PHWKRG UHYHUVHV WKH YHORFLWLHY RI SDUWLFOHY WKDW FI
UHIOHFWHG EDFN WR WKHLU RULJLQDO QRGH 7KH ZDOO LV WA\SLFDOO\ SR

7TKHUH DUH WZR DSSURDFKHV WR WKH ERXQFH EDFN PHWKRG WKH IXO0O
PHWKRGYVY 7KH IXOO Zzb\ PHWKRG UHIOHFWVY SRSXODWLRQV GLUHFWHG D
UHYHUVHV WKHLU GLUHFWLRQVLQ WKHQH[WFROOLVLRQ VWHS ZKLFK WD
> @ ,Q WKHKDOIZD\PHWKRG SDUWLFOHV DUHDVVXPHG WR KLW WKH ZD(
WKHLUGLUHFWLRQVDUHLPPHGLDWHO\UHYHUVHG DQG WKHVWUHDPLQJ
RUGHUDFFXJDWH >

,Q WKLY UHVHDUFK WKH KDOIZD\ ERXQFH EDFN PHWKRG ZDV SUHIHUUF
7KLV PHWKRG LV UHSUHVHQWHG ZLWK WKH GDUN JUD\DUURZV LQ )LIJXUH

4IVMSHMG &SYRHEV]'SRHMXMSR

7KHSHULRGLFERXQGDU\FRQGLWLRQV DSSOLHGLQ WKLV UHVHDUFK UHSE
LQWKHVSDQDQG VWUHDP GLUHFWLRQVY +RZHYHU GXHWR WKH SHULRGLI
FRPSXWDWLRQDO GRPDLQLVODUJHHQRXIJKWRQRWHIITHFW WKH WXUEXO
WKH FRPSXWDWLRQDO GRPDLQ PXVW HQFRPSDVV WKH ODUJH VFDOH WXU
RI'WKH SHULRGLF ERXQGDU\ FRQGLWLRQ LV UHSUHVHQWHG LQ WKH OLJKYV

-RMXMEPMWEXMSR

TR VWXG\ WKH WXUEXOHQW FKDUDFWHULVWLFV RI QRQ 1HZWRQLDQ WXU
LQLWLDWHG LQ VXFK D ZzD\ WR WKDW LW FUHDWHYVY WKH GHVLUHG FKDRWI
PDWWHU 7R WKLV HQG WZR WKLQJV QHHG WR EH GRQH )LUVW D ERG\ Il
FKRVHQ LQ VXFKD zZD\DV WR REWDLQ WKH GHVLUHG VWDWLVWLFDO FKDU
QXPEHURIJHQHUDO ZRePO §KARQ & WUH/QYGRP IOXFWXDWLQJ LQLWLDO YH
WRLQGXFH D WXUEXOHQW ILHOG WKDW LV ODVWLQJ 7KHVHWZR VWHSYV Z

4EVEQIXIV -RTYX

J)LUVW WKH FKRLFH RI WKH ERG\IRUFHDQG YLVFRVLW\ILHOGLVHODERUD
FKRLFH LV WKH QXPHULFDO VWDELOLW\ OLPLWY WKRIDMMKHHV¥% U IPHWWKE P I
WKHRUHWLFDO VWDELOLW\DQDO\VLV UHMQW\%{:(}D@PEZ[I{IHMH 6 D WRWALIEFHDY
VWDELOLW\ OLHV ZHOO @ HORHE SWKLNVWIDFDXCHV-WDELOLW\N OLPLW IRU WKH )C
PHQWHG KHQ FRQVLGHULQJWXUEXOHQW FKDQQHO IORZVLPXODWLRQV



-RMXMEPMWEXMSR

JLIXUH +DOIZD\ERXQFHEDFNDQG SHULRGLF ERXQGDU\FRQGLWLRQV IRUWKH QR VOLS ZDO((
VSDQ ZLVH SHULRGLF ERXQGDU\FRQGLWLRQV

DYHUDJH PD[LPXP ¥}0RELW\ItRY] WKH VLPXODWLRQ UH® B8 Q8/\V\L W D BVaKH. \»
Umex DQG D GHReE WDH)G SRZH W IRQGHFDQ REWDLQ WKH D UE B G\ LI IRMDEQME R Q V
FRQVLVWH®FNR@GRZLQJ WKH QH[W VWHSV

"HWHUBLQHLWKHU IURPNQRZQ WXUEXOHQW VLPXODWLRQ GDWD RU IUJ
LQ WKH ODPLQDU UHJLPH

8VH ,, DQG WKH NQRZQ VW Dk W\R \RFERVQRANDQD LI R WP X O D
6LPXODWLRRQWMLBKDW ZH ZiD @W WRIWDNKRVVLEOH VLOFBEQWKLY LQFU
FRQVHTXHQWO\ GHFUHDVHVY WKH QXPEHU RI VLPXODWLRQ VWHSV QH}
VWDWLVWLFV

,QWKHRU\ WKHGLPHRYUWRMRNWKNKRYDG QRZEHGHWHUPLQHG IURP WK
QXPEHU XVLQJ WKH DSSUR[LPDWLRQ MRZAH)YEUHTROBWDEWLFH WKH GF
FKRVHQ ZLWK PHPRU\ FRQVWUDLQWV LQ PLQG DV ZLOO EH H[WHQVLY

8VLQJ WKH I IOR\GHZL WK=W.KDRQH FDQ QRZ GHMRIPXMRKQJI WKH GHILQLWLF
R FRPELQHG ZLWK WKH NQRZQ H[SUHVVLRQ RI

8VLQJWKHRAVRUIDGh RIDG FDQ REWDLQ WKH AR QURR WHXITPVLRQH [

K 1 " Hrez ol
o ReG gn 2

ZKHKH = [RiE1
7TKHVH VWHSV UHVXOW LQ DOO WKHLQSXW SDUDPHWHUV QHHGHG IRU WKH

-RHYGIHS8YVFYPIRGI
7R FUHDWH WKH VXVWDLQHG WXUEXOHQW IORZ FKDUDFWHULVWLFV JLYHC
PXVW EH LQGXFHG 7R WKLV HQG WKHUH DUH WZR SRVVIEEOHURXWHYV (L
NQRZQ WXUEXOHQW FKDQQHO IORZ FKDUDFWHULVWLEV LV XVHG RU D 10X
DQG GHQVLW\ ILHOG KX VHIGHWRI FBRABWHWKRG ZLOO EH GLVFXVVHG KHUH
7R EXLOG WKH LQLWLDO YHORFLW\ILHOG ILUVWURLDPPLQDMUFDUDEROLF
7JRWKLVIORZILHOG GLYHUJHQFHIUHHUDQGRPIOXFWXDWLRQVDUHDGGFE
UDQGRP IUHTXHQFLHV $Q XSSHU OLPLW RI WKHVH IUHTXHQFLHV LV GHILC
RYHU WKH LQLWLDO YHORFLW\ILHOG GR QRW EHFRPH WRR KLJK 7KLV UHV
DQG WKHUHIRUH D UHGXFHG FKDQFH RI LQGXFLQJ VXVWDLQHG WXUEXOH
IUHTXHQF\ LV Gyl R QM &Z DK =50
7KHLQLWLDO YHORFLW\ILHOG WRJHWKHU ZLWK WKH GHQX¥YMQDQG YLV
7KLV LV WKHQ LQ WXUQ XVHG WR GHULYH V% QU IVQLIDHOT & DWW B IQE X W L |



SYVFYPIRX 7XEXMWXMGW -QTPIQIRXEXMSR

BYVEYPIRX 7XEXMWXMGW -QTPIQIRXEXMSR

7KH WXUEXOHQW IOXLG IORZ VLPXODWLRQ FRQVLVWY RI WKUHH GLVWLQF
DV GLVFXVVHG DERYH 6XEVHTXHQWO\ WKH VLPXODWLRQ SURJUHVVHV W
DQG ILQDOO\ WKH VWDWLVWLFDO TXDQWLWLHV RI WKHIORZDUH GHWHUPF
TXDQWLWLHYV ZKLFK DUH GLVFXKVVWH&SOAmML QHFOMLRGW 7KLV NQRZOHGJH L\
GHVFULEH WKH VWDWLVWLFDO FRQYHUJHQFH SKDVH

1IERERHGB6SSX1IIER7UYEVI-QTPIQIRXEXMSR

JLUVWO\ WKH PHWKRG EHKLQG REWDLQLQJ WKH VWDWLVWLFDO GDWD ZLO
WXUEXOHQW VWDWLVWLFV OLHV LQ WKHFDOFXODWLRQ RIDYHUDJH YDOX
:KHQ WKH VLPXODWHG WXUEXOHQFH LV VWDWLVWLFDOO\ FRQYHUJHG W
VSDFHDQG WLPH 7KHUHIRUH WKLVDYHUDJHUHWVHPEOHY WKHDVVHPEOF

6SHFLILFDOO\ WKHDYHUDJHRRIH REYEG H YWXBHOWW Ui B B 2L KHIDYUHWIRW HW \
LVFDOFXODWHG YLD
1 XKoo Xx Ry

()= ——— (X;¥;2; tpts)
NpNXNy ts=tpy x=0 y=0
ZLWKUHSUHVHQWLQJ WKH QXPEHU RI WLPHV WKH R E NUKYHD ¥ DRHXIQ Bl DY G R.QY
WLPH VWHS RI WKH ILUVW WEMHXPEHIGVR@ZODWLRQ VWHSY EHWZHHQ HD
IOXFWXDWLRQ RI DRQVRENHUMPEOBUO\ FRPSXWHG YLD

1 Koo R Ry
NpNx Ny to= tog X

o<

[ (Gy;z0 tpts) ()]
=0 y=0

gMS (2) =

ZLWKVKH DYHUDJH RI WKH REVHUYDEOH ,Q DOO WKH NyLPSIOD@ERQV SUF
tp = 10000

JLIXUH 6FKHPDWLF GHSLFWLRQ RI WKH VWDWLVWLFDO FRQYHUJHIGYH AKHRN IORSUPHPHQWH
UHSUHVHQWHG LQ HTXDWLRQ

TXEXMWXMGEP 'SRZIVKIRGI -QTPIQIRXEXMSR

7R GHWHUPLQH WKH %P B OMDAVL RIQLWKPWKH VLPXODWLRQ H[KLELWV VWDWL
OHQFH,WKHRU QRUP L& X08HF £ | LEDHOWIRWIKHRUP LV XVHG LQ WKLV UHVHDU|
WKHDYHUDJH VWUHDP Z ¥z ZIHOKR B QR WKUHRJ VO Dy Rz)Z IRVENVYDH @QRIFEL MR P
GDWD ODWHU LQ WLPH ,I WKH VLPXODWLRQ LV VWDWLVW,(zF DQG\ FRQY H L
Uis1(z2) ZLOO EH WKH VDPH DQG WKH FREY HU DHQFHWR JHRWRQ R U P



+49 -QTPIQIRXEXMSR

7KH DYHUDJHG YHORFLWLHYV DUH REW BDILWHK-GN{VOLQQ,HT Xt WLIRH)

FRQYHUJHQFH HUURU QRUP FDQ WKHUHIRUH EH GHILQHG DV
S p

o o 2
LUzt ! tig) Uia(Zitia ! tiv2)]
)

ZKHYH=t;+ N, t¢ 7KLVLVDOVR VFKHPDWLFDOO\GHSLFWHG LQ ILJXUH

L™ (tis2) =

+49 -QTPIQIRXEXMSR

,QWKLVUHVHDUFK WKHSURJUDPPLQJODQJXDJH3\WKRQLVFKRVHQEHFD
D YDVW DPRXQW RI GRFXPHQWDWLRQ PDNLQJ WKH LPSOHPHQWDWLRQ R
EHLQJ D KLJK OHYHO ODQJXDJH LV YHU\ VORZ FRPSDUHG WR FRPSLOHG (
7TRDFKLHYHWKHFRPSXWDWLRQDO VSHHG QHHGHG IRUWKH '16 VLPXODWLI
&8'$ SDFNDJHLV XVHG WR FRPSLOH WKH *38 SDUW RI WKH FRGH WR & &8'$

MLW DIWHU ZKLFK LW FDQ E® UK D/GHEN MRS EDBDWLRQ LW LV IRXQG WKD!
RI'180%% &8'$ DQG & &8'$ DUH FRPSDUDEOH ZKHQ LESOKRBQWHRDFRBRBUHF
LPSOHPHQWDWLRQ SURSRVHG KHUH WKHUHIRUH KDV WKH SRWHQWLDO W
RSWLPL]JH WKH 180%% &8'$ LPSOHPHQWDWLRQ RI WKH )0 /%0 RQ WKH *38

ZHUH PDGH 7KHVH GHFLVLRQV ZLOO EH HODERUDWHG RQ KHUH $ 1X0OO
VLPXODWH WKH WXUEXOHQW QRQ 1HZWRQLDQ IOXLGIORZ ZLOO EH JLYHC

STXMQMA*"MRK 8LVIEHW TIV &PSGO ERH &PSGOW TIV +VMH
7TKHILUVW RSWLPL]IDWLRQ KDV WR GR ZLWK RSWLPL]LQJ WKH XVH RI *38 L
RSWLPL]DWLRQ ZDV PDGH

f7KHWKUHDGY SHU EORFN WSE DQGEORFNV SHUJULG ESJ RULHQWD!
D PXOWLSOH RI $V PHOQOWLRQHG WKH ZDUS VFKHGXOHU FOXVWHUV
FRUHVRIRQH VWUHDPLQJPXOWLSURFHVVRU 60 DQ@ WKHLWBE IBRXPHV R C
LI WKHWSEDUHQRWDPXOWLSOH RI VRPH FXGD FRUHV ZLOO UHPDLC
6SHFLILFDOO\ LQ WKLY UHVHDUFRKAWN&KH MSE-RWRULHQWHG WR EH

STXMQMA"MRK 1I1QSV] ,ERHIPMRK
'XHWRWKHODUJHDPRXQWRIGDWDLQYROYHGLQD/%0VLPXODWLRQ *38 I
UXQ LOQWR PHPRU\ EDQG ZL@GX@K 3KREDHRRNMA>WKH PHPRU\DFFHVV SDWWHU
LQWKHIROORZLQJ ZD\YV

$7KH WUDQVPLVVLRQ RI GDWD EHWZHHQ WKH &38 DQG *38 LV PLQLPL]HG
ZLGWK FRQQHFWLRQ EHWZHHQ WKHVH GHYLVH PHPRULHV 6SHFLILFE
XVLQJ WKHFDQ®B+2WWKH EHILQQLQJ ZKLOH GDWD LV RQO\ VHQW EC
X+QTvniQn2IRIUWWDYLQJ VRND @B G\ W D
$+7RRSWLPL]JHWKHPHPRU\XVHRQWKH *38 WKHNHUQHOPDNHV XVHRI UI
+RZHYHU WR VDYH WKH PRP H®A\RDQMLIBHRWEHQHNUIQHO ORFDO PHPRU\
WKH FIIOBHQ+ HX ~° vUL+- 7K ilj KR&DOWIi jJKHWYV WKH GDWDW\SH RI WKLV
VLQJOH SUHFLVLRQ 7KLV LV GRQHIRUDOO WKH YDULDEOHY DQG DUL
HQG WKH QXPS\DUUD\W\SHV DidKTWSHBIM LHHG XVLQJ
$7KH VFDODU DQG GLVWULEXWLRQ YDOXHV DUH VWRUHG I@WIQH#H GLPH
RYHUKHDG Rl & W\SH Q GLPHQVLRQDO DUUD\VLV EDGO\KDQGOHG E\ D
DUUD\V 7KHUHIRUH LW LV IDVWHU WR VWRUH WKH 'VFDODU DQG 'G
DUUD\
$7KH GDWD LV VWRUHG LQ VXFK D ZD\ WKDW FRQVHFXWLYH UHDGV IUR|
LQVLGH WKH DUUD\ 7KLV LV FDOOHG PHPRU\ FRDOHVFHQFH DQG VLJC
VSHHGV IRU *@8®@>7R WKLVHQG WKHS$UUD\RIBWUXFWXUHVPHWKRG RU
WHKEHYHORFLW\ GLVWULEXWLRQV QH[W WR HDFK RWKHU LQ WKH DUUD\ V
DUH VXPPHG RYHU DW HYHU\ QRGH 'XH WR WKH WSE RULHQWDWLRQ L
QRGHV DUH FOXVWHUHG QH[W VLQFH WKH WKUHDGV H[HFXWLQJ WKHYV
LQVLGH D EORFN fdRyWKHUWHMHSUHVHQWHG LQ D GLERHMMWRQDO DUUL
NeNyy+ NeNyNyz) DQG D VF®@B)ULV UH S UHV HRQHWNH G+IN N, 7)



*1 0&1 +49 % PKSVMXLQ

f2SWLPL]JLQJ WKH PHPRU\DFFHVV SDWWHUQ LV PRUH GLIILFXOW IRU Wi
HQWO\ XQFRD@HVIFIHKBUVHQW SDSHUV SUHVHQW PHWKRGV RI XVLQJ VKD
WKH PHPRU\DFFHVVY SDWWHUQ RI W& HH DRZ HWUG W RHEVO RFNWKR GV FL
ODUJHRYHUKHDG LQ WKHLPSOHPHQWDWLRQDQG UHGXFH WKH VFDOD
UHVHDUFK XVHG JOREDO PHPRU\WR VWRUH WNF?%R?\RV\LQ’WGNLK/M/U
DFFHVV VSHHG RI WKLV VORZ PHPRU\ WKH SXOO LQ VWUHDP PHWKRG
PHWKRG 6LQFH DV GRXUHDEBEL®J IURP XQFRDOHVVHG PHPRU\ LV IDVW
XQFRDOHVVHG RHPRKUIH SXOO LQ PHWKRG LV XVHG

%ZSMHMRKG6EGI'SRHMXMSRW

/IDVWO\ WR DYRLG UDFH FRQGLWLRQV ZKHQ H[HFXWLQJ WKH FRGH LQ SDL
RINHUQHO VIQFKURQL]DWLRQ :LWHKIIQ WKHE&2 QIBB XAMMHACGABR O HW WKH Q'
NHUQHO H[HFXWLRQ ZDLW EHIRUH DOO WKH WKUHDGV IURP WKH SUHYLRX!

*1 0&1 +49 PKSVMXLQ

7KHIX00'16 SURFHGXUH RIWKH )0 /%0 LPSOHPHQWDWLRQRIDERG\IRUFH
IORZ RQ WKH *38 LV GHILQHG LQ WKH IROORZLQJ $OJRULWKP :LWK WKLV I
WKH &% VXVSHQVLRQ LQVLGH D 66)% ZLOO EH VLPXODWHG $ VFKHPDWLF
IRXQG LQ ILIXUH

,QLWLDO*»& B8N RIOV KH X VL QJ IWRP D SUHYLRXV VLPXODWLRQ RU E\ IF
LQLWLDOLVDWLRQLMMBSWWRHREWXILOG

F%XLOG LQLWLDO IOXLG SYRSGRB W HG@EWE@EOBMHLMMIPG YLVFRV LW\
ILHOGV IURP UDQGRP IOXFWXDWLRQV

FTWXLPAEVLQIIOXLG SURSHUWLHY DQG HTXDWLRQ

FTWXEOGURR XVLQIJHTXDWLRQ

.HUQHO $FWLYDIMBIERWRDFWLYDWH WKH . HUQHOV WKHIROORZLQJ VWH ES

$6HQG DOO WKH VFDODU DUUD\TV KROGLQJ WKH IOXLG SURSHUWLH
KROGLQY f* WR *38 JOREDO PHPRU\

f'"HILQH WSE DQG ESJ

$,QYRNHWKHDFWLYDWLRQRIERWK WKH6WUHDP DQG &RQOOLGH NHU

6WUHDP 6WHS*XB8@H® OHW WKH QHLJKERULQJ QRGHV LOQWHUDFW ZLW
VWUHDP VWHSVY DUH WDNHQ SHU QRGH

$3X00 LQ WKH QHLJKERULQJ GLVWULPYWDRRIXQREDRPHPRWR WK H
$$SSO\ERXQFH EDFNDQG RU SHULRGLF ERXQGDU\FRQGLWLRQ LI Wk

$IWHU WKH 6WUHDP .HUQHO LV GRQH ZRUNLQJ WKURXJK DOO WKH WKU
&ROOLVLRQ 6WHS8@®UWEHMNHUQHO LV H[HFXWHG IRUHYHU\ SRLQW LQ W/
XVLQJWKH WSE DQG ESIJWR GHILQH LWV ORFDWLRQ LQ PHPRU\

D3UH FROOLVLRY PR HYWEWDLQHBVURPHTXDWAKRHQUH WKH LQIRUPDWL|
Ri, LVH[WUDFWHG IURP JOREIDWOWHPRWEDRQ®RFDO PHPRU\

E)OXLG SURSHUWLHVH @ YORRQBWKH YLVFRVLW\RI WKH SUHYLRXV WL
NLQHPDWLF Y IGHQ®WVDWE WKH IOXLG YHORFLWLHY DQG WKHLU GHULYD
HTXDWLRQ

f'"HQVLW\ LV REWRPLQHG IURP

f9HORFLW\ FRPSRQHQWYV DUH H{WUDFWHG IURP

f9HORFLW\GLYHUJHQFH FRP SRQH,QVD\Q B FH R MWV UEDHUN N G WULRAH YV DUH
IURR

$8VLQJ WKH YHORFLW\ GHULY DW GHHM WHGE XK IH@UHITX\B MW LR Q

f:LWKWKH YLVFRVLW\ LV GHWHUPLQHG DQG XSGDWHG LQ JOREDO PH

F3RVW FROOLVLR{@BBRPHQWI WKH IOXLG SWRISBRWWHAWRID@EVLRQ PRPHQ
v LVEXLOWDFFRUBL®YWRHG LQ WKH ORFDO PHPRU\ RI



*1 0&1 +49 % PKSVMXLQ

G3RVW FROOLVLRQ>GBYW BVERQW HRADWMKR QRVW FROOLVLRQ CEVWULEX
GDWHG LQ JOREDO PHPRU\

&RQYHUJHQFH&KHERS@ 5XQQLQJ VWHSY DQG XQWLO WKH VLPXODW
YHUJHG ZKLFK LV FKHENHEBWV/RQ QWKH

$>*38@ $GG WKH VWUHDP Z LW HJRFPORRILW WHIRP HPHR U\ WIRWKH JORED
HYHUM VLPXODWLRQ WLPH VWHSV

$1>*38@ :KHQ WKH YHORFLW)\ S U RIELMDIHPHDA M WRHRJH G XBHQW IURP JORE
WR &38 PHPRU\

1>&38@ 7KH DYHUDJH Yo QB ALMP BBWHRIUMBRVLQI HTXDWLRQ

$>&38@ ZRH LV GHWHUPLQH@ X/QQ@ WKH DY H U Dm) YGHIRHFWU WL Q H G

Ne t¢ WLPH VWHSV EDFN XVLQJHTXDWLRQ

$>&38@ $YHUDJH YHORFLW\ LV VDYHG WR & 3BSP"HPERQK YWRDEMLRWYH G | R

'DWD 6DYB8 &38@ $IWHU WKH VLPXODWLRQ L,V YWBWYVWDRED CCAUHRAY
SHDWHG WR REWDLQ WKHVWDWLVWLFDO GDWD N/JRVWRHV WROWEK ) DODX L
ILOH RQFHtdYHRXODWLRQ WLPH VWHSV

1>*38@ /RDG WKH IOXLG SURSHUWLHV IURP UHJLVWHU PHPRU\WR JO

f>*38@ 6\QFKURQLVH WKH NHUQHO VXFK WR PDNH VXUH DOO WKH W
DUUD\LQ JOREDO PHPRU\

f>*38@ 6HQG WKHILOOHG VFDODU DUUD\TV WR WKH &38 UDP PHPRU\

1>&38@ 6DYH WKH VFDODU DUUD\LQ D ELQDUNILOH RQ WKH KRVW KD



*1 0&1 +49 % PKSVMXLQ

JLIXUH $OJRULWKP IRU WKH )0 /%0 LPSOHPHQWDWLRQ RQD *38 &38 PHPRU\LV UHSUHVHQV
UHSUHVHQWHG LQ UHG DQG /RFDO 5HJLVWHU PHPRU\LV UHSUHVHQWHG LQ



JPIGXVMG 4SXIRXME

7KLV FKDSWHU LV GHYRWHG WR WKH LPSOHPHQWDWLRQ RI WKH PRGHO GF
&DUERQ %ODFN VXVSHQVLRQ IORZLQJ WKURXJK D 68 K% O HHYEUR ER® HQ
HTXDWLRQWDNHV WKH IRUP RI D FRQVHUYDWLRQ ODZ 7KH )LQLWH 9ROX
HVWDEOLVKHG WHFKQLTXH XVHG WR VROYH GLIIHUHQWLDO HTXDWLRQV U
VXFK DV IOXLG G\QDPLFV KHDW WUDQVIHU DQG HOHFWURPDJQHWLFV 7K
WR VROYH WKHHOHFWULF SRWHQWLDO WR GHWHUPLQH WKH WRWDO LQW
DQ 66)% 6SHFLILFDOO\ WKH 'PHWKRG GHYHORSHG E\ 3HWHUV ZLOO EH +
"HIIHEFWV RI WXU@XOHQFH >

,Q WKLV FKDSWHU ZH ZLOO HODERUDWH RQ KRZ WKH )90 LV XVHG WR VR
66)% XQGHU HTXLOLEULXP FRQ G LALICRQ® H YIFUM\E HK-RFAWLRIQ JRYHUQLQJ FR(
LV UHZULWWHQ WR )LQLWH 9ROOXPH IRUP DQG BLE®BUWHW EMMY VOK H JHRI®H
DQG KRZ WKH ERXQGDU\ FRQGLWLRQV DUH LPSOHPHQWHG +RZ WKLV V\"
PDWUL[IRUP DQG VROYHG LV WKHQ AIOMFX®V NGEMNREEHRXRZ WKH LQWH
UHVLVWDQFH LV REWDLQHG IURP WKH HOHFWULF SRWHQWLDO

*MRMXI:SPYQI (MWGIXMM"EXMSR

:LWK ILQLWH YROXPH PRGHOV WKH FRPSXWDWLRQDO GRPDLQ LV GLYLGH
XPHHOHPHQWY 'LIITHUHQWLDO HTXDWLRQV DUHLQWHJUDWHG RYHU HDF
VXUIDFHLQWHJUDOV XVLQJ WKH GLYHUJHQFH WKHRUHP WR FDOFXODWH
IDFH Rl WKH FRQWURO YROXPH 7KH IOX[ HPHUJLQJIURP D FRQWURO YRO
DGMDFHQW FRQWURO YROXPHVY FUHDWLQJD V\\@VHP RI LQWHUGHSHQGHZC
$SSO\LQJ WKH GLYHUJHQFH WKHRUHP RQ WKH SRWHQWLDO HTXDWLRQ F
277 zZ zZ zZ
roor d= r AdA = J NndA = @. AdA =0
@ @ e Ot

JLIXUH )LIXUH VKRZV WKH FXERLGDO ILQLWH YROXPH HOHPHQW IRU GLVFUHWL]DWLRQ RI Wi
QHLIJKERULQJ YROXPHHOHPHQWYV DUHRULHQWHG ZRU W WKHFHQWUDO HOHPH



+ISQIXV]ERH &SYRHEV]'SRHMXMSRW

ZKHUWHSUHVHQWYV D YROXPH HOHPHQW 7KH PHDQLQJEHKLQG WKLV FKD|
LI D FORVHG VXUIDFH GRHV QRW HQ®¢ R¥H D QAKX VXM @ WWKRKEXBHUHQW YV S
WKURXJK WKDW VXUID@H ZLOO EH JHUR >
,IRQHWDNHV D FXERLGDO YR O X P HMWCGHHIPEROWHVP HIQM URIQHG VXUIDFH LQW
UHZULWWHQ WR D VXP Rl VXUIDFH LQWHJUDOV LQWHJUDWLQJ WKH SRWF
(TXDWLR@DQ LQ WKDW FDVH EH UHZULWWHQ DV
77 7z

@
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ZKHUH HYHU\ HOHPHQW UHSUHVHQWY WKH HOHFWULF FXUUHQW IORZLQJ \
YROXPHHOHPHQW

YRUWKH GLVFUHWL]DWLRQ WKHJUDGLHQW RIWKHHOHFWULF SRWHQW
FHQWUDO GLIIHUHQFH PHWKRG 6L P WRKMWQ LRHP DQVWK® RHQWHU RI Wk
LWV YDOXH DW WKH VXUIDFH Rl WKH HOHPHQW DOVR QHHGV WR EH DSSUR
LV XVHG $V DQ H[DPSOH WKH HDVW VXUIDFH HOHPHQW RI D YROXPH HOH
PUHSUHVHQWY WKH LQWHUQNMZBRWQQHD QIGEWKHQJ YROOXPH HOHPHQW 7
WKLV VXUIDFH HOHPHQW EHFRPHV

27 27
@ 4ydz= () B 2W)
@x Y @x

@ west b s
ZKHUH WKH ORZHU FDVH FKDUDFWHUYVY UHSUHVHQW WKH SRVLWLRQ DW W
HPHQW ,Q WKLY GHULYDWLRQ WKH YROXPH HOHPHQWY DUH DVVXPHG WR
PDGHLQWKHUHVWRIWKLYUHVHDUFK 7KHRUGHURIDFFXUDF\UHVXOWYV
IURP WKH FHQWUDO GLIWUHQFH PHWKRG >

$SDUW IURP WKLV FKRLFHDQG WKHFKRLFHRIDVTXDUH YROXPHHOHPHC(
+RZLWLVLPSOHPHQWHG LQ WKH GRPDLQ UHSUHVHQWLQJD 66)% LV GLVF

(xg+ (x:) (x:) (xg
2 X

dydz = y z+0O( x?)

JLIXUH 7KHIORZ FKDQQHO DQG VXUURXQGLQJ GRPDLQ GLVFUHWL]HG XVLQJWKH ILQLWH YF
HOHPHQWYV

+ISQIXV]ERH&SYRHEV] 'SRHMXMSRW
7KLV VHFWLRQ ZLOO GLVFXVV WKH JHRPHWU\DQG VXEVHTXHQW ERXQGDU
ILHOGLQD66)% $V GLVFXVVMKHDPWNWKWERQRQ LY PDGH WKDW DOO WKH U
QHDU WKH PHPEUDQH 7KH IORZ FKDQQHO FDQ WKHUHIRUH EH VHHQ DV D



7SPYXMSR 1IXLSH

FRQGXFWHYLWH IORZ SURILOHLQ WKHDQRGHDQG WKHFDWKRGHLV DVV X
WKE;t) SURILOHLQ ERWK KDOI FHOOV WKH VDPH $V DIUIHO/XD@WV R/ EH HQ WHHQ
XSWRDPLOQXVVLIQ 7TKHUHIRUH RQO\RQHFHOO ZLOOEHFRQVLGHUHG D«
RYHUWKHFRQGXFWLQJSODWHORFDWHGDW WKHWRSUHSUHVHQWLQJ WK
ERWWRP UHSUHVHQWLQJWKHPHPEUDQH 6LQFH WKH SRWHQWLDO ZLOO Q
DVXUURXQGLQJ PHGLXP LVDGGHG WR FORVH WKH VA\VWHP RI HTXDWLRQV
WKHFRPSXWDWLRQDO GRPDLQQ@WIKRKQAGXQPHURXUHSGLVWLQFW UHJLRQV DL

$+)ORZ FKDQQHO7 KEIOVXXBIHJLRQ UHSUHVHQWY WKH IORZ FKDQQHO ZKHUH
ODWLRQ JHQHUDWHYV D V\gHDIKUBK HHWROMOMHLQ D VSDWLDO FRQGXFW
(usm (X))

$+3DUDOOHO SODWHYKIB MRS BJMDDIWH UHSUHVHQWY WKH PHPEUDQH ZKH!
SODFH UHVXOMLL ORIGQWKH ERWWRP SODWH UHSUHVHQWY WKH FDWKR
JHUR SRWHIQ WLKDHOSRWHQWLDO GLIITHWVHEQkRK TN MWKHIUHKWR RW WKLFNQHV
WKH SODWH LWygHILQHG E\

$6XUURXQGLQJ PHGLX® WKILWHHIJLRQ WKH FRQGXFWLYLW) MVWRVHW WR |
HQVXUH WKDW DOO FXUUHQW IORZV IURP WKH PHPEUDQH WKURXJK WK|
WKLFNQHVV RIWKH VXUURXQG ITQ,J PTHK® LXPPLEHAWHR LQRIGXOPH HOHPHQW YV
GLUHRWLRIQDO UHPDLQ FRQT—V;(—V\/:DT@;,AN:PT@ZNLQJ

$T%RXQGDU\ OLJKRKHISFOWHQWLDO DW WKH E RX @&y \1L0/ V HWUW B DH. R
WKH HOHFWULF SRWHQW ITR,O DS SURDHKHILY IIRWROMW JH FKDQQHO GLPHC
HGJHVRIWKHFKDQQHOKDYHDVPDOO FRQWULEXWLRQ WR WKH WRWD(
WKH VROXWLRQ ZLOO UHPDLQ DFFXUDW,IRUD UHODWLYHO\VPDOO Q}

7R GLVFUHWL]H WKH GRPDLQ WKH FXERLGDO YROXPH HDﬂ%QWV ZLOO

y = '\\‘N—y DQ& = ;“T ZKHUW H UHSUHVHQW WKH IORZ FKDQQHO OHQJWK ZLGW
VSHFWLYHO\ 7KH GLPHQVLINRQY; R, WKHH FKDMHUHRA. QHG E\ WKH /%0 WXUEXO
XODWLRQV 7KHHQWLUHFRPSXWDWLRQPN,;GIRPDKDWVW ILQG BBOGE H\GWRKHQWKHIR
RI WKH SODWHV DQG WKH VXUURX @REZL POCIKPU HY B DMHW KH &DUWHVLDC
X;¥;Z UHVSHFWLYHO\

$W WKH GRPDLQ ERXQGDU\RU DW WKH ERXQGDU\ RI WKH SDUDOOHO SO
LV XVHG ,Q WKLV FDVHWKHSRWHQWLDIDOMWERSELHQMVIHRROXRKD W LRDQHLJI
ERXQGDU\NLY DSSUR[LPDWHG XVLQJ HLWKHU WKH IRUZDUG RU EDFNZDUG
DW WKLV VXUIDFHLY QRWLQWHUSRODWHG EXW FKRVHQ WR EHHTXDO WR
FRQGXFWLYLW\ RXWVLGH WKH ERXQGDU\ LV QRW GHILQHG ,I| WKH VDPH |
VHFWLRQ EXW ZLWK WKIHEAHQ WDQGIRBPRERIERXQGDU\ QRGH WKH GLVFUHWL]

ZZ Zt n
@ _ @ XW) _ Vboundary ( X 3)
@Xdydz = (Xw) @x dydz= (x3) <2

@ West b s

ZKHUH WKH RUGHU RIDFFXUDF\UHVXOWY IURP WKH WUXQFDWLRQ HUURU
ZDUGV GLIIHUHQF® PHRMHKWRWDO GLVFUHWL]DWLRQ RI WKLY QRGH WKHQ E

y z+0( x)

iij;k + i HHS i+1;jk [HH VERXQGDU\i;j;k

0= Z+ ik Z
2 X y b x/2 y
ik i) +1;k 0 +13k ik X 7+ ik i Lk i) Lk irj;k X z
2 y 2 y
S 10 S e W S y + ik Tk 1 ik 1 ik y
2 z 2 z

1RZZH NQRZ KRZDQG ZKHUH SRWHQWLDO HTXDWLRQ LV GLVFUHWL]HG
WKH VROXWLRQ PHWKRG IRUWKH VAIVWHP RIOLQHDU HTXDWLRQV

TSPYXMSR 1IXLSH

)RU HDFK FXERLGDO YROXPH HOHPHQW WKH LQW H JUMBIDQRE/H G W H VDLF]H\G
XVLQJHTXDWDR@V IRU UHVSHFWLYHO\ DQLQWHUQDODQG ERXQGDU\ QH|



JPIGXVMG *MIPH ERHG6IWMWXERGI

LVOLQNHG WR LWV VL[ QHLJKERULQJ HOHPHQWY GXH WR WKHLU VKDUHG
VIVWHP RIOLQHDU HTXDWLRQV 7KLV VI\VWHP FDQ EH ZULWWHQ LQ WKH IR

o0U=>0

ZKHWHJHSUHVHQWYV D VTXD (NNPNDW UN{NRN,Y D] DQGGUHSUHVHQW YHFWRUYV
OHQWYNKN,) U LV GHILQHG DWYXFN WiKIR Wk) UH S UH Y HjgkW V

7KH HTXDWLRQ IRUHYHU\ YROXPH HOHPHQW LVOVMP® R QB W R B I RMHRQOWL [
Rb $V DQ H[DPSOH HTXDLWIOREH FRQYHUWHG WR PDWUL[ IRUP UHVXOWLQJ |

OGNj N+ Ny + k;iNj N+ N+ (k+1) )= t= X +2i;i;k+l Xzy
O(INj N+ N+ Kk;iNjNg+jNg+ (k 1))=b= isj:k +2i;i:k 1 Xzy
OGNj N + jN i+ k;iNj N+ (j +1) N+ k)= n= & +2i;i+1;k XyZ
OGN N+ jNy+ K iNj N+ (j 1) N+ k)= s= & +2i;j 1k Xyz
OGNj N+ jNy+ k; (i +1) Nj N+ N+ k)= e= K +2i+1;j;k yxz
O(INj N+ jN i+ k;iNj N+ N+ k)= T+ b+ s+ W+et 2y z

2y z

X
7KLY PHWKRG JHQHUDWHY D QRQ ®LQBRXUKUW ERN YEHGE ROWHISRIHYHOEWR U
WKH SRWHQWLDO ILHOG

7R VROYH WKH VA\VWHP RI HTI¢DRMWVRXQWH GDE S PEHIKEP®SOMPHQWDWLRQ R
WKH 5XJH 6WXEHQ DSSOLHG PXOWLJU@G7&80% PKRMKRHGE VWO\GHHGGXH WR LW
VROYH ODUJH VFDOH OLQHDU V\VWHPV ZLWK RSWLPDO SHUIRUPDQFH ZKLl
WKH VWUXFWXUH RI WKH PDWUL]

B(IN; Nx + [Nk + k)= Verxqahuijk

YPIGXVMG *MIPHERHG6IWMWXERGI
8VLQJ WKH SRWHQWLDO ILHOG GHULYHG IURP VROYLQJ WKH OLQHDU VHW
DQG HIITHFWLYH FRQGXFWLYLW\RI WKH &% VXVSHQVLRQ LQVLGH D 66)% FI
FDQEHVHHQ WKDW WKHIOX[ WKURXJKHYHU\IDFHRIWKH YROXPHHOHPHC
ROH YROXPH WR WKH RWKHU 7KH FXUUHQW IORZLQJ WKURXJK WKH WRS |
GLVFUHWL]HG YLD
ik 1T ik ik ik 1

j2(x) = > S x Y

ZKHXH V WKH ORFDWLRQ RI WKH LQWHUIDFH EHWZHHQ WKH YROXPH HOHP/|

6LQFH WKHUH LV QR FKDUJH JHQHUDWHG LQVLGH WKH FKDQQHO DQG WK
IORZLQJ WKURXJK WKH FKDQQHO LV FRQVWDQWI FIXQ\E FAHIRP\S XWKID®/ BN K |
VXPPLQJ XS WKH FXUJJ HEGIW BHIQY DW\TPRQWRXU LQ EHWZHHQ WKH WZR SDU
UHVLVRIPGB® WKHQ EH HDVLO\ FRPSXWHG XVLQJ WKH SRWHQWLDO GLIIHU
V 8VLQJ3RXLOOHWMKHWIHFWLYH FRQGXFWLYLW\ FDQ WWHK® BDWIDO\ EH
RI WKH SDUDOOHO SIODWWY GHILQHG DV



EPMHEXMSR ERHSB8YVFYPIRX"”

7KHJRDO RI WKLV UHVHDUFK LV VXEGLYLGHG LQWR WZR SDUWYV 7KH ILUV\
WKHWXUEXOHQW IORZSURILOHRIDVKHDU WKLQQLQJIOXLG 7KHVHFRQG
VLPXODWLRQV WR GHWHUPLQH FRQGXFWLYLW\RI WKH FDUERQ EODFN VX
WDQFH ZLOO EH GHWHUPLQHG E\ FRPSXWLQJ WKH SRWHQWLDO LQVLGH W
ILUVW SDUW ZKHUH WKH QRQ 1HZWRQLDQ IORZ ZLOO EH VLPXODWHG XVLQ
*38

%HIRUH WKH SURSRVHG VLPXODWLRQ PHWKRG LV XVHG WR REWDLQ WKH
FKDUDFWHULVWLFV WKLV FKDSWHU GHVFULEHV KRZ WKH VHWXS ZDV YDO
RQ WKH *38 DUH GHVFULEHG LR@BFWHRGWFWLYHO\ GHDOLQJ ZLWK WKH |
SHUIRUPDQFH ODPLQDU IORZ DQG 1HZWRQLDQ WXUEXOHQW IORZ UHVXO
PHQWDWLRQ LWLV XVHG WRVLPXODWH WXUEXOHQW QRRQRVHFIAWRQLDQ SR
WKHVKHDU UDWH SURILOHV RIWKH 1HZWRQLDQDQG QRQ 1HZWRQLDQ VLP
IRU&KDSWRIBKLFK WKH FRQGXFWLYLW\PHDVXUHPHQWY ZKLFK ZLOO PDNH

A4EVEPPIP 41VIJSVQERGI +49

,Q WKLV VWXG\WKH )0/%0 ' 4 PRGHO ZzDV LPSOHPHQWHG LQ 3\WKRQ 7KH
WKH &8'$ SURJUDPPLQJ ODQJXDJH VXFK WKDW LW FRXOG UXQ RQ D 19,',$ "
'"HOIW %@XHAKH KDUGZDUH VSHFLILFDWLRQV RI WKH *338W¥YHG DHHMILR @ QALK
SHUIRUPDQFH RI WKLV FRGH XVHGIRUDOO RWKHU VLPXODWLRQV LV HOL
7R REWDLQ WKH FRPSXWDWLRQDO SHUIRUPDQFH RI WKH FXUUHQW )0 /%
WLRQ VSHHG LV WHVWHG RQ D VTXDUH JULG $VDPHDVXU1@HUNBUQHOS
QRGHVY WKDW DUH XSGDWHG SHU VHFRQG 0/836 LV XVHG WR FRPSDUH WK
PHQWDWLRQV $V FDQ EH VAMHH ML PXIOXDMWLRQ SHUIRUPBIQBHBS®DWHDXV C
$V H[SHFWHG WKH VLPXODWLRQ WLPHIRU D VLPXODWLRQ VWHS ZKHUH D
&38 PHPRU\ LV DSSUR[LPDWHO\ WLPHV VORZHU

6LQFH WKH /%0 LV FRQVWUDLQHG EN\LWY PHPRU\ XVH WKH WKHRUHWLF
IURP
% 'spbk

Na

ZLWKse: WKH PHPRU\EDQGZLGWK RJd WKH ©38P PG RI PHPRU\ DFFHVVHV SH
> @ ,Q0 WKLVNHVHBDBK XS RI RQH UHDG DQGI.RQAS GUYWHIRAXMWKHRQV IRU
VWUHDP DQG FROOLGH NHUQHO $GGLWLRQDOO\ WKH YLVFRVLW\ DUUD\
VWHS WR HQDEOH WKH QRQ 1HZWRQLDQ EHKDYLRXU 8VLQJVKMQJOH SUHTF
E\WHV VR NQWRWDIO+2 1) =312 E\WHV IRUD VLQJOH QRGH $WWRBQG E\ 'H
> @DQG )RUMNOBQ@ WKEb@ LV DSSUR[ZPBWMHWEHQW Rl WKH WKHRUHWLFDO
RBW =1134GB/s 8VLQJ WKH PD[LPXP WKHRUHWLFDO SHUIRUPDR®B GHULYH
FRPSDULQJ LW WR WKH VLPXODWLRQ SHWKRIUPDQGHLIGWR X WQOLJBWHRQ R
HTXDWHV WRLV LV VLIQLILFDQWE)\ GRZIOU]\WWDRA WRWKHU *38 /%0 LPSOHP
ILQG@>@>@

/836=
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7DEOH *38 KDUGZDUH VSHFL@L@DWLRQV >

19,',$ 7THVOD 9 6

&8'$ FRUHV

GLPV RIJULG 231 216. 716

GLPV RI EORFN 210, 210. 26

1XPEHU RI 60

%WORFNV SHU 60

7KUHDGV SHU 60

5HJLVWHU SHU 60 .

6KDUHG PHP SHUEORFN .L%

/IRFDO PHP SHU WKUHDG .L%

*OREDO PHPRU\ *E JLIXUH )0 /%0 *38 LPSOHPHQWDWLRQ SHUIRUPDQFH

OHPRU\EDQGZLGWK *% V ' FKDQQHO R¥ QIREHYV 2KH[B2i352]
HUIRUPDQFH RID VLPXODWLRQ VWHS ZLWK DQG ZL

VLPXODWLRQ GDWD LV VKRZLQ PLOOLRQ ODWWLFH
0/836

7KHPDLQ GLIIHUHQFH EHWZHHQ WKH FXUUHQW *38 LPSOHPHQWDWLRQ F
ULWKPV LPSOHP @O@@GLVQWKH XVH Rl VKDUHG PHPRU\ LQ WKH VWUHDP DC
PHQWLRQHG LQ VHWFRALMRWLIQLILFDQWO\ LPSURYHV WKH VSHHG DW ZKLFK
FDQ DFFHVV WKH QHLJKERULQJ DQG LQWULQVLF GLVWULEXWLRQV 7KLV
OL]DWLRQ RI WKH FXUUHQW DOJRULWKP )XUWKHU UHVHDUFK FDQ LPSOHTF
DQ 03, OLNH DO BRA®LAMKRWLQJ DQ 2SHQ *UDSKLFV@LEUDU\ 2SHQ*/ >

7KH VHFRQG GLVDGYDQWDJH Rl WKH FXUUHQW VHWXS LV WKH LPSOHP#
VWHSV LQ VHSDUDWH NHUQHOV 7KLV VHSDUDWLRQ GRXEOHV WKH QXPE
PHPRU\ UHVXOWLQJLQ WKH WRWDO QXPEHU RI 0/836 PRUH WKDQ KDOYLC
WKDW FRPELQHV WKH VWUHDP DQG FROOLGH VWHSLQRQHNHUQHO 6SHFI
D SODWHDX RI D S9BU®R BBED WRIZHYHU WKLV FRPELQHG NHUQHO VXIIHUHG IU
FRQGLWLRQV UHVXOWLQJLQD VOLJKW DV\PPHWU\LQ WKH FKDQQHO IOF
LPSOHPHQWDWLRQ LQHIIHFWLYH

*LYHQ WKH ORZHIILFLHQF\ WKHFXUUHQW DOJRULWKP LV QRWDQ RSWLF
WKH FXUUHQW *38 LPSOHPHQWDWLRQ LV DURXQG WKUHH WLPHV IDVWHU "
)0 /%0 LPSOHPHQWDWLRQ UHSRUWHG E\ =KXR D @G *LKYRQQ \R QLD/ L FFSRURIY&LF Bt
ZKLFK UHVXOWV LQ D PD[LPXP VLP X O DBOLKRX WV PW IRH B X B UR QW DM WOX\S LV
IRUWKH JRDO RI WKLV UHVHDUFK

OEQMREV *PS]|
TR GHWHUPLQH LI WKH SURSRVHG )0 /%0 LPSOHPHQWDWLRQ RQ WKH *38 FFR
WKH DOJRULWKP LV ILUVW EHQFKPDUNHG LQ WKH ODPLQDU UHJLPH 7R W
WKH VKHDU WKLQQLQJ &% UKHRORJ\ DSSUR[LPDWHG E\ WKH SRZHU ODZ
DQDO\WLFDO VROXWLRQV 7KLV VHFWLRQ ZLOO GLVFXVV WKHVH ODPLQD!
GHFUHDVLQJ SRZHU ODZ LQGH]

%REP]XMGEP 7SPYXMSR

‘XHWR WKH FRPSXWDWLRQDO GRPDLQ ZLWK LWV SHULRGLF ERXQGDU\ FR
VLPXODWLRQ UHSUHVHQWY D SDUDOOHO SODWH FRQILIXUDWLRQ ZKLFK \
JRUWKLV VLWXDWLRQ WKHDQDO\WLFDO VROXWLRE\FDRLID VWMWH EG\RRP)
IXOO\GHYHORSHG IORZLQ WKH VWUHDP Z0.@ H LG'IHH FO\RIRWK LR W B RS L RRQU

IRUP RI )

n g n n+l . LN+l
] K H JH z
ZLWK WKH FKDQQHO KWHDUKHRIDXKRM\ LYV UHSUHVHQWH @& ID@ & KMK 8 RRFARHIW D\D Z |

WHQF\ KOBIHHTXDWLR@VLQJ WKLV HTXDWLRQ IRUWKH VWUHDPZLVH YHOR

uz(2) =
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VROXWLRQ IRUWKHVKHDU UDWH FRQ EH GHULYHG IURP
S——

_ @y “_ 9

27 @z Tk

DQG ZLWK WKH GHILQLWLRQ RO OWKRHVSIRE BQ BDM\AVLFD O VR OEKWFIRRRHMR U WK H

. L
(H zj)"

. 1
=5 St

-RTYXA4EVEQIXIVW ERH 'SRZIVKIRGI
7R FKHFN LI WKH /%0 UHSUHVHQWY VKHDU WKLQQLQJIOXLGV LQ D SK\VLFE
SRZHU LMQBWBI VLPXODWHG RQ WKH *38 DQG FRPSDUHG WR WKH DQDO\WLF]
7KHVH VLPXODWLRQV DUH H[HEXWHG IR WRE 5HIQ\WR RBW QX ZHID® H QXD IOHAGRD
UDQJH@®»DQG D GRPDLM=HTEDIBWRKLY GRPDLQ LV FKRVHQ VXFK WR HTXDO V
ZDOO QRUPDONJUNIGIBW ZQW® EH XVHG LQ WKH WXUEXOHQW KLPRGDWLRQV
VWUHDP ZLVH ERGHI RKRWHQ LQ VX F KRz P @HURWY KDug#* =0:1[Islt 1]

YLD .

N+l Ul o Umax H

N HRe Rec(gH) "+
ZKHUH WKH UHVWULFWLRQ RIIRR[LY XP &SDWWDLGW VEQHIE )0 /%0 EHFRPHV XC(
PXFK KLIJKHU ODWWL®H YHORFLWLHYV >

$QRWKHU LPSRUWDQW LQSXW SDUDPHWHU FKRLFH LV WKH FXW RIlI YLV
WKH YLVFRVLW\ JRHV WROLQIEQRWRZEKEAB HGY WR EH PDG Hpy' ZIHKHIBH QW
WHVWHG RQG20R4IIt '] WKH VLPXODWLRQ VKRZHG JRRG DJUHHPHQW ZLWK W
7KHUHIRUH WR EH VDIH WKH PD[LP XRx Y+ SF[RML W\ RD WKHWWRDLQGHU R
DOO VKHDU WKLQQLQJ VLPXODWLRQV $QRWKHU FKRLFH RI LQSXW SDUDI
VLPXODWLRQV LV WKHOMWWLFH GHQV LW\

7KHVLPXODWLRQVDUHLQLWLDWHG ZLWK JHUR YHORFLW\ DIWHU ZKLFK
WUDQVLWLRQV WR D VWHDG\ VWDWH 7R GHWHUPLQH ZKHWKHU WKH VLPX
LY FRQYHUJHQFH PHWKRG LV XVHG D\ 8 WBLWIHD IO® V HFXDRW. IR@ Z L W K
Ne=1 DQG.=1[It] WR GHWHUPLQH WKH G u(z;§ DHQEEH+E HW ZKH@LPXODWLRQ LV
WDNHQ WR UHSUHVHQWS®VWe DG\ VWDWH IRU

6IWYPXWERH(MWGYWWMSR
JLIXUHWKRZ WKH VLPXODWLRQ UHVXOWV RI WKH ODPLQDU SRZHU ODZ VL
n 2 [1;0:7,050301] 7R FKDUDFWHULVH WKH WRWDO HUURU RI WKH VLPXODWH
UHVSHFWLYH DQDO\WhL FHUQRRMRVIPRQVXWKE LQ WKH IROORZLQJ IRUP
SP 5
L dzit)  dzit)
. Hzih)

ZKHUHVY HLWKHU WKH YHORFLW\ ViHDQ YDWBHRWYQGFRW. ADQ EH VHHQ
WKDW WKH FRQYHUJHG VWHDG\ VWDWH VLPXODWLRQV PDWFK WKH DQDO
OLQHV (VSHFLDOO\ WE8 & VKHROWLBMWRHLOHY PDWFK WKHLU DQDO\WLFDC
ZHOO ZLWK D PD[ILP%BHPURU

JRUWKH VWUHDP ZLVH YHG RBIWRWUSAURU HDH\S WRY HPKOLW K B U IVIKFQ FRRW W K F
DQGSURILOHV 7R IXUWKHU VRUW RXW ZKHUH WKLV GHYLDWLRQ FRPHV I
VROXWLRQ Z UW WKHVLPXODWLRQLVY GHWHUPLQHG YLD

Lg(t) =

Un(z) Uua(2)

100
Ua(2)

u(2) =

IRUZKLFK WKH UHVXOWY DUH YKRWELQJIV FPOUHEH QRWLFHG IURP WKHVH H
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f)LUVWO\ WKH HUURU LQFUHDVHY QHDU WKH ERXQGDU\ DQG WKLV HII

n 7KLV EHKDYLRU FDQ EH H[SODLQHG E\ WKH VHFRQG RUGHU DFFXUD
PHWKRG 6LQFHARWKHNORABDU UDWHLQFUHDVHYVY QHDU WKH ZDOO WKH
UHVXOW RI WKLV HUURU EHKDUVYLRQG D KH QRORJHIUWR SKRINDBRQ JHUR Y
SURILOHV JHQHUDW#H WKB RBEIWRWUSIURWIOHH VEHHRZHY)HUXVHQFH WKH HU L
LVVWLOO UHODWLYHO\ VEP,DF-DOURQQRVYPHLOXXK VEKBINV RI D YHU\ JRR!
WKLV ZDOO HUURU LV QRW FRQVLGHUHG D SUREOHP

f6HFRQG=IRUWKHUHLVDQLQFUHDVHG HUURULQ WKHPLGGOHRIWKH FK
E\WKHFXWRIYLVFRVLW\EHLQJD ELWWRRORZIRUVXFKDVKHDU WKL
UHVHDUYBK max =50 LVIRXQG WR EH VXIILFLHQW DV WKLY HUURU RQO\ R

,QFRQFOXVLRQ WKHODPLQDUVLPXODWLRQVVKRZJRRGDJUHHPHQW Z
IRMU> 06 )RU WKH QXPEHU RI JULGSRLQWY FKRVHQ WKH ORFDO HUURU LQ
1 DW WKH ERXQGDU\ IRU PrRGESUDUGH\® K M FIKBI® U UDWH DQG YLVFRVLW\ SUF
EHWWHU DJUHHPHQW

$00LQ DOO WKH ODPLQDU IORZFDQ EH UHJDUGHG DV YDOLGDWHG 7KH
QLDQ WXUEXOHQW VLPXODWLRQV WR IXUWKHU EHQFKPDUN WKH QXPHULF
QRQ 1HZWRQLDQ IORZ

DVWUHDPZLVHIY HDRWKWLNW EU, HUURU Z U W ILWLQ

FOLVFRVLW\ SURILOH ZLWK ILW GVKHDU UDWH SURILOH ZLWK ILW

YLIXUH JLIXUHV VKRZ QRUPDOLVHG'YMPR¥LWDQG VKHDU UDBRHD ODPLQDU IORZ SURILOH $

GDWD LV FRPSDUHG ZLWK WKH DAXMHAMWHBIO R B QRW PRY R E WDLLVK & YWIHOH VLPXODWLRQ VWH S

ZKLFK WKH VLPXODWLRQ LV IXOO\FRQYHUJHG 7KHHUURUEHWZHHQ WKH QXPHULFDO DQG D
LV VKRZQEQ
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